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Abstract. In this paper Hermite—Hadamard type inequalities for m-convex
and (α,m)-convex functions for fuzzy integrals are given. Some examples are
also given to illustrate the results.

1. Introduction

The theory of fuzzy measures and fuzzy integral was introduced by Sugeno [22]
as a tool for modeling non-deterministic problems. The fuzzy integral (also known
as Sugeno integral) has very fascinating properties from a mathematical point of
view and those properties have been studied by many authors, including Pap [23],
Ralescu and Adams [15], Román-Flores et al. [18, 19] and Wang and Klir [28].
Among others, Ralescu and Adams [15] studied several equivalent definitions of
fuzzy integral, while Pap [23] and Wang and Klir [28] provided an overview of fuzzy
measure theory. Fuzzy measures and Sugeno integral have also been successfully
applied to various fields, e.g., to decision-making [12] and to artificial intelligence
[29]. Integral inequalities are useful tools in several theoretical and applied fields.
For more information on classical inequalities, we refer the interested readers to the
distinguished monographs [8, 9]. The study of inequalities for the Sugeno integral
was initiated by Román-Flores et al. [5, 18, 19, 20, 21] and then further developed
by Ouyang et al. in [10, 13, 14]. Recnetly, J. Caballero, K. Sadarangani [3] have
shown that the classical Hermite-Hadamard inequalities [6, 7]:

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
,

where f : [a, b] → R is a convex function, do not hold true for fuzzy integrals in
general . The authors in [3] established some Hermite-Hadamard type inequalities
for Sugeno integrals and illustrated their results by providing certain examples.
In this paper we will prove some Hermite-Hadamard type inequalities for m-

convex and (α,m)-convex functions for fuzzy integral (Sugeno Integral).
In order to proceed to our results we first give some basic notation and properties

about Sugeno integral. For more details on Sugeno integral we refer the interested
readers to [22, 28].
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Suppose that Σ is σ-algebra of subsets of R and that µ : Σ → [0,∞) is non-
negative extended real valued set function, then µ is said to be fuzzy measure if
and only if:

(1) µ(∅) = 0,
(2) E, F ∈ Σ and E ⊂ F imply that µ(E) ≤ µ(F ) (monotonicity),

(3) {En} ⊂ Σ, E1 ⊂ E2 ⊂ ..., imply lim
n→∞

µ(En) = µ
( ∞
∪
n=1

En

)
(continuity from below)

(4) {En} ⊂ Σ, E1 ⊃ E2 ⊃ ..., µ(E1) < ∞, imply lim
n→∞

µ(En) = µ
( ∞
∩
n=1

En

)
(continuity from above).

If f is a non-negative real-valued function defined on R, we will denote by
Lαf = {x ∈ R : f(x) ≥ α} = {f ≥ α} the α-level of f , for α > 0 and L0f =
{x ∈ R : f(x) ≥ 0} =suppf, the support of f . It may be noted that if α ≤ β,
then {f ≤ α} ⊂ {f ≤ β}. If µ is fuzzy measure on (R,Σ), by Fµ(R), we mean all
µ-measurable functions from R to [0,∞).
Suppose that µ is a fuzzy measure on (R,Σ). If f ∈ Fµ(R) and A ⊂ Σ then the

Sugeno integral (or fuzzy integral) of f on A with respect to the fuzzy measure µ
is defined as: ∫

A

fdµ =
∨
α≥0

[α ∧ µ (A ∩ {f ≥ α})] ,

where ∨ and ∧ denote the supremum and infimum on [0,∞) respectively. The
following properties of the Sugeno integral are well known and can be found in [28].

Proposition 1. If µ is a fuzzy measure on (R,Σ), A ⊂ Σ and f , g ∈ Fµ(R), then
(1)

∫
A
fdµ ≤ µ (A).

(2)
∫
A
k dµ = k µ (A).

(3) If f ≤ g on A then
∫
A
fdµ ≤

∫
A
gdµ.

