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NEW NORM INEQUALITIES OF CEBYSEV TYPE FOR POWER
SERIES IN BANACH ALGEBRAS

S.S. DRAGOMIRY2, M. V. BOLDEA3, AND M. MEGAN*

ABSTRACT. Let f(X) =372, anA™ be a function defined by power series with
complex coefficients and convergent on the open disk D (0, R) C C, R > 0 and
z,y € B, a Banach algebra, with zy = yx.
In this paper we establish some new upper bounds for the norm of the
Cebysev type difference
F)fQay) — f(Ax) f(Ay)

provide that the complex number A and the vectors z,y € B are such that
the series in the above expression are convergent. These results complement
the earlier resuls obtained by the authors. Applications for some fundamen-
tal functions such as the exponential function and the resolvent function are
provided as well.

1. INTRODUCTION

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,c0) such that
(B, |]]]) is a normed space, and, further:

llabll < [lall ]

for any a,b € B. The normed algebra (B, ||-]|) is a Banach algebra if ||-|| is a complete
norm.

We assume that the Banach algebra is unital, this means that B has an identity
1 and that ||1]] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written ¢! or % The set of invertible elements of B is denoted by Inv5. If
a,b €lnvB then ab €lnvB and (ab) ™' =b~'a"1.

For a unital Banach algebra we also have:

(i
(ii

(iii

(iv

For simplicity, we denote A1, where A\ € C and 1 is the identity of B, by A. The
resolvent set of a € B is defined by

pla) ={AeC: X—aecInvB};

If a € B and lim, o ||a”|*/™ < 1, then 1 — a €Inv;
{a € B: |1 -b|| <1} CInvB;

InvB is an open subset of B;

The map InvB 3 a +—— a~! €InvB is continuous.

~— — — —
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the spectrum of a is o (a), the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) —InvB, Ry (N) := (A\—a)~'. For each A,y € p(a) we have the
identity
Ra (’V) - Ra ()‘) = ()‘ - ’Y) Ra ()‘) Ra (7) .
We also have that o (a) C{A € C: || <|la|}. The spectral radius of a is defined
asv(a) =sup{|A|: A€o (a)}.
If a,b are commuting elements in B, i.e. ab = ba, then
v(ab) <v(a)v(b) and v(a+b) <v(a)+v (D).

Let f be an analytic functions on the open disk D (0, R) given by the power series
F) =352 a; N (|]A| < R). If v (a) < R, then the series Yo ajal converges
in the Banach algebra B because Z;io o] HajH < 00, and we can define f (a) to
be its sum. Clearly f (a) is well defined and there are many examples of important
functions on a Banach algebra B that can be constructed in this way. For instance,
the exponential map on B denoted exp and defined as

oo
1 .
expa := Z —a’ for each a € B.

— g1

7=0
If B is not commutative, then many of the familiar properties of the exponential
function from the scalar case do not hold. The following key formula is valid,
however with the additional hypothesis of commutativity for a and b from B

exp (a +b) = exp (a)exp () .

In a general Banach algebra B it is difficult to determine the elements in the range of
the exponential map exp (B), i.e. the element which have a "logarithm". However,
it is easy to see that if a is an element in B such that |1 —al < 1, then a is in
exp (B) . That follows from the fact that if we set

o0

1
b=—>» —(1-a)",
; ~(1-a)
then the series converges absolutely and, as in the scalar case, substituting this
series into the series expansion for exp (b) yields exp (b) = a.
It is known that if z and y are commuting, i.e. xy = yx, then the exponential
function satisfies the property

exp () exp (y) = exp (y) exp (z) = exp (z +y).
Also, if z is invertible and a,b € R with a < b then

b
/ exp (tx) dt = 2! [exp (bx) — exp (az)] .

Moreover, if  and y are commuting and y — x is invertible, then

/exp((l—s)x+sy)ds:/ exp (s (y — z)) exp (z) ds
0 0

_ ( / ' exp (s o - x))ds) exp (1)

=(y—=) ' [exp(y — ) — I]exp (2)
= (y—x)"" [exp (y) — exp ()]
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Inequalities for functions of operators in Hilbert spaces may be found in the
papers [3], [2] and in the recent monographs [4], [5], [7] and the references therein.

In order to state some earlier results [6] that motivate our current work we need
some preparation as follows.

Let «,, be nonzero complex numbers and let

1
R =

lim sup |an|%.

Clearly 0 < R < oo, but we consider only the case 0 < R < oo.
Denote by:

NeC: |\ <R}, ifR<oo
pom={ LT R

consider the functions:

A— f(A):D(0,R) —C, f(A) := i ap A"
n=0
and

A fa(N) : D(0,R) — C, fa(N) := Y |an| .

n=0

Let B be a unital Banach algebra and 1 its unity. Denote by

rz € B:|z|| < R}, if R < oo
B(O’R):{ é’ Il } if R = co.

