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NEW INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
n-TIMES DIFFERENTIABLE s-CONVEX FUNCTIONS WITH
APPLICATIONS

M. A. LATIF, S. S. DRAGOMIRY2, AND E. MOMONIAT

ABSTRACT. In this paper, some new inequalities Hermite-Hadamard type are
obtained for functions whose nth derivatives in absolute value are s-convex
functions. From our results, several inequalities of Hermite-Hadamard type
can be derived in terms of functions whose first and second derivatives in
absolute value are s-convex functions as special cases. Our results may pro-
vide refinements of some results already exist in literature. Applications to
trapezoidal rule and to special means of established results are given.

1. INTRODUCTION
A function f: I — R, § # I C R, is said to be convex on I if the inequality

[tz + (1 =t)y) <tf(x)+ 1 —1)f(y)

holds for all z,y € I and t € [0, 1].
Let f: I CR — R be a convex mapping and a,b € I with a < b. Then

(1.1) f(“;b> < bia/abf(x)dxg M

The double inequality (1.1) is known as the Hermite-Hadamard inequality (see [9]).
The inequalities (1.1) hold in reversed direction if f is concave.

For recent results, refinements, counterparts, generalizations and new Hermite-
Hadamard-type inequalities see [6, 7, 12, 15, 16, 17, 19, 21, 25, 29, 31] and the
references therein.

In [9], Hudzik and Maligranda considered among others the class of functions
which are s-convex in the second sense and is defined as follows.

Definition 1. Let s € (0,1] be a fized real number. A function f : [0,00) — [0, 00)
is said to be s-convez in the second sense, if

(1.2) flz+1—y)y) <t°f (@) + 1 -1)"f (y)

holds for all z, y € [0,00) and t € [0,1]. The class of s-convex functions in the
second sense is denoted by K?2. If the inequality (1.2) holds in reversed direction,
then f is to be an s-concave function in the second sense.
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It is clear that the definition of s-convexity (s-concavity) coincides with the
definition of convexity (concavity) when s = 1.

In [5], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which
holds for s-convex functions in the second sense.

Theorem 1. Suppose that f : [0,00) — [0,00) is an s-convex function in the
second sense, where s € (0,1), a, b € [0,00) with a < b. Ifa, b € L([a,b]), then the
following inequalities hold

(1.3) 21y (a;b) <

- @)+ )
- s+ 1

For more recent results on Hermite-Hadamard type inequalities for functions
whose derivatives in absolute value are s-convex functions, we refer the interested
reader to [1, 13, 14, 24] and the references therein.

The main purpose of the present paper is to establish new Hermite-Hadamard
type inequalities for functions whose nth derivatives in absolute value are s-convex.
We believe that the results presented in this paper are better than those already
exist in the literature concerning the inequalities of Hermite-Hadamard type for s-
convex functions. Applications of our results to trapezoidal formula and to special
means are given in Section 3 and Section 4.

2. MAIN RESULTS

We will use the following Lemmas to establish our main results in this section.

Lemma 1. Let f : I ¢ R — R be a function such that f™ exists on I° and
™ e L([a,b)), where a, b € I° with a < b, n € N, we have the identity

gy J@ 10 b_a/f dznzlk[ (- )](b—a)kf(k)<a+b>

k+1
2 P 2k+ (k+ 1! 2
(b—a)" n—1 w(l=t 1+t
(=)™ (b—a)" /1 1 (n) 1+t
SR v ; 1-8)"(n—1+1t)f b+ 5 dt,

where an empty sum is understood to be mil.
Lemma 2. Let x > 0, y > 0, the inequality
(@+y)’ <a®+y
holds for 0 < 8 <1 and the inequality
0
(—y)’ <a’ =y’
holds for 6 > 1.

