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HERMITE HADAMARD INEQUALITY FOR s-CONVEX
FUNCTIONS IN THE SECOND SENSE FOR FUZZY INTEGRALS

M. A. LATIF, M. ALOMARI, AND S. HUSSAIN

ABsTRACT. In this paper we prove a Hermite-Hadamard type inequality for
s-convex functions in the second sense for fuzzy integrals. Some examples are
given to illustrate the results.

1. INTRODUCTION

The theory of fuzzy measures and fuzzy integral was initiated by Sugeno [13]
as a tool for modeling non-deterministic problems. The theory of fuzzy integrals
attracted the attention of many mathematicians and therefor the properties and
applications of the Sugeno integral have been studied by many authors. Ralescu
and Adams [8] gave several equivalent definitions of fuzzy integrals, Romén-Flores
et al. [9, 10] studied the level-continuity of fuzzy integrals and H-continuity of
fuzzy measures and Wang and Klir [15] has given a general overview on fuzzy
measurement and fuzzy integration theory. Recently, Roméan-Flores et al. [11, 12]
and Flores-Franuli¢ et al. [3] presented some fuzzy integral inequalities. In this
paper we prove a Hermite-Hadamard type inequality for the Sugeno integral for
functions which are s-convex in the second sense. In order to proceed to our results
we first give some basic notation and properties about Sugeno integral. For details
on Sugeno integral we refers the reader to [13, 15].

Suppose that 3 is o-algebra of subsets of R and that p : ¥ — [0, 00), is non-
negative, extended real valued set function, then g is said to be fuzzy measure if
and only if:

(1) p® =0,

(2) E, F e ¥and E C F imply that u(F) < p(F) (monotonicity),

(3) {E,} C X, By C Ey C ..., imply nh—{%o'u(E") = ,u(nflen) (continuity from
below) and

(4) {En} C %, By D By D oy p(By) < oo, imply lim p(E,) = “(ﬁlE")
(continuity from above).

If f is a non-negative real-valued function defined on R, we will denote by
Lof ={zeR: f(x) >a} = {f >a} the a-level of f, for « > 0 and Lof =
{r eR: f(z) >0} =suppf is the support of f. Observe that if @ < f, then
{f <a} c {f <B}. If pis fuzzy measure on (R,Y), by F*(R), we denote all
p-measurable functions from R to [0, 00).
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Suppose that u is a fuzzy measure on (R, X). If f € F#(R) and A C X then the
Sugeno integral (or fuzzy integral) of f on A with respect to the fuzzy measure p
is defined as

f. 1=\ lonnanis = ap),
where V and A denote the operations sup and inf on [0,00), respectively. The
following properties of the Sugeno integral are well known and can be found in [15].

Proposition 1. p is a fuzzy measure on (R,3), A C X and f, g € F*(R) then
(1) fu fdp < p(A).

)
)
) H(AN{F > a}) > a5 f, fdu'> a.
(B) p(An{f>a}) <a=f, fdu < a.
) fa fdp < a <= there exists v < a such that p (AN{f >~}) < a.
)

4 fdp > o <= there exists v > a such that p(AN{f >~}) > a.

Remark 1. Consider the distribution function F associated to f on A, that is,
F(a)=p(AN{f >~}). Then from (4) and (5) of Proposition 1, we have that

F(oz):oz:>][fdu:a.
A

Therefore it follows that any fuzzy integral can be calculated by solving the equation
F(a) =a.

2. s-HERMITE-HADAMARD INEQUALITY FOR FUZZY INTEGRALS

In [1], J. Caballero, K. Sadarangani has proven with the help of certain examples
that the classical Hermite-Hadamard inequalities (see [4, 5] for the history of these

inequalities):
a+b 1 b f(a)+ f(b)
< r)der < ———~=
(57 < 52 | st < L0,
where f : [a,b] — R is a convex function, do not hold true for fuzzy integrals in
general . In [1], the authors proved some Hermite-Hadamard type inequalities for
fuzzy integrals and some examples were also given to illustrate their results .
In this section we aim to prove some Hermite-Hadamard type inequalities for
functions which are s-convex in the second sense for fuzzy integrals.
It is known that a function f : [0,00) — R is said to be s-convex in the second
sense, or that f belongs to the class K2, if

flaz+ (1 —a)y) <af(z) + (1 —a)’ f(y),

holds for all x, y € [0,00), a € [0, 1], for some fixed s € (0, 1].
The inequalities:

b
27 () < 1 [ o< L0

where f : [0,00) — [0,00) is an s-convex function in the second sense s € (0,1]
are known as s-Hermite-Hadamard inequalities. For more about the properties
on s-convex functions and s-Hermite-Hadamard inequalities we refer the interested
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readers to [2]. Unfortunately, as we will see, the s-Hermite-Hadamard inequalities
do not valid as well for fuzzy integrals in general.