We associate to f the map:

z— f(z): B(0,R) — B, f(z) := i anpx”.
n=0

Obviously, f is correctly defined because the series ZZOZO apx™ is absolutely con-
vergent, since Y o [|anz™| < Y07 an| ||lz]|".

In addition, we assume that s := Y > n?|a,| < 0o. Let sp:= Y oo |an| < o0
and s1:= Y~ o nla,| < oo.

With the above assumptions we have that [6]:

Theorem 1. Let A € C such that max{|\|,|\*} < R < oo and let z,y € B with
lzll, lyll <1 and xy = yx. Then:

(i) We have
(L) |71 FOay) - Foa) Fow)|
< V2ymin{|lz 1], lly = 11} £a (1)
where:

(1.2) P? = 5953 — 55
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(il) We also have
13) T nFoey - Fow) Fo)|
< V2min{|lz = 1],y = 11} £4 (1AD

s L2 D [0 7 0 + N 75D = A1 i}

For other similar results, see [6].
In this paper we establish some new upper bounds for the norm of the Cebysev
type difference

(1.4) FO-1) f Qay) = f(Az) f (M)

provide that the complex number A and the vectors x, y € B are such that the
series in (1.4) are convergent. Applications for some fundamental functions such as
the exponential function and the resolvent function are provided as well.

2. THE RESULTS
We start with the following result that is of interest in itself.

Lemma 1. Let f(A) = Y07 qanA" be a function defined by power series with
complex coefficients and convergent on the open disk D(0O,R) C C, R > 0 and
x,y € B with xy = yx.

If lyll < 1, A € C and = € B with |A| ||z|| < R, then we have the inequality:

@) [|Fon st - Foun| < L2 [0l - laal I 121Y].

forany ke N, k> 0.
Proof. We have for m > 2 and 1 < k <m — 1 that

(2.2) Zaj)\jxj y* — Zaj)\j (zy) = Zaj)\jmj T Zaj)\jxjyj
§=0 §=0 §=0 j=0
:Zaj)\ja:j (ykfyj): Z aj/\ja;j (yk—yj) = A.
J=0 §=0,j#k
Since
k-l k—1
vy =Y W =) =D - ),
—j I=j

!
then by taking the norm in (2.2) we get:

m k—1
(2.3) A< D7 ol AP =l D¢ (v —1)
J=0,j#k l=j
m k—1
. . .
< D0 el el Yl lly = 1)
Jj=0,j#k l=j

m

k—1
S l
=y =1 > laglA Izl Y ol =: B.

J=0,j#k =3
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Observe that
k

—1 m—1
l l
Iyl <> Iyl
I=j 1=0

and then we have

m—1 m
! . .
(2.4) B<y—=1) lol® > lag A el
=0 J=0,j#k
m—1 m
l j j k k
=y =11 > Iyl | D lagl AP [zl — el [A]" [l2]
=0 7=0

Utilising the inequalities (2.2)-(2.4) we conclude that

m m

(2.5) S apNal | yF = aN (ay)
i=0 =0

m

m—1

l j j kyjk

<y =10 Nyl { D la AP el — fel (A" Jlz]
1=0 7=0

foranym22and1§k§m—l. _

Since the series Y7 a; N2/ and 377 a; (Azy)’ are convergent in B and, be-
cause ||y|| < 1, then > 2, ly|l" = m, then by letting m — oo in (2.5), we get
the desired result (2.1).

If £ =0, then

Zaj)\jxj — Zaj)\j (my)j = Zaj)\jxj (1 — yj) =:C.
7=0 J=0 J=1

Since
l—y =1-y)(1+y+..+y "), i>1
then
j—1 m—1
i l l
=27 <y =D ol <lly =111
=0 =0
and then
m—1 m
. . .
(2.6) ICh < Ny =11 Ml > las [ AP [l
1=0 j=1

m—1 m
. . .
=y =11 X Mgl { D gl AP )l = |evol
=0 7=0

Letting m — oo in (2.6), we also obtain the inequality (2.1) for k = 0. This
proves the lemma. O

Corollary 1. Let f(A) = >0 o, A" be a function defined by power series with
complex coefficients and convergent on the open disk D(0,R) C C, R > 0 and
x € B.
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If |z|| < 1, A € C with |A| ||z|| < R, then we have the inequality:

e [Fomet- o) < =1l

ko ok
[Fa (ALl ]) =l N e
forany ke N, k> 0.
We can state the following result.