Now we state and prove some new Hermite-Hadamard type inequalities for func-
tions whose nth derivatives in absolute value are s-convex and s-concave.
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Theorem 2. Let f: I C [0,00) = R be a function such that f™ exists on I° and
f™ € L([a,b]), where a, b € I° with a < b, n € N. If |f(”)|q is s-convezx on [a, D]
for some fized s € (0,1] and q € [1,00), we have the inequality

fla+fe 1 [
’ 5 —b_a/af(x)dx

nzlk[w >]<b—a>‘“f(k)(a+b> < Loy (o >/

2k+1 (K + 1)! 2 = 2nds/atlnl \p+ 1

(2.2)

k=1

X{((n2+s(nl)) |f(n) (a)|‘1 +< n N n(n+8)B(s+1,n)) ‘f(”) (b)‘q>1/q

(n+s)(n+s+1) n+l n+s+1

(n +s n—1)|f | n n(n+s) i . 1/q

where

1
B(a, B) :/ 1= dt, o, >0
0
is the Fuler Beta function.

Proof. From Lemma 1, the Holder inequality and s-convexity of | I (”)|q on [a,b],

we have
f(a)+ f(b) I
5 —b_a/af(x)dx

_nil k {1 + (—1)’“} (b— a)kf(k) <a+b>

2+ (k4 1)! 2

(2.3)

k=1

x{(/ol(l—t)nl(n—l—i-t) [(1—t)5

+(/01(1—t)”1(n—1+t) [(1—t)s

1-1/q

) ﬂ dt) .
(a)ﬂ dt) Uq} .

(n) (a)‘q +(1+1t)°

(b)‘q—k(l—&-t)s

Since
n

1
1-t)" " (n—1+t)dt = ——
R A s

n?+s(n—1)
(n+s)(n+s+1)

/1(1@" Y= 1) (1 t)° dt =
0

by using the property
Y
r+y

B(z,y+1)= B (z,y)
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of the Euler Beta function and Lemma 2, we have
1
/ (1=t)"""(n—1+1t)(1+1)°dt
0
1
:/ (1=0)""" (n—14t)(1+1t%)dt
0

- +nB(s+1,n)—B(s+1,n+1)

n+1

n n
= B 1 -— B 1
n+1+n (s+1,n) et (s+1,n)
_n +n(n+8)B(s—|—l,n).

n+l n+4+s+1

From the above facts and the inequality (2.3), we get the required inequality (2.2).
This completes the proof of the Theorem. ([

The following corollaries are direct consequences of Theorem 2.

Corollary 1. Under the assumptions of Theorem 2, if ¢ = 1, we have the inequality

24 ‘f( )—2Ff _a/ i

fz—:l k [1 + (71)’@] (b— a)kf(k) (a+b)

2k (k4 1)! 2

a)"

(b—
2 +3+1n|

IN

k=1

I

n® +s(n— n n(n+s
((n+$(7§+sj—)1) n+1 nj_s—:_)lB(S—i—l,n))Hf(")(a)’+‘f(”)(b)

where B («, B) is the Euler Beta function defined as in Theorem 2.

Corollary 2. Under the assumptions of Theorem 2, if n = 1, we have the inequality

25) 'f()—;f _a/ flo
- , q - 1/q
3+s/q—1/q I (a) . g
<(b—a) (;) (1—'|—s)( ‘+s)+(; 215) f®)
- , q q1/a
N £ ()
* (;+2i3> F @ +(1L)< LS)

Corollary 3. If we take g = 1 in Corollary 2, we have

(2.6) ’f()+f _a/f

2

: M (3) @l ol
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Corollary 4. Suppose the assumptions of Theorem 2 are fulfilled and if n = 2, we
have

) M <§>11/q
rof (5 ) 1o

(el @

2 b—a

(s+4)
X{{@+2ﬂs+$
{ (s +4)
(5+2)(s+3)

b
e ’f(a)+f(b) 1 /f(a:)dm

q} 1/q

")

"

[ ()

Corollary 5. If g =1 in Corollary 4, we have

b
28) ‘f(a);rf(b)_bia/ f (@) de

"

1 @]+

—a2 82 S "
(b—a) (2 +75+8 ))[ s (b)H'

