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Bounding the Cebysev Functional for a Function that is
Convex in Absolute Value and Applications

S.S. Dragomir

ABSTRACT. Some sharp bounds for the Cebysev functional of a function that is
convex in absolute value and applications for functions of selfadjoint operators
in Hilbert spaces via the spectral representation theorem are given.

1. Introduction

For two Lebesgue integrable functions f, g : [a,b] — C, in order to compare the
integral mean of the product with the product of the integral means, we consider
the Cebysev functional defined by

b b b
Clho) =y [ tg@a- = [0 = [gwa.

In 1934, G. Griiss [14] showed that

1
(1) C(f,0)] < 3 (M —m) (N —n),
provided m, M, n, N are real numbers with the property that
(1.2) —co<m< f<M<oo, —oo<n<g<N<oco ae on [ab].

The constant i is best possible in in the sense that it cannot be replaced
by a smaller one.

Another lesser known inequality for C (f,g) was derived in 1882 by Cebysev
[3] under the assumption that f’, g’ exist and are continuous on [a, ], and is given
by

(13) C (.0l < 35 1 e 19/ (0= )

where || /]| = supseqp) [/ (£)] < 0.

The constant % cannot be improved in general in .

Cebysev’s inequality also holds if f,g : [a,b] — R are assumed to be
absolutely continuous and f/, ¢’ € Lo [a,b].
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2 S.S. DRAGOMIR

In 1970, A.M. Ostrowski [22] proved, amongst others, the following result that
is in a sense a combination of the Cebysev and Griiss results:

(14) C ()l < 5 (6= a) (M —m) |

provided f is Lebesgue integrable on [a,b] and satisfying (1.2) while g : [a,b] — R
is absolutely continuous and ¢’ € Lo [a,b] . Here the constant 3 is also sharp.

In 1973, A. Lupag [16] (see also [19} p. 210]) obtained the following result as
well:

(15) Ca)I < 25 11 'l (0 —a),

provided f, g are absolutely continuous and f’, ¢’ € Lo [a,b].

Here the constant # is the best possible as well.

In [1], P. Cerone and S.S. Dragomir proved the following inequalities:

(1.6) 1C(f,9)l

. 1 b
;felﬂfg 19 =Moo 522 2

ft) -2 f:f(s) ds‘ dt,

< b p %
() =5k J2 1 (s)ds| ar)
wherep > 1, 1/p+1/qg=1.

. 1 b
inf flg =7, - 5 (fa
For v = 0, we get from the first inequality in (1.6)
dt

b b
wn et <l gy [ f0- s [ fods

for which the constant 1 cannot be replaced by a smaller constant.
If m <g< M for ae. x € [a,b], then ||gf %Hw < %(Mfm) and by the
first inequality in (1.6) we can deduce the following result obtained by Cheng and

Sun [4]
1 b
b—a/a f(s)ds

The constant £ is best in (1.8) as shown by Cerone and Dragomir in [2].
The following result holds [10].

dt.

1 I
1) CUgl<y0r-m = [

— [ lrw-

THEOREM 1. Let f : [a,b] — C be of bounded variation on [a,b] and g : [a,b] —
C a Lebesgue integrable function on [a,b]. Then

dt

b
e L

a

b b
(1.9) IC(f,g)Sé\a/(f)'bia/a

b
where \/ (f) denotes the total variation of f on the interval [a,b] .

The constant % 18 best possible in .
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We denote the variance of the function f : [a,b] — C by D (f) and defined as

, 071/2
e G ] ,

COROLLARY 1. If the function f : [a,b] — C is of bounded variation on [a,b],
then

(1L.10) D(f)=[C(.0)]"* = [ /|f )| dt —

where f denotes the complex conjugate function of f.
We have [10]:

l\D\»—l

b
(1.11) <=\
The constant % 1s best possible in m

Now we can state the following result when both functions are of bounded
variation [10]:

COROLLARY 2. If f,g : [a,b] — C are of bounded variation on [a,b], then

(1.12) <3 \/ \/
The constant % 18 best possible in .