Theorem 2. Let f(A) = > 7 a,\" be a function defined by power series with
complex coefficients and convergent on the open disk D(0O,R) C C, R > 0 and
x,y € B with xy = yx. If A\, ;u € C are such that |u|, [N ||| < R and |ly|| <1 then:

(2.8) |7 0@) 7 ) = F - 1) F )|
Iy — 1
< Ty U AT i () = faz (A L )]

where faz (A) == S2°°  |an|* A"

Proof. Utilising Lemma 1 we have:

P P
(2.9) ) (Z aw’“zf“) - (Z Ozku’“> f Qay)
Zaku ( F @)k = f (Aay) H
<3 Jaul Il | F ) - F x|
k=0
- IIy — 1 Kok k
< 3L [ QA ) — ok AT lal*] e Ll
21y
H — 1 - EN P
Fa (A2 D lewl 1l =Y ek [A1® [ul™ ]
~ lvl = =
for any p > 0.
Since all the series that are involved in the inequality from above are convergent,
then by letting p — oo we get the desired result (2.8). O

oo

Corollary 2. Let f(X) = > " qa,A\" be a function defined by power series with
complez coefficients and convergent on the open disk D(0,R) € C, R > 0 and
x € B. If \,u € C are such that |p|, A ||z]| < R and ||| <1 then:

(2.10) Hf(kx)f(uw) —fn 1)1?@%2)”

< B2 L el 2 (s = e (1 )

Remark 1. If u = ), then we get the inequality for the Cebysev functional:

(2.11) [F0a) FOw) = F -1 T Oay)|
< Pt [ Nl £ ) = e (D)
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provided that xz,y € B with zy = yx, A € C are such that |A|,|A|||z]] < R and
lyll <1.

From (2.10) we have
(212) |[Fow] - FonFoa)
[Fa (A2 Fa (lel) = faz (A el l])] -

[l — 1]
— L=l

We can state now the second result:

Theorem 3. Let f(A) = > an A" be a power series that is convergent on the
open disk D(0, R), with R > 0. If z,y € B with xy = yx and ||y, |ly|| < 1, then we
have the inequalities:

(2.13) |71 FOay) - FOw) FOw)|

< g lz = 1] fly — 1)) £a (D) [£a (1) g4 (X)) — B2 (1AD] % .

where
fa(A) = Z lan| A, ga (N) == Zn4 [an| A, ha (M) = ZnQ || A™
n=0 n=0 n=0

and A € D(0, R).
Moreover, if the series so := Y oo |anl, s2 1= Y or o1 o | and sq ==Y 0 o n* ||
are convergent, then we have the inequalities:
(2.14) [70w) Fow) = F- 1 T Oay)|
\/>

2 9 1
< =l =10y = 10 £a (1) [s0s2 — s3]
for any X € C with |A|, |\]> < R.

Proof. We observe that:

(2.15) B, = Z n \" N (" —2?) (y" = 1)
n,j=0
m
= Z na A" N (2"y" — 2y — 2" + 2)
n,j=0

m m

m m
— Z ozj/\j Z an \" (zy)" — Z ozj)\ja:j Z a \"y"
7=0 n=0 7=0 n=0
m m m m
— Z ozj)\j Z ap\"z" + Z aj/\jxj Z o A"
3=0 n=0

n=0

m

=0
m ) m ) m
= Z a; N Z an\" (zy)" — Z a; N ! Z ap\"y".
j=0 j=0 n=0

n=0
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Taking the norm and using the generalized triangle inequality we have:

(2.16) 1Bl < D el lag A" A (|27 = 27 || g™ — 1]l := Con.

n,j=0

Since
Y -1=(y-1) ("' +..+1)
we have for |ly|| < 1 that
ly™ =1 < lly =1 ly" =" + o+ 1 < mlly — 1]
If n > j, then for ||z| <1
o — ) = flo? (& = ) < el " = 1] < (n =) la = 1.
Similarly, if j > n we have
2" = 2’| < (j = n) l= = 1],
therefore for any n,j € N we have:
o — 27| < |n —jl o = 1], [|l=]| < 1.