= BT G012 (43

Theorem 3. Let f : I C R — R be an n-times differentiable function on I°, n € N.
If f € L([a,b]), where a, b € I° with a < b. If |f(”)|q is convezx on [a,b] for
q € (1,00), we have the inequality

b
29) ’f(a);f(b)_bia/ £ (@) do

grenfe-ot ()

k+1 |
Lo R (k1)) 2
1-1/q
< b—a)" {n(2q71)/(q71) —(n— 1)(2q71)/(q71)} g1\
- onts/at1p) 2q — 1
1/q

|f™ (a)]" 1 “

B(s+1ng—q+1 ’ () b‘

X{[nq_q+s+1+ pp—— (s+Lng—q+1))[f"™ (b)

£ (b)]* 1
B 1,ng—q+1 (n)
+[nq—q+s+1+ nq_q+1+ (s+1,ng—q+1) ’f (a)

)

where B («, B) is the Euler Beta function defined as in Theorem 2.
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Proof. Using Lemma 1, by using the first inequality in Lemma 2, the Holder in-
equality and convexity of ‘ i ‘q on [a,b], we have

b
(2.10) ‘f(aHf(b)—bia/f(x)dx

n=1k |1+ (=1)F| (b —a)" a
e o (12)

k=1

< % (/01 (n— 14t dt)H/q
x {(/01 (1 ¢)2r=D [(1 — ) £ (b)m dt)
+ (/01 (1—)4D [(1 — ) F (a)ﬂ dt)l/q}.

By simple computations, we observe that

1/q

FM (@] + (1 +¢%)

‘ q

F™ O +1+e)

‘ q

1
B a/(a-1) 5, _ (4—1 2q-1)/(a=1) _ (, _ 1y(2a-1)/(a-1)
/0 (n—1+1%) dt (2(]—1) [n (n—1) ],

1
0 ng—q+s+1
and
' (n—1) 1
1=V (1 +t)dt=———+B(s+1,ng—q+1).
| =" 0 )t e B st g =+ )

Using the above results in (2.10), we obtain the required result. This completes the
proof of the theorem. O

Corollary 6. Suppose the assumptions of Theorem 3 are satisfied and if n =1, we

have the inequality
< (b_a) q—l 1-1/q 1 1/q
= 22hs/a \ 2q—1 s+1

1/q
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Corollary 7. Under the assumptions of Theorem 3, if n = 2, we have the inequality

a b
(2.12) |f()+f(b)bia/f(m)dx

(b—a)? [2(2a-1)/(a=1) _ 1]1—1/q go 1\
- 924+s/q 2 — 1

1
>< e —
q+s+1

1
qg+s+1

1 1/q

7 (a)‘q—k (q—i—ll Y B(s+1l.q+ 1)) ‘f” )

s (b)]q + (qil +B(s—|—1,q—|—1)> s (a)‘q]l/q},

where B («, B) is the Euler Beta function defined as in Theorem 2.
Theorem 4. Let f : I C R — R be an n-times differentiable function on I°, n € N.

If f™ € L(la,b]), where a, b € I° with a < b. If |f(")’q is convex on [a,b] for
q € (1,00), we have the inequality

b
(2.13) |f(a)+f(b)—bia/f(x)dx

1k 14+ (<) (b - ) W (a+b
B 2k+1 (k4 1)! (2)

k=1

O (1 )1‘”q{[p\f<n> @["+ Qs @

qq1/q
= ontitinr \ng—1 }

+[Plr ol + e @] ”q},

where

1
P =ntstip (;H 1,q+1),
n

(52 pstgt
Q=n (SJrl o (s+1lg+1),

B (a, f) is the Euler Beta function defined as in Theorem 2 and

x
B(x;a,ﬂ):/ t"_l(l—t)ﬁfldt,a,ﬁ>070§x§1
0

is the incomplete Beta function.
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Proof. Using Lemma 1, the first inequality in Lemma 2, the Hélder inequality and
convexity of |f(") ’q on [a,b], we have

(2.14) |f()+f _a/f

2

_vil k [1 + (—1)’“] (b— a)kf(k) <a+b>

k+1 |
£ 2R (k1) 2

< % (/01 (1 — =D/ a=D) dt) e
x {(/01 (n—1+0)[(1-1)° £ (b)ﬂ dt)l/q
+(/01 =1+ [(1-1)° ™ (@) dt)l/q}.