(4) µ (A ∩ {f ≥ α}) ≥ α⇒
∫
A
fdµ ≥ α.

(5) µ (A ∩ {f ≥ α}) ≤ α⇒
∫
A
fdµ ≤ α.

(6)
∫
A
fdµ < α⇐⇒ there exists γ < α such that µ (A ∩ {f ≥ γ}) < α.

(7)
∫
A
fdµ > α⇐⇒ there exists γ > α such that µ (A ∩ {f ≥ γ}) > α.

Remark 1. Consider the distribution function F associated to f on A, that is,
F (α) = µ (A ∩ {f ≥ γ}). Then from (4) and (5) of Proposition 1

F (α) = α⇒
∫
A

fdµ = α.

Therefore, it follows that any fuzzy integral can be calculated by solving the equation
F (α) = α.

2. Main Results

Let [0, b], where b > 0, be an interval of the real line R. A function f is said to
be convex on [0, b] if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y),

holds for all x, y ∈ [0, b] and t ∈ [0, 1] and a function f is starshaped with respect
to the origin on [0, b] if

f(tx) ≤ tf(x),
holds for all x ∈ [0, b] and t ∈ [0, 1] .
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In [26] G. Toader, (see also [1, 2, 4]) defined m-convexity as follows:

Definition 1. The function f : [0, b] → R, b > 0, is said to be m-convex, where
m ∈ [0, 1] , if one has

f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)

for all x, y ∈ [0, b] and t ∈ [0, 1] . We say that f is m-concave if −f is m-convex.

The class of all m-convex functions on [0, b] for which f(0) ≤ 0 is denoted by
Km(b). Obviously, for m = 1, m-convexity is the standard convexity of functions
on [0, b] , and for m = 0 the concept of starshaped functions.

The following lemmas hold [1].

Lemma 1. If f is in the class Km(b) , then it is starshaped.

Lemma 2. If f is in the class Km(b) and 0 < n < m ≤ 1, then f is in the class
Kn(b).

From Lemmas 1 and 2 it follows that

K1(b) ⊂ Km(b) ⊂ K0(b),

whenever m ∈ (0, 1) . Note that in the class K1(b) there are only convex functions
f : [0, b]→ R for which f(0) ≤ 0, that is, K1(b) is a proper subclass of the class of
convex functions on [0, b]. It is interesting to point out that for any m ∈ (0, 1) there
are continuous and differentiable functions which are m-convex, but which are not
convex in the standard sense [27].
The notion of m-convexity was further generalized in the following definition.

Definition 2. [11] The function f : [0, b] → R, b > 0, is said to be (α,m)-convex,
where (α,m) ∈ [0, 1]2 , if

f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y),

for all x, y ∈ [0, b] and t ∈ [0, 1].

We denote the class of all (α,m)-convex functions on [0, b] for which f(0) ≤ 0
by Kα

m(b).

If we take (α,m) = (1,m) , it can be easily seen that (α,m)-convexity reduces
to m-convexity and for (α,m) = (1, 1) , (α,m)-convexity reduces to the concept of
usual convexity defined on [0, b], b > 0.
For further results on inequalities related to m-convex and (α,m)-convex func-

tions we refer the readers to [1, 2, 4].
In [4], S. S. Dragomir and G. Toader proved the following Hadamard type in-

equality for m-convex functions:

Theorem 1. Let f : [0,∞) → R be an m-convex function with m ∈ (0, 1] . If
0 ≤ a < b <∞ and f ∈ L1 ([a, b]) , then

(2.1)
1

b− a

∫ b

a

f(x)dx ≤ min

{
f(a) +mf

(
b
m

)
2

,
f(b) +mf

(
a
m

)
2

}
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We will see that this inequality does not valid for fuzzy integrals in general.
To prove our assertion we consider the function f : [0,∞)→ [0,∞), f(x) = axn,

n ∈ N, n ≥ 2, a ≥ 0, then f is m-convex on [0,∞), m ∈ (0, 1].