REMARK 1. We can consider the following quantity associated with a complex
valued function f : [a,b] — C,

—_

911/2
_ 2 = L/
E(f)=1C(f.f) / f2(t)dt — (b—a/a f(t)dt>
Utilising the above results we can state that
b b b
0 B0V, [ o5 [reela
1 1]’
S NVILEIGES l\/(f)]
If we consider
G (f) =01
1/2

b b b
iz [ ronola- = [ 1w = [iro

then we also have

IN

(1.14) )<y

IA
N | —

Vs
Vo



4 S.S. DRAGOMIR

and

IN

(1.15) G*(f)

IN

b b b 2
1Mo < VOV < [\/ <f>] .

a a a

Motivated by the results presented above, we establish in this paper some new

bounds for the magnitude of C'(f,¢g) in the case when one of the complex valued
function, say f, is convex in absolute value while the other is Lebesgue integrable
on [a,b]. Applications for functions of selfadjoint operators in Hilbert spaces via
the spectral representation theorem are also given.

2. New Results for Cebysev Functional

Recall that a function g : [a,b] — R is convex (strictly conver) on the interval

[a,b], if
g =tz +ty) <(<)(1-1)g(z) +1g(y)
for any z,y € [a,b] (z #y) and ¢t € [0,1] ((0,1)).

We observe that the constant function k(t) = k,t € [a,b] and the identity
function e (t) = t,t € [a,b] can then be interpreted as convex functions. However,
they are not strictly convex functions on [a, b] .

We have the following result:

THEOREM 2. Let f : [a,b] — C be a measurable function such that | f| is convex
on [a,b] and g : [a,b] — C is a Lebesgue integrable function on [a,b]. Then

b b
1) 0o < max (i @] AF O} 5= [ o0 - 5= [ 9o ds|at

b—a

The inequality 1s sharp.

PRrROOF. We use Sonin’s identity

@2 =5 [ G- [gm—bla/g(sws]dt,

for A =0 to get

b b
(23) Clho) =5 [ 1) [gu)—b_la / g(s)ds] dt.

a

Taking the modulus and utilizing the convexity of |f| on [a, b] we have

bfa/:lfw g(t)—b_la/abg@ds
1 /b[(b—t)f(a)|+(t—a)|f(b)]

(2.4) IC (f,9)| < dt

<
“b—a b—a

dt

b
g) - 5= [ g(s)ds
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If we deonte the right side of (2.4)) by I, then we have

eI @]+ (- a)|f )

I= tefa.b] { b—a }
b b

Xbia/ g(t)—bia/g(s)ds dt

—max{|f @17 O} = [ ol 5= [ g(s)ds|a

and by (2.4) we get (2.1).
Assume that the inequality (2.1)) holds with a constant K > 0, namely

b

dt.

b
25) |C(f9) < Kmax{lf @LIF O 7 [ o) - ;= [ a(o)ds

a

Consider the functions f, g : [a,b] — R defined by

-1, te [a, %H’]
f(t):=
1, t € (£, 0]

and g [a,b] > R, g(t) =t — 2.
We have |f| = 1, which satisfy the convexity condition with equality and
b

a+b b—a
Cif9)=7— N ’dt T
max {|f (a)[, |f (D)} =1
and
I e 1Y a+b b—a
b—a/a g(t)—m/ag(s)dsdt—b_a/a t— 5 ‘dt— 1
and by ([2.5)) we have
b—a<Kb—a7
4 - 4
which shows that K > 1. O

With the notations from the introduction we have:

COROLLARY 3. Let f : [a,b] — C be a measurable function such that |f| is
convez on [a,b]. Then

(26)  D*(f),E*(f)
b
< maxc{1 @) 1 O} = |

dt,

1 b
el BUCE e IO

and

b b
1) G <max{lf @I O [ 170152 [ 176)dsd
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We recall the p-logarithmic mean defined by

1/p
p+1_ p+1
[m n }  m#n

A
L, (m,n) = (p+1)(M—m)
m, m=n

where p # —1,0 and m,n > 0.
The case of p-norm of the deviation

b
%bimlf@Ms

is as follows:

THEOREM 3. Let f : [a,b] — C be a measurable function such that | f| is convex
on [a,b] and, for p>1, g: [a,b] — C is in the Lebesgue space Ly [a,b]. Then

1 b p 1/p
gm—b_aLg@msd% 7

b
@&|cugng%qﬂ@uf@nbia/

where ¢ > 1 and%—l—l:l.
The inequality @ is sharp in the sense that there is no constant K € (0,1)
such that

(2.9) 1C(f,9)] < KLq (If ()] ;[ (B)])

1 b
% b—a/a

for anyp>1 and f,qg as above.

b p /P
9(0)~ /gstdﬁ ,

a

PRrROOF. Making use of Holder’s inequality, we have

’ [(b—t) [f (@) +(t—a) f(b)l}

dt
b—a

b
(2.10) (b—a)I:/ g(t)—ﬁ/ g (s)ds

a

([0l @]+ - )lf )]
([ [t )

b b P 1/p
x(L uw—biwégstdQ .