We quote below a very important example of s-convex functions from [2] to be
used in the sequel:

Let s € (0,1) and a,b,c € R. We define a function f : [0,00) — R, by

£(t) = {“ T

bt*+c¢ t>0.
If b > 0and 0 < ¢ < a, then f € K2. Hence, for a = ¢ = 0, b = 1, we have
F:00,1] = [0,1], f(t) =t°,0< s < 1, f € K2 (see e.g.|2]).

Example 1. Consider X = [0,1] and let pu be the usual Lebesgue measure on X. If
we take the function f(z) = \/z, v € [0,1], then f € K2. Now we calculate the the

Sugeno integral fol Vadu by using Remark 1. Consider the distribution function F
associated to f on [0,1], that is

F(a)=p(0,1]n{f>a})=p([0,1]n{Vz>a}) =pn([0,1]n{z>a’}) =1-a°

and we solve the equation 1 —a? = «, we obtain that o = %\/g By Remark 1 we
have
-1
f Jrdp = + “1HV5 0618033
on the other hand v/2f (5) V2 x 4 = 1. This shows that the left part of the

s-Hermite-Hadamard inequality is not valzd in the fuzzy context.

Example 2. Consider X = [0,1] and let u be the usual Lebesgue measure on X.
Then if we take the function flx) = ﬁ then f € K2. Now again we calculate the

the Sugeno integral fo d,u by using Remark 1. Consider the distribution function
F associated to f on [0, 1] that is

Fla) = n (@ {f 2 o) =n (010 {37 2 a}) = (0.1 {o 2 902}
=1-90°

and we solve the equation 1 — 9a? = o, we obtain that o = %. By Remark 1

we have
N gy~ VBT
, 2 MT TR
but w = % ~ 0.22222222. Thus the right side of the s-Hermite-Hadamard
inequality is not satisfied for fuzzy integrals.

~ .2823756,

Now we present s-Hermite-Hadamard inequalities for for the Sugeno integral.

Lemma 1. Let 0 <p<1landxz >0,y >0. Then
(x+y)P <aP +yP.

Proof. When p = 1, then the result is obviously true. So assume that 0 < p < 1
and consider the function

FE) =1+t — (1 +8)P, ¢ >0.
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Then
F)y=pt"t =p(L+ )P t > 0.
Since p — 1 < 0, hence f/(t) >0,t>0. Thus
f(t)>0,t>0.

That is
(2.1) (14+4)P <P +1,¢>0.
If y = 0 then (x +y)? < 2P + yP is true with equality sign, so let y > 0 and take
t = in (2.1), we have

2\

1+y)P < () +1,y>0

Yy

so that
(z+y)P <2’ +y"

This completes the proof. ([l

Theorem 1. ¢ : [0,1] — (0,00] be an s-convex function in the second sense s €
(0,1) and p the Lebesgue measure on R. Then

1
][ gdp <min{l,a;},
0
1

a—g(0) ) —a.

where oy 1s a positive real solution of the equation 1 — (m

Proof. Since g is an s-convex function in the second sense s € (0, 1), therefore for
x € [0, 1] we have

9(z) =g((1-2)0+1-2) < (1-2)"g(0) +2%9(1) = h(z)
and hence by (3) of Proposition 1, we have that

1 1 1
F oaus £ (0 =0)90) +zg(V)du= f ha)an
In order to calculate the integral in the right-hand part of the last inequality, we
consider the distribution function F' given by
(22)  Fla)=p (0,110 {h > a}) = u([0,1] N {1 —2)° g(0) + a"g(1) > a}).
We observe that 1 — z > 0, therefore we have that
l—z=1-2z<1+uz.
and hence by Lemmal, we have
1-2)"<(1+z)°<1+2°
Thus from (2.2) we get that
(23) Fla)= (0.1 {h>a})