Example 1. Take X = [0, 1] and let µ be the usual Lebesgue measure on X. Let
f : [0,∞) → [0,∞) be defined as f(x) = x2

3 with m = 9
10 . Now to calculate the

Sugeno integral
∫ 1
0
x2

3 dµ, consider the distribution function F associated to f on
[0, 1] , then

F (α) = µ ([0, 1] ∩ {f ≥ α}) = µ

(
[0, 1] ∩

{
x2

3
≥ α

})
= µ

(
[0, 1] ∩

{
x ≥
√

3α
})

= 1−
√

3α

and we solve the equation 1 −
√

3α = α. It can be easily seen that the solution of
this equation is 5

2 −
1
2

√
21, therefore by Remark 1, we have∫ 1

0

x2

3
dµ =

5

2
− 1

2

√
21 ≈ 0.208 71.

Also

f(a) +mf
(
b
m

)
2

=
5

27
≈ 0.1851852 and

f(b) +mf
(
a
m

)
2

=
1

6
≈ 0.16666667.

Therefore,

min

{
f(a) +mf

(
b
m

)
2

,
f(b) +mf

(
a
m

)
2

}
=

1

6
≈ 0.16666667.

Which follows that (2.1) is not satisfied in the fuzzy context.

Now we prove Hdadamard type inequalities like (2.1) but for Sugeno integral (or
fuzzy integral).

Theorem 2. Let g : [0,∞) → [0,∞) be an m-convex function with m ∈ (0, 1]
such that mg(0) < g(1) and g(0) < mg

(
1
m

)
. Let µ be the Lebesgue measure on

[0, 1] ⊂ [0,∞), then

(2.2)
∫ 1

0

g dµ ≤ min

{
1,

mg
(
1
m

)
1 +mg

(
1
m

)
− g(0)

,
g (1)

1 + g (1)−mg(0)

}
.

Proof. Since g is an m-convex function. Therefore, for x ∈ [0, 1] and m ∈ (0, 1], we
have

g(x) = g ((1− x) 0 + 1 · x) ≤ (1− x) g(0) +mxg

(
1

m

)
= h(x),

and hence by (3) of Proposition 1,∫ 1

0

g dµ ≤
∫ 1

0

(
(1− x) g(0) +mxg

(
1

m

))
dµ =

∫ 1

0

h(x) dµ.
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Let F be the distribution function associated to h on [0, 1], then

F (α) = µ ([0, 1] ∩ {h ≥ α}) = µ

(
[0, 1] ∩

{
(1− x) g(0) +mxg

(
1

m

)
≥ α

})
= µ

(
[0, 1] ∩

{
x ≥ α− g(0)

mg
(
1
m

)
− g(0)

})

= 1− α− g(0)

mg
(
1
m

)
− g(0)

,

and as a solution of the equation α = 1− α−g(0)
mg( 1

m )−g(0)
, we get

(2.3) α =
mg
(
1
m

)
1 +mg

(
1
m

)
− g(0)

.

Analogously by the m-convexity of g, we also have

g(x) = g ((1− x) 0 + 1 · x) ≤ m (1− x) g(0) + xg(1) = h1(x).

Arguing similarly, let F1 be the distribution function associated to h1 on [0, 1], then

(2.4) α =
g (1)

1 + g (1)−mg(0)
.

By (1) of Proposition 1, we have

(2.5)
∫ 1

0

h(x)dµ =

∫ 1

0

h1(x)dµ ≤ µ ([0, 1]) = 1.

Relations (2.3)-(2.5) and the definition of Sugeno integral give us the desired result.
�

A similar result may be stated as follows, however, we leave the details for the
interested readers.

Theorem 3. Let g : [0,∞) → [0,∞) be an m-convex function with m ∈ (0, 1]
such that mg(0) > g(1) and g(0) > mg

(
1
m

)
. Let µ be the Lebesgue measure on

[0, 1] ⊂ [0,∞), then

(2.6)
∫ 1

0

g dµ ≤ min

{
1,

g (0)

1−mg
(
1
m

)
+ g(0)

,
mg (0)

1− g (1) +mg(0)

}
.