Utilising this facts we have

(2.17) Crn < Y laul lagl A" A nln = | o = 1] [ly = 1]

n,j=0

= o =1 lly =1 D lawl lag| A" (A nfn— ]

n,j=0

Further, observe that:

Jeun| Lo | A" AP | = ] (n+ )

N | —
NE

m .
3 Janllag A A nln—j] =

n,j=0 i=0

Q
3
&

Il

Jeun| Lo | A" AP [n® = 52
0

Il
DN | =
.MS

n,J

therefore

m
o =1y =11 3~ Jaal la A" A 02 = 2] := Do

n,j=0

(2.18) Cyn <

DN | =

Using Cauchy-Bunyakovsky-Schwarz inequality we have:

m
n J n J
D lamllag | A2 AP (A% A% |0 = 57|
n,j=0
1 1
m 2 m 2
] n 1 . 2
< | D2 lanlfag A" AP > lanlla| A A (n® = 57)
n,j=0 n,j=0

= (Z | |A|”> (Bwm)?,
n=0
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where
- n j . 2
(2.19) Ep =Y lanlloj[ A" A (n? = 5°)
n,j=0
= 3 lomllagl A" AP (n* = 2027 + )
n,j=0
m m m 2
oS ol S o A (zanumz)
n=0 n=0 n=0
Making use of (2.15)-(2.19) we get for ||z, ||y|]| < 1 that:
(2.20) Z a; N Z an (Azy)" — Z aj ()’ Z an (Ay)"
=0 n=0 j=0 n=0

V2 i "
< =y = 1S Jon 1A
n=0
1
m m m 2 2
y z|an||x|”zn4|an|w”—(zrﬁanw) ,
n=0 n=0 n=0

for any m € N.
Since all the series involved in (2.20) are convergent, then by letting m — oo in

(2.20) we deduce the desired result:

(2.21) |71 T ) = F o) Fow)

< g 2 — 1| ly — 11| fa (IA]) [fa (IA]) ga (JA]) — h% (|)\|)]% -

Using Cauchy-Bunyakovsky-Schwarz inequality we also have:

(2.22) > lanllagl A" AP [n® = 57|

n,j=0
1 1
m 2 m 2 2
2 29 .
< Z o | o | A" A Z lan||aj| |0 = 57|
n,j=0 n,j=0
2 .
_ (zan| A ) 2[5 ol 3 g (zn2 |)
n=0 n=0 7=0 n=0

Making use of this inequality we then obtain in a similar way the second part of
the theorem. The details are omitted. (]

3. SOME EXAMPLES

Consider the function f: D (0,1) — C defined by

FY=(1=0""=> A"
k=0
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Then
faz(N)=> A"=1-N""
n=0

and by (2.8), we have for z,y € B with zy = yz, [ly| < 1 and A,p € C with
|, A=) < 1 that

R [ R () e CE D R (P

ly — 1] -1 -1 -1
1— A e (- @ =\l 2 -
ST {( Azl (1= [ul) (L= Al ) }
In particular, if |A|, ||z|| < 1, then
(32 |a-2a) T a-a T - 0= -y
ly — 1] [ -1 1 2 —1}
< 1— Az 1— A — (1= A" ||x .
< T [ DT =D = (1= )
We also have for |A|, ||z]| <1 that
(3.3) H(1 ) Po (=N (- w)*lH
|z — 1]

<Y L0 W 07 (1 )

If we consider the function
FOO=0+0" =Y (=D,
k=0

then the inequalities (3.1)-(3.3) also holds with ” + 7 instead of ” —” in the left

hand side expressions such as (1 — Az) " etc.
We consider the modified Bessel function functions of the first kind

(L) s G
I, (\) = (2)\) ;}m reC

where I is the Gamma function and v is a real number. An integral formula is

1 , oo |
L/ ()\) —— / e/\c059 oS (1/0) o M / ef)\coshtfytdt7
T Jo ™ 0

which simplifies for v an integer n to [1]

I, (\) = i/ e* % cos (nf) db.
T Jo
For n = 0 we have
k
17 >, (122
IO(A):f/ ems@dezz(‘* Z , AeC
™ Jo =0 (k')

Now, if we consider the exponential function

FO)=exp () =30 A
k=0
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then for p > 0 we have

(o9}

faz(p) = (kl')gpk =10 (2V/p).
k=0 (7

Making use of the inequality (2.8), we have for z,y € B with zy = yz, ||y|| < 1 and
A, € C that

(3.4) llexp (Az + py) — exp (Azy + p- 1)

< P xp (A Ll + e — Jo (23/NTTATTT))

In particular, we have
(3.5) lexp (A (z +y)) —exp (A (zy + 1))l
IIy 1| 3
< 1 e (ALl + 1) = 1o (210 V)|

We also have for ||z| < 1
(3.6) Hexp (2Az) —exp (A (2* + 1)) ||

< B2 fexn (N e + 1) = 1o (211 VT

for any A € C. If we take A = 1, then we get
(3.7 [|exp (22) — exp (2 + 1) ||

||m il

T Lo el + 1 = 1o (21))

for ||z|| < 1.
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