B a—g(O) :
_ <[0,1] N {x = (g(O)+g(1)> }>
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Therefore we have

a—g0) \* _
24 b <g<0>+g<1>> o

From (1) of Proposition 1 we get that
1
(25) F @< o) -
0

By Remark 1 and (2.4), we have

1
][ gdp < min {1, on},
0

where oy is a positive real solution of (2.4). O

Corollary 1. g : [0,1] — (0,00] be an s-conver function in the second sense
s € (0,1] and p the Lebesgue measure on R. If g(0) = g(1), then

1
][ gdp <min{l, a1},
0

1
s

where oy 1s a positive solution of the equation 1 — (("2_9%?)) =«

Proof. Tt is direct consequence of the above theorem. [
Now we give example to illustrate our result:

Example 3. Consider the function f(z) = a3 on [0,1], then this function is an
s-convex function with s = g Moreover f(0) =0 and f(1) =1, thus we have from

the equation 1 — ( (XO)JJ;S,O()I ) = «, which gives by solving by numerical methods,

g _ 3/_1 1 _ 1 ~
the positive real solution oy = \/108 V31V108 + 5 T ~—srvios 0.682 33.

Nl

Therefore from Theorem 1 we have

fap < {f s VIV + !
][ "=\ s 3\/108\F¢W+—

Example 4. Consider the function f(z) = 23 on [0,1], then this function is an
s-convex function with s = 3. Moreover f(0) =0 and f(1) =1, thus we have from

4
the equation 1 — (fl(lo)jifo )3 = «, which gives by solving by numerical methods,

the positive real solution c; ~ 0.5497. Therefore from Theorem 1 we have

1
][ fdp < 0.5497.
0

Now we prove general case of Theorem 1 as follow:

Theorem 2. (1) g:la,b] — (0,00] be an s-convex function in the second sense
€(0,1), 0 <a <b and p the Lebesgue measure on R. If x —a > 0, then

b
][ gdp <min{b—a,a;},
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1
where o 18 a positive solution of the equation (b — a) [1 - (9&;1(9{1()1))) } =
a.
(2) Ifr—a <0, L isan odd integer and g(b) > g(a), then

7 s

b
][ gdp <min{b—a,a;},

ol
—_
I

where oy 1s a positive solution of the equation (b — a) [1 - (g&%%)

a.
(3) Ifz—a <0, L is an odd integer and g(b) < g(a), then

b
][ gdp <min{b—a,a;},

1

where ay is a positive solution of the equation (a — b) (g&%%) F—

Proof. Since g is an s-convex function in the second sense s € (0, 1), therefore for
x € [0, 1] we have

s =g ((1- 70 ar 70 < (1-722) st (50) o) =nte)

and hence by (3) of Proposition 1, we have that

]ibgdu < ][ab [(1 - z_z>59(a) + (:_Z)sg(b)] dp = ][abh(x)d,u

Let us consider the distribution function F' given by

F(a) = p([a,0] 0 {h = a})

(26) p (ot {(1-522) s+ (522) s 2a}).

Arguing similarly as in Theorem 1, we have that

r—a

b—al’

1-— <1+

b—a

r—a r—a
—a

and hence by Lemmal, we have

r—a\’ T —a
1—- < |1+ |—
(-5) = (i
Now we consider the following cases:
Case I

s
T —a

b—a

) <1+
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If x — a > 0, then from (2.6) we get that

2.7) F(a) =p(0,1]N{h > a})

:M([a,b]ﬂ{(1+ ra |
:M<[o,1]m{x>a+(b—“) <m>i}>

Therefore from (2.7), we have

a—gla) \}
28) 0= ll (s tam)

From (1) of Proposition 1 we get that

I
|
e

b
(2.9) F b < (o) =b-a
Thus by Remark 1
b
][ gdp <min{b—a,a},

where o is a positive real solution of (2.8).