Remark 2. If m = 1, then the inequalities (2.2) and (2.6) become those inequalities
proved in [3, Theorems 1,2].

Now we give general cases of Theorems 2 and 3.

Theorem 4. Let f : [0,∞)→ [0,∞) be an m-convex function with m ∈ (0, 1] such
that mg( am ) < g(b) and g(a) < mg

(
b
m

)
. Let µ be the Lebesgue measure on [a, b]

with 0 ≤ a < b <∞, then

(2.7)
∫ b

a

g dµ ≤ min

{
(b− a),

mg
(
b
m

)
(b− a)

b− a+mg
(
b
m

)
− g(a)

,
(b− a) g (b)

b− a+ g(b)−mg
(
a
m

)} .
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Proof. Since g is an m-convex function. Therefore, for x ∈ [a, b], 0 ≤ a < b < ∞,
we have

g(x) = g

((
1− x− a

b− a

)
a+

x− a
b− a · b

)
≤
(
b− x
b− a

)
g(a) +m

(
x− a
b− a

)
g

(
b

m

)
= h(x)

By (3) of Proposition 1, we have∫ b

a

gdµ ≤
∫ b

a

[(
b− x
b− a

)
g(a) +m

(
x− a
b− a

)
g

(
b

m

)]
dµ =

∫ b

a

h(x)dµ.

Let us consider the distribution function F given by

F (α) = µ ([a, b] ∩ {h ≥ α})

= µ

(
[a, b] ∩

{(
b− x
b− a

)
g(a) +m

(
x− a
b− a

)
g

(
b

m

)
≥ α

})
= µ

(
[a, b] ∩

{
x ≥

α (b− a) +mag
(
b
m

)
− bg(a)

mg
(
b
m

)
− g(a)

})

= b−
α (b− a) +mag

(
b
m

)
− bg(a)

mg
(
b
m

)
− g(a)

,

and as solution of the equation b− α(b−a)+mag( b
m )−bg(a)

mg( b
m )−g(a)

= α, we get

(2.8) α =
mg
(
b
m

)
(b− a)

b− a+mg
(
b
m

)
− g(a)

.

Analogously by the m-convexity of g, we also have

g(x) = g

((
1− x− a

b− a

)
a+

x− a
b− a · b

)
≤ m

(
b− x
b− a

)
g
( a
m

)
+

(
x− a
b− a

)
g (b) = h1(x).

Arguing similarly, let F1 be the distribution function associated to h1 on [a, b], then

(2.9) α =
(b− a) g (b)

b− a+ g(b)−mg
(
a
m

) .
Moreover by (1) of Proposition 1, we have

(2.10)
∫ b

a

h(x) dµ =

∫ b

a

h1(x) dµ ≤ µ ([a, b]) = b− a.

From relations (2.8)-(2.10) and by the definition of fuzzy integral, we obtain (2.7).
This completes the proof. �

Again, we state similar results like Theorem 4, however, the details are left to
the interested readers.
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Theorem 5. Let f : [0,∞)→ [0,∞) be an m-convex function with m ∈ (0, 1] such
that mg( am ) > g(b) and g(a) > mg

(
b
m

)
. Let µ be the Lebesgue measure on [a, b]

and 0 ≤ a < b <∞, then
(2.11)∫ b

a

g dµ ≤ min

{
(b− a),

(b− a) g (a)

b− a+ g(a)−mg
(
b
m

) , m (b− a) g
(
a
m

)
b− a+mg

(
a
m

)
− g(b)

}
.

Remark 3. If m = 1, then the inequalities (2.7) and (2.11) become those inequali-
ties proved in [3, Theorem 3].