1/q

Observe that, by changing the variable u = f}:—‘; we have
[l ecalson’,
o L b—a

1
—(b-a) [ [alf @)+ (1= )7 @) du
0
Changing the variable again

v=ul|f ()] + (1—u)|f(a)
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we have for | f (a)| # | f (b)]

(b—@%imuwn+u—umﬂwm u= g |—v |/’vw
— (b—a) L4 (If (@), If B))-
For |f (a)| = |f (b)| we also have

(b— a)/o [l f O)] + (L =w) |[f (@) du= (b= a)[f (a)|"
= (b—a) L{(|f ()], |f (B)])-

P 1/p
ﬁ>

P 1/p
ﬁ> |

P 1/p
dg |

Therefore

b
(b-a) 1< ((b-a)L un>uvwmf“</

b
9 - 5= [ a()ds

b b
=w—afmaxumnhﬂwn</ 9 - 5= [ a()ds

which implies

10 I
< = _
I_Lq(lf(a)l,lf(bﬂ)(b_a/a g(t) b_a/ag(é’)ds
Making use of (2.10)) we get the desired result ([2.8).

Assume that (2.9)) holds with a constant K > 0.
Consider the functions f, g : [a,b] — R defined by

-1, te [a, “TH’] ,

1, t e (22, 0]

and g: [a,b] = R, g(t) =t — ot
We have |f| = 1, which satisfy the convexity condition with equality and

1 b b—a
Clro) =5 [ | .

2 4
We also have L, (|f (a),|f (b)]) =1 and
1 b p 1/p
o g
1 b
- (b—a/a

1/
(2 ()T bea
" \b-a p+1 C2(p 1)/

If we replace these values in ([2.9) we get
b—a < K((b—a)
4 - 1/p
2(p+1)

b
e

9~ 5= [ a()ds

t—

(2.11)
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for any p > 1.
Now, if we let p — 1+ in (2.11) we get K > 1, which proves the desired
sharpness. O

The case p = ¢ = 2 is of interest.

COROLLARY 4. Let f : [a,b] — C be a measurable function such that |f| is
convez on [a,b] and g : [a,b] — C is in the Lebesgue space Lo [a,b]. Then

2 2 1/2
(212) C(F. 9l < <f(a)| +1f (@) f B + 17 O ) D).

3
The following particular cases are of interest as well:

COROLLARY 5. Let f : [a,b] — C be a measurable function such that |f| is
convez on [a,b]. Then

(2.13) D (f). E* (f a)l, £ (®)])

and

(2.14) G* () < Lq (If (a)l, £ (B)])

[t [

where p,q > 1 and%—i—%:l.
In particular, we have

2 2 1/2
015  Df).EA(A) < <|f<>| +|f(a)f(b)|+|f(b)> D(f).

P 1/p
dt] |

3
and
2 9\ 1/2
@16 ()< (lf(a)l SHOHUREHU ) DU,
The first inequality in is equivalent to
2 2\ 1/2
(2.17) D) < (If(a)l HOHUIRSHO! ) |

The following result also holds:

THEOREM 4. Let f : [a,b] — C be a measurable function such that | f| is convex
on [a,b] and g : [a,b] — C is essentially bounded on [a,b]. Then

1 @I+ 1 ) sup g ()~ 7= [ g(s)s].

t€la,b]

N)\»—l

(2.18) C(f.9)| <

The constant % 18 best possible in .
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PROOF. We have

(2.19) ot /b{(b—t)|f(a)|+(t—a)|f(b)|}

“b—-a b—a

dt

b
9l = = [ 9(s)ds

< ess sup

1 b
t) — s)ds
s o057 [0

L [P T=8)|f (@) +(t—a)lf(®)
X /a { } dt
2 te(a,b] g(t) B

b—a b—a
b I
_ @il [ a0
b—a /,
and by (2.19) we get the desired result (2.18)).
Assume that the inequality (2.18]) holds with a constant D > 0

(2.20) 1C(f; 9 < DIIf (@) +1f (b)]] sup

t€la,b]

b
9() = 5= [ 9(s)ds|.