By using the second inequality of Lemma 2 and simple computation, it is easy to
observe that

™ @[ +1+)

™ @)+ 1 +)

1
/ (1= gD/ g 471
0 ng—1

1 1
/ n—1+t)7(1—t)"dt= nq+s+1/ t5(1—t)7dt
0 0

1
=npitstip (;s—l— 1,q+ 1> =P
n

and
1 1
/ n—1+t)7(1+¢t%)dt g/ (n?— 1 —=t)7) (1 +¢t%)dt
0 0
Y D B 1 1
" (s+1 qg+1 (s+La+1)=0Q
Hence (2.13) follows from (2.14) and using the above results. This completes the
proof of the theorem. O

Corollary 8. Suppose the assumptions of Theorem 4 are satisfied and if n =1, we
have the inequality

(2.15) ‘f();f _a/ ‘o 22+S?q)
X{[B(S+1’q+1)’f/(a)’q+(zii_q}rl_B(S+1Q+ )‘f/(b)‘q]l/q

1/q
+[B(s+17q+1)‘f/(b)‘q+(21?—(]41_1—B(s+1 q—i—l)‘f/(a)‘q] }

where B («, B) is the Euler Beta function defined as in Theorem 2.
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Corollary 9. Suppose the assumptions of Theorem 4 are satisfied and if n = 2, we
have the inequality

b
(2.16) |f(a)+f(b)—bia/f(x)dx

(b—a)® [ q—1\""" 1 ,
< ! 9utstip (2641 g4 1 ‘
< \ag 1 5istLatl)|f (a)

542 1 PNTIR
+<2q(8+1>—q+1—B(s+1,q+1)> ’f (b) ]

1 " q
+ {Qq"'s"'lB (2;s+ 1,q+ 1) ‘f (b)‘

2 1 1"
(2 (5) - rEe L) [

q

q] 1/ q}
where B («, ) is the Euler Beta function defined as in Theorem 2 and B (z; «, 8)
is the incomplete Beta function defined as in Theorem 4.

A different approach results in the following theorem.
Theorem 5. Let f : I C R — R be a function such that f) exists on I° and

f e L([a,b)) for n € N, where a, b € I° with a < b. If |f(”)|q is convex on [a,b]
for q € (1,00), we have the inequality

b
(2.17) |f(a)+f(b)—bia/f(x)dx

=1k |1+ (1) (b—a)* a
-2 {Qkﬂ(klrl)! A (?)

k=1

<nn+171/q(b_a)” 1 1/q B l'flq—l 2¢ —1 1-1/q
- on+s/q+lp) s+1 n" g—1" ¢g—1

5 {Hf(n) (a)}q n (2s+1 _ 1) ‘f(") (b)’q} 1/q
q} 1/(1},

n {(25+1 ~1) ‘f(n) (a)

‘ q

+ |7 o)

where
B(x;a,B):/ -0 a0<z<1,a>0,8>0
0

is the incomplete beta function.
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Proof. Using Lemma 1, the Holder inequality and the convexity of | f |q on [a, b],
we have

b
(2.18) ‘f(a);f(b)—bla/f(:r)dw

ok {1 + (—1)’“} (b— a)kf(k) (M>

k+1 |
L 2R (k1) 2

1-1/q

(b—a) (/1 (1- t)q(n—l)/(q—l) (n—1+ t)Q/(q—l) dt)
0

S gnis/atin]

X { (/01 (- F (b)ﬂ dt)
+ (/01 (- £ (a)ﬁ dt>1/q}.

By simple computations of inegrals, the inequality (2.17) follows from the inequality
(2.18) and using the fact that

L D/ o pala=1) g metamt o (1 ng—1 2g—1
(1-1) (n—1+1%) dt=n"aT B , .
0 n ¢g—1" ¢g—1

1/q

1o @)+ @ty

roof +a-ey

This completes the proof of the theorem. (I
Corollary 10. Suppose the assumptions of Theorem 5 are satisfied and if n = 1,
we have
/a 1-1/q
f@+ /) 1 /b (b—a) (1 \""(g-1
. — <
(2.19) ‘ 2 b=a ), T@e < o (5 2 — 1