Example 2. Take X = [0, 1] and let µ be the usual Lebesgue measure on X. Let
g : [0,∞) → [0,∞) be defined as g(x) = x2. Then g is an m-convex function on
[0, 1] with mg(0) < g(1) and g(0) < mg

(
1
m

)
for m ∈ (0, 1]. Now

mg
(
1
m

)
1 +mg

(
1
m

)
− g(0)

=
1

m+ 1
and

g (1)

1 + g (1)−mg(0)
=

1

2
.

Therefore by Theorem 2, we have ∫ 1

0

x2dµ ≤ 1

2
.

Now we give our results for (α,m)-convex functions.

Theorem 6. Let g : [0,∞) → [0,∞) be an (α,m)-convex function with α, m ∈
(0, 1]2 such that mg(0) < g(1) and g(0) < mg

(
1
m

)
. Let µ be the Lebesgue measure

on [0, 1], then

(2.12)
∫ 1

0

g dµ ≤ min {1, α1, α2} ,

where α1 and α2 are the respective positive real solutions of the equations

α
′

= 1−
(

α
′ − g(0)

mg
(
1
m

)
− g(0)

) 1
α

and α
′

= 1−
(

α
′ − g(0)

g (1)−mg(0)

) 1
α

.

Proof. Since g is an (α,m)-convex function. Therefore, for x ∈ [a, b] and α, m ∈
(0, 1]2, we have

g(x) = g ((1− x) 0 + 1 · x) ≤ (1− xα) g(0) +mxαg

(
1

m

)
= h(x).

And hence by (3) of Proposition 1,∫ 1

0

g dµ ≤
∫ 1

0

(
(1− xα) g(0) +mxαg

(
1

m

))
dµ =

∫ 1

0

h(x)dµ.
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Let F be the distribution function associated to h on [0, 1], then

F (α
′
) = µ

(
[0, 1] ∩

{
h ≥ α

′
})

= µ

(
[0, 1] ∩

{
(1− xα) g(0) +mxαg

(
1

m

)
≥ α

′
})

= µ

[0, 1] ∩

x ≥
(

α
′ − g(0)

mg
(
1
m

)
− g(0)

) 1
α




= 1−
(

α
′ − g(0)

mg
(
1
m

)
− g(0)

) 1
α

,

and hence we get the equation

(2.13) α
′

= 1−
(

α
′ − g(0)

mg
(
1
m

)
− g(0)

) 1
α

.

Analogously by the (α,m)-convexity of g, we also have

g(x) = g ((1− x) 0 + 1 · x) ≤ m (1− xα) g(0) + xαg(1) = h1(x).

Arguing similarly, let F1 be the distribution function associated to h1 on [0, 1], then
we have the following equation:

(2.14) α
′

= 1−
(

α
′ − g(0)

g (1)−mg(0)

) 1
α

.

By (1) of Proposition 1, we have

(2.15)
∫ b

a

h(x)dµ =

∫ b

a

h1(x)dµ ≤ µ ([a, b]) = b− a.

Relations (2.13)-(2.15) and the definition of Sugeno integral give us the required
result. �

A similar result can be stated as follow, however, the details are left to the
interested readers:

Theorem 7. Let g : [0,∞) → [0,∞) be an (α,m)-convex function with α, m ∈
(0, 1]2 such that mg(0) > g(1) and g(0) > mg

(
1
m

)
. Let µ be the Lebesgue measure

on [0, 1] ⊂ [0,∞), then

(2.16)
∫ 1

0

g dµ ≤ min {1, α1, α2} ,

where α1 and α2 are the respective positive real solutions of the equations α
′

=(
g(0)−α

′

g(0)−mg( 1
m )

) 1
α

and α
′

=

(
g(0)−α

′

mg(0)−g(1)

) 1
α

.

Remark 4. If (α,m) = (1, 1), then the inequalities (2.12) and (2.16) become those
inequalities proved in [3, Theorems 1,2].