Consider the functions f, g : [a,b] — R defined by

{ ~1, t € [a, %],

1, te (2£2,0].

ft)=g(t):=
We have |f| = 1, which satisfy the convexity condition with equality and

b
C1)i= gy [ dt=1 If @] =17 ) =1

while
1 b
sup |g(t) — /gsds:l.
te(a,b] ( ) b—a a ( )
From (} we have 1 < 2D, ie. D > % O

COROLLARY 6. Let f : [a,b] — C be a measurable function such that |f| is
convez on [a,b]. Then

) ) 1 I
e2) DB < I @O s |F @) - = [ £(s)ds
t€la,b] a Jq
and
1 1t
em) @I @O s IO [l
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3. Application for Riemann-Stieltjes Integral

The following representation is of interest in itself. The result was firstly ob-

tained in [5] (see also [6]). For the sake a completeness we give here a short proof
as well.

LEMMA 1. If v : [a,b] — C is continuous (of bounded variation) on [a,b] and
h : [a,b] — C is of bounded variation (continuous) on [a,b], then we have the
identity

b b
(3.1) 0O ), = )i (tZJ_rz(a) Ju b= D dh(E) /bv (t) dh (t)
:/bh(t)dv(t)—v(b[))_z(a) /bh(t)dt.

PRrROOF. Integrating by parts in the Riemann-Stieltjes integral we have

v(b) [, (t—a)dh(t;j;’(“)fa (b—t)dh (¢) —/a v (t)dh (1)

:/ab {v(b) (tfa;ir;)(a) (b—1t) _U(t)} ah (8

e omtuw ),

_/abh(t)d{(t—a)v(be((lb—t)v(a) —v(t)}

=[v(b) —v ()] h(b) = [v(a) —v(a)] h(a)
b —via
7/ h(t) [U(bl))_a()dtdv(t)}

:/bh(t)dv(t)—W/bh(t)dt

(3.2)

and the identity is proven. O

We can provide now the following application for Riemann-Stieltjes integral:

ProrosSITION 1. Ifv: I — C is differentiable on the interior of the interval I
denoted I and [a,b] C I, |v'| is convex on [a,b] and h : [a,b] — C is integrable on
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[a,b], then we have the inequalities

b b
v, t=a)dh(®) +v(@) [, b= dn () _/bv(t)dh(t)

(3.3) —

max {|v’ (a)], |v' (b —fbh(s) ds‘dt,
, 1 b p 1/p
<{ O-a L @1 o) [ 2 I ) = 55 )b () ds| ]
where ¢ > 1 and L i L,
b
L (b= a) [ (@) + |0/ (5) ) supregoy [B (1) = 25 [1 b (s) ds|.
PRrROOF. From (3.1) we have
b b b
b t—a)dh(t b—t)dh(t
sy POLE-0dhO @[ 6= _/ S
b—a
b
:/h(t)v’(t)dt— )= /h —a)C (W, h).
Since [v'| is convex on [a,b], then by applying Theorem [2} Theorem [4] for f = v
and g = h we deduce the desired result (3.3)). (Il

REMARK 2. If p=q =2, then by we get

b b
LOLO- DO @EOZNBO [ 4

(3.5) —

< (b_a) (U’ (CL)|2_|_ |UI (a) s (b)| + |’U/ (b)2>1/2

3
bla/ab h(t)—bla/abh(s)ds

provided that |v'| is convex on [a,b] and h : [a,b] — C is integrable on [a,b].

5 71/2

at|

4. Applications for Selfadjoint Operators

We denote by B (H) the Banach algebra of all bounded linear operators on a
complex Hilbert space (H; (-,-)) . Let A € B(H) be selfadjoint and let ¢, be defined
for all A € R as follows

1, for —o0 < s <A,

Py (s) =
0, for A < s < 4o0.