1/q

Al @l eyl o]

Proof. Proof follows from the fact that

2¢—1 29 — 1 ! 2021 -1
B(11,% =B(1,% :/ (1—t)aT tap=1"°
qg—1 qg—1 0 2qg—1

+ [ - ‘f’ (a))q n

rof1"}

O

Corollary 11. Under the assumptions of Theorem 5 and n = 2, we have the
following inequality

fla+fe) 1 [
5 _b—a/af(x)dw

_ 2 Y ) i .
= 21(~Iis/qi)1/q <Si1> ! [B <;;2qq_ 1172;_ 11)} q
x{{ f (a)‘q + (2t )|y (b)‘q}l/q + {(28+1 1) ‘f” (a)‘q 1y (b)ml/q},

where B (z;a, B) is defined as in Theorem 5.

(2.20)

1"
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3. APPLICATIONS TO THE TRAPEZOIDAL FORMULA

Let d be a division of the interval [a,b], i.e. a =20 < 1 < ... < Zp—1 < T, = b,
and consider the quadrature formula

b
/ f(z)dz = T(f.d) + E(f.d),

where

|
—

n

T(f,d) =) (wit1—xi)

i

f (@) + f (ig1)
2

Il
=]

is the trapezoidal versions and E(f,d) is the associated error. Here, we derive some
error estimates for the trapezoidal formula in terms of absolute values of the second
derivative of f which may be better than those already exist in the literature.

Theorem 6. Let f : I C R — R be a differentiable function on I° such that
" " q
f € L([a,b]), where a,b € I° with a <b. If ’f ’ is s-convex on [a,b] for ¢ > 1,

then for every division d of [a,b], we have

1-1/gn-1
(3.1) [E(f,d)] < 24+718/q <2> Z (i1 —z:)°

3 i=0
(s+4)
x {[(S+2>(S+3)

[ (s+4)
(s+2)(s+3)

"

f(%)q+<§+<s+ui»+a>!f1%+ﬂfrm

IS (le)‘qu <2+2) q:|1/q}.

3 5+1)(s+3)
Proof. By applying Corollary 4 on the subinterval [x;, z;41] (i =0,1,...,n— 1) of
the division d, we have

"

f(z)

n—1

Z {(%H — ;) w - /:Hl f(z) dac}

=0

3:2) |E(f,d)| =

i

fl)+ @) 1 /Ii+1 f(z)dx

< :L;: (Tig1 — ) 5 PR
1-1/gn—1
< %%/q (;) 1 ; (Tit1 — -Ti)?)
s q , q11/4
X{[(s—l—(Z)—’—(;l)—I—S) +<§+(s+1)2(5—|—3)>’f (f”i“)”
{ (s+4)

sl el () el ]}

i

2

()

"

[ (wig1)

12

()
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Corollary 12. Under the assumptions of Theorem 6, for ¢ = 1, we have

1 2 2+ 7s+8
33 B0 < 5o (54 )

(s+1)(s+2)(s+3)

<3 (it - ) £ @)
i=0

+ ‘f” ($i+1)H :

Theorem 7. Let f : I C R — R be a differentiable function on I° such that
" " q
f € L(la,b]), where a,b € I° with a < b. If ‘f ‘ is s-convex on [a,b] for g > 1,

then for every division d of [a,b], we have

(3.4) |E(f,d)] < [ (i1 —x)°

2(2¢=1)/(a—1) _ 1}1_1/‘1 ( g—1 )1—1/q n-1
2

445 _
2 /q q 1 Pt

1 . q 1/‘1
+ <(H_1+B(3+1,Q+1)> ‘f (T/i+1)‘ ]
q]l/q}

Proof. Tt follows from Corollary 7. O

Almbrer

£ [+ (g B+ L) [ @)

1
+ JE—
[q +s+1
where B («, B) is the Euler Beta function defined as in Theorem 2.
Theorem 8. Let f : I C R — R be a differentiable function on I° such that