Case 11
If  —a <0, 1 isan odd integer and g(b) > g(a), then from (2.6) we get that

(2.10) F(a)=p([0,1]Nn{h > a})

o

and hence

b
][ gdp <min{b—a,a},

1
where oy is a positive solution of the equation (b — a) [1 - (g&)—%‘%) } =a.
Case 111
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If  —a <0, 1 is an odd integer and g(b) < g(a), then from (2.6) we get that

(211) F(a) = p (0,10 {h > a))
Vot + (£22) a2 a})

—u(win{(1+

>
—u(01yndz<a+(®-a) <g(a_a>l )

r—a

—a

Therefore ,
][ gdp <min{b—a,a},
a
1
where «; is a positive solution of the equation (b— a) (%) " = a. This
completes the proof of the theorem. ([

Example 5. Let f(z) = 215 be a function defined on [0,2], then f is an s-convex
1

function in the second sense with s = 5. Here we have a = 0, b = 2, therefore

for x € [0,1], # —a > 0. Moreover f(a) = f(0) = 0 and f(b) = f(2) = 25. Now

1
by (a) of Theorem 2, we solve the equations (b — a) {1 - (#%) S] = q, that

is we solve the equation 2 [1 - ‘i‘—;} = «a, we get that a = ¢ 2%\/27\/2240+8 -

W S—
5t/ LV vanTs 1.5418. Hence

2
1 8
][ fdp <min{ 2, ¢ 27\/27\/2240 +8—
0 3¢/ & V/2TV/220 + 8
1 8
= ﬁ\/27\/2240 +8— .
39/ & V/2TVI0 + 8
REFERENCES

[1] J. Caballero, K. Sadarangani, Hermite-Hadamard inequality for fuzzy integrals, Appl. Math.
Comp. 215 (2009) 2134-2138.

[2] S.S. Dragomir and S. Fitzpatrick, The Hadamard’s inequality for s-convex functions in the
second sense, Demonstratio Math., 32 (4) (1999), 687-696.

[3] A. Flores-Franuli¢, H. Roméan-Flores, A Chebyshev type inequality for fuzzy integrals, Appl.
Math. Comput. 190 (2007) 1178-1184.

[4] J. Hadamard, Etude sur les propietés des functions entiéres et en particulies d’une function
considerée par Riemann, J. Math. Pure. Appl. 58 (1893) 175-215.

[5] Ch. Hermite, Sur deux limites d’une intégrale définie, Mathesis 3 (1883) 82.

[6] H. Hudzik and L. Maligranda, Some remarks on s-convex functions, Aequationes Math., 48
(1994), 100-111.

[7] M. Masti¢ , J. Pecari¢ , On inequalities of Hadamard’s type for lipschtzian mappings, Tamkang
J. Math. 32 (2001) 127-130.

[8] D. Ralescu, G. Adams, The fuzzy integral, J. Math. Anal. Appl. 75 (1980) 562-570.

[9] H. Roman-Flores, A. Flores-Franuli¢, R. Bassanezi, M. Rojas-Medar, On the level-continuity
of fuzzy integrals, Fuzzy Set. Syst. 80 (1996) 339-344.



HERMITE HADAMARD INEQUALITY FOR FUZZY INTEGRALS 9

[10] H. Roméan-Flores, Y. Chalco-Cano, H-Continuity of fuzzy measures and set defuzzification,
Fuzzy Set. Syst. 157 (2006) 230-242.

[11] H. Roman-Flores, A- Flores- Franuli¢, Y. Chalco-Cano, The fuzzy integral for monotone
functions, Appl. Math. Comput. 185 (2007) 492-498.

[12] H. Roméan-Flores, A. Flores-Franuli¢, Y. Chalco-Cano, A convolution type inequality for fuzzy
integrals, Appl. Math. Comput. 195 (2008) 94-99.

[13] M. Sugeno, Theory of fuzzy integrals and its applications, Ph.D. Thesis, Tokyo Institute of
Technology, 1974.

[14] J. Tabor, J. Tabor, Characterization of convex functions, Stud. Math. 192 (2009) 29-37.

[15] Z. Wang, G. Klir, Fuzzy Measure Theory, Plenum, New York, 1992.

COLLEGE OF SCIENCE, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HAIL, HaiL 2440,
SAUDI ARABIA.
E-mail address: m.alatif@uoh.edu.sa

ScuooL OF MATHEMATICAL SCIENCES, UNIVERSITI KEBANGSAAN Maraysia, UKM, Banai,
43600, SELANGOR, MALAYSIA.
E-mail address: mwomath@gmail.com

INSTITUTE OF SPACE TECHNOLOGY, NEAR RawaT TooL Praza, IsLaMaBaD HicHwWAY, Is-
LAMABAD, PAKISTAN.
E-mail address: sabirhuss@gmail.com