The following results are the general cases of the last two results.
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Theorem 8. Let g : [0,∞) → [0,∞) be an (α,m)-convex function with α, m ∈
(0, 1]2 such that mg( am ) < g(b) and g(a) < mg

(
b
m

)
. Let µ be the Lebesgue measure

on [a, b], 0 ≤ a < b <∞, then

(2.17)
∫ b

a

g dµ ≤ min {(b− a), α1, α2} ,

where α1 and α2 are the respective positive real solutions of the equations α
′

=

(b− a)

[
1−

(
α
′
−g(a)

mg( b
m )−g(a)

) 1
α

]
and α

′
= (b− a)

[
1−

(
α
′
−g( am )

g(b)−mg( am )

) 1
α

]
.

Proof. Since g is an (α,m)-convex function. Therefore, for x ∈ [0, 1] and α, m ∈
(0, 1]2, we have

g(x) = g

((
1− x− a

b− a

)
a+

x− a
b− a · b

)
≤
(

1−
(
x− a
b− a

)α)
g(a) +m

(
x− a
b− a

)α
g

(
b

m

)
= h(x),

and hence by (3) of Proposition 1,∫ b

a

g dµ ≤
∫ b

a

[(
1−

(
x− a
b− a

)α)
g(a) +m

(
x− a
b− a

)α
g

(
b

m

)]
dµ =

∫ b

a

h(x) dµ.

Let F be the distribution function associated to h on [a, b], then

F (α
′
) = µ

(
[a, b] ∩

{
h ≥ α

′
})

= µ

(
[a, b] ∩

{(
1−

(
x− a
b− a

)α)
g(a) +m

(
x− a
b− a

)α
g

(
b

m

)
≥ α

′
})

= µ

[a, b] ∩

x ≥ a+ (b− a)

(
α
′ − g(a)

mg
(
b
m

)
− g(a)

) 1
α




= (b− a)

1−
(

α
′ − g(a)

mg
(
b
m

)
− g(a)

) 1
α ,
 ,

and hence we get the equation

(2.18) α
′

= (b− a)

1−
(

α
′ − g(a)

mg
(
b
m

)
− g(a)

) 1
α

 .
Analogously by the (α,m)-convexity of g, we also have

g(x) = g

((
1− x− a

b− a

)
a+

x− a
b− a · b

)
≤ m

(
1−

(
x− a
b− a

)α)
g
( a
m

)
+

(
x− a
b− a

)α
g(b) = h1(x).
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Arguing similarly, let F1 be the distribution function associated to h1 on [a, b] .
Then we have the following equation:

(2.19) α
′

= (b− a)

1−
(

α
′ − g

(
a
m

)
g (b)−mg

(
a
m

)) 1
α

 .
By (1) of Proposition 1, we have

(2.20)
∫ b

a

h(x) dµ =

∫ b

a

h1(x) dµ ≤ µ ([a, b]) = b− a.

Relations (2.18)-(2.20) and the definition of Sugeno integral give us the required
result. �

A similar result is stated below, however, the details are left:

Theorem 9. Let g : [0,∞) → [0,∞) be an (α,m)-convex function with α, m ∈
(0, 1]2 such that mg( am ) > g(b) and g(a) > mg

(
b
m

)
. Let µ be the Lebesgue measure

on [a, b], 0 ≤ a < b <∞, then

(2.21)
∫ b

a

g dµ ≤ min {(b− a), α1, α2} ,

where α1 and α2 are the respective positive real solutions of the equations

α
′

= (b− a)

( g(a)− α′

g(a)−mg
(
b
m

)) 1
α

 and α
′

= (b− a)

( g
(
a
m

)
− α′

mg
(
a
m

)
− g (b)

) 1
α

 .
Remark 5. If (α,m) = (1, 1), then the inequalities (2.17) and (2.21) become those
inequalities proved in [3, Theorem 3].
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[1] M. K. Bakula, M. E. Özdemir and J. Pečaríc,Hadamard type inequalities for m-convex
and (α,m)-convex functions, J. Inequal. Pure & Appl. Math., 9 (2008), Article 96. [ON-
LINE:htpp://jipam.vu.edu.au]
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