" " q
€ L([a,b]), where a,b € I° with a < b. If ‘f ‘ is s-convex on [a,b] for ¢ > 1,

then for every division d of [a,b], we have

1-1/gn—1
1 qg—1
(3'5) |E(f7 d)l < 24_,_% (2(] _ 1) § , ($i+1 - xi)?)
=0

1 " q
{[2‘1*8*13 (2;s+ Lg+ 1) [ (@)

S+2 1 "
pX . B(s+lq+1 ‘ 4
(o () - Bl [ )

q] 1/q

+2 1 "
(2 (55) - Bty )| e

1 7" q
+ {2“8“3 (2;5 +1,q+ 1) \f ($i+1)‘

q] 1/q}
where B (a, B) is the Euler Beta functions and B (x;«, 3) is the incomplete beta

function defined as in Theorem 4.

Proof. 1t is a direct consequence of Corollary 9. (|

Theorem 9. Let f : I C R — R be a differentiable function on I° such that
" " q
f € L([a,b]), where a,b € I° with a <b. If ‘f ‘ is s-convex on [a,b] for ¢ > 1,
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then for every division d of [a,b], we have

1 1\ Me 1 2g—1 2g—1\]'""¢
6) |E < Bz
(36) BV DI < gz (s+1) { (2’ g—1" q¢—1 )]

% Ti:l (Tig1 — zi):s { [ q} 1/q
i=0

"

(i)

1"

! + (25+1 — 1) f (131'_;,_1)

"

+E =) | @)

q " q 1/q
+ ‘f ($i+1)‘ } ;
where B (z;a, B) is the incomplete beta function defined as in Theorem 4.

Proof. The proof follows by using Corollary 9. O

4. APPLICATIONS TO THE SPECIAL MEANS

Now, we consider applications of our results to special means. We consider the
means for positive real numbers a, b € R;. We consider

(1) The arithmetic mean:

A(a,b):%—’_b;a,b>0.

(2) Generalized log-mean:

pptl _ g+l »
] ;a,b>0,peR\{-1,0},a#b.

(p+1)(b—a)
Now we apply our results from Section 2 to give some inequalities for special

means.
It is shown in [20] that the function f : [0,00) — R defined by

Ly (et = |

a, t=0,
ft) =
bt* +c, t>0,

where s € (0,1), a, b, c € Rwith 0 < ¢ <a, b>0,is s-convex on [0, 00). Hence, for
a=c¢=0,b>0, the function f (t) = bt® is an s-convex function on [0, c0), where
s €(0,1).

Theorem 10. Fora, b€ R, a<b, 0<s<1 andq € [1,00), we have
(4.1) 'A (a**2,b°+2) — L (as+27bs+2)‘

(b—a)*
— 23+s

s2+7s+8
s+3

(2(5+2)(s+1)+

. )A(as,bs).

Proof. Let f(x) = 2°T2 2 € R,. Then‘fﬁ (CE)‘ = (s4+2)(s+1)2® is an s-convex
function on R;. Applying Corollary 5, we obtain the required result. [
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Theorem 11. Fora, be Ry, a <b and q € (1,00), we have

(42) |A (/o plen) - L (0ot bl )|

(b—a) (q—1\"Y1/ 1\
< X7
= 92+s/q 2¢ — 1 s+ 1 (5/q+ 1)

x {1240, 6) + (s + D)+ 24 (0", 6°) + (s + 1) 0]/}

, q
Proof. Let f(x) = 2%/9t z € R,. Then‘f (x)‘ = [(s/q+1)]?z* is an s-convex
function on R;. Applying Corollary 6, we obtain the required result. [

Theorem 12. Fora, be R, a <bandn, g € N, n,q > 1, we have

(4.3) | A (ar/rttpe/att) - LI (arfatt o)

(b-a) 1\ g1\
S Sors/-ija \ 541 2 — 1 (s/a+1)

x {14 (0" 0) + (2° = DB+ (27 = 1) 0 + Aa®, b))}

, q
Proof. Let f(z) = z%/9t z € R,. Then‘f (x)‘ = [(s/q+1)]?z* is an s-convex
function on Ry. Applying Corollary 10, we obtain the required result. g

Remark 1. Many other interesting inequalities for means can be obtained by ap-
plying the other results to some suitable s-convex functions, however the details are
left to the interested reader.
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