Then for every A € R the operator
(4.1) Ey =9, (4)

is a projection which reduces A.
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The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [1I5] p. 256]:

THEOREM 5 (Spectral Representation Theorem). Let A be a bonded selfadjoint
operator on the Hilbert space H and let m = min {\ |\ € Sp(A) } =: min Sp (A) and
M =max{A |\ € Sp(A)} =: max Sp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties

a) Ex < Ey for A<\
b) En—0=0,Ey =1 and Exyo = E\ for all A € R;
c) We have the representation

(4.2) A:/M AdEy.

m—0

More generally, for every continuous complez-valued function ¢ defined on R
and for every € > 0 there exists a § > 0 such that

(43) ¥ (A) - ZSD ()\;c> [E)\k - E)\k,—l] S 5
k=1
whenever
M<m=MN<..<\_1<A\,=M,
(4.4) M — A1 <0 for1 <k <mn,

e € [Me—1, M) for1<k<n
this means that
M
(4.5) o= [ evdEy,
m—0

where the integral is of Riemann-Stieltjes type.

COROLLARY 7. With the assumptions of Theorem[J] for A, Ex and ¢ we have
the representations

M
(4.6) v(A)x = / (A dExx forallx € H
m—0
and
M
(4.7 (p(A)x,y) = / B © (AN d(Exz,y) forallz,y € H.

In particular,

(4.8) (¢ (A)z,z)

M
/ (N d(Exz,z) forallx € H.

m—0
Moreover, we have the equality

M
(1.9) @l = [ e dIEsa] for alla € .

m—0
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The next result shows that it is legitimate to talk about "the" spectral fam-
ily of the bounded selfadjoint operator A since it is uniquely determined by the
requirements a), b) and ¢) in Theorem [5} see for instance [15] p. 258]:

THEOREM 6. Let A be a bonded selfadjoint operator on the Hilbert space H and
let m = minSp (A) and M = maxSp(A). If {Fx},cg is a family of projections
satisfying the requirements a), b) and c) in Theorem (3], then F\ = Ey for all A € R
where Ey is defined by .

By the above two theorems, the spectral family {E\}, g uniquely determines
and in turn is uniquely determined by the bounded selfadjoint operator A.

We can state now the following generalized trapezoid inequality for functions
of selfadjoint operators:

THEOREM 7. Let A be a bonded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(4)} =: minSp(A) and M = max{A|A € Sp(A)}
=:max Sp (A) . Consider also the spectral family {Ex} g of A.

If f . I — C is differentiable on the interior of the interval I, denoted I and
[m,M] C I, |f| is convex on [m, M], then we have the inequalities

(4.10) 'q ) (ML = A) + /(M) (AmlH)] m,y> - <f(A):r,y>‘
1
5
2

M—-—m

<

frm)| =+ 1f (M)} (M —m)

X
w
=
T

i DV (o)

s%HﬂWﬂ+WM@MM—m>V(@o%w)
1
2

m—0

<

(" (m) + 1 (M)[] (M —m) [[z]| |yl
for any x,y € H.

PRrROOF. Let z,y € H and consider h: R — C, h (t) := (Eyz,y) . If we use the
third inequality in (3.3]) for the interval [m — e, M] with small £ > 0, we have

(4.11)

FOL) M (¢ —mte)d(Ba,y) + f(m—e) [M (M —t)d(E,y)
M—m-++c¢

M
f/' f () d(Ee,y)

< 17 D]+ 11 (m = 2)| (M —m +-2)

X sup

1 M
(Bya,y) — 7/ (Bsw,y) ds
te[m—e, M) m—e

M—-—m+e
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Taking the limit over ¢ — 0+ and using the Spectral representation theorem, we
have

(4.12) '<{f(m) (M1y = A) + f (M) (AmlH)] x,y> —(f (A)x,y>‘

M—m
< 3 57 6m)| + 1 (A0 (M = m)

1 M
<Et$7y>_ M*m\/y\n_o <E5.'E7y> ds

X sup
te[m,M]

for any z,y € H.
It is well known that if p : [a,b] — C is a bounded function, v : [a,b] — C is of

bounded variation and the Riemann-Stieltjes integral f p (t) dv (t) exists, then the
following inequality holds

b
/p@w@

where \/ (v) denotes the total variation of v on [a, b].

b

< sw p(t)\/ (v),

t€la,b]

(4.13)

a
Now, a simple integration by parts in the Riemann-Stieltjes integral reveals the
following equality of interest

M
@) (Bew)- g [ (Baa)ds

-m
B 1
T M-m

that holds for any ¢ € [m, M| and for any =,y € H.
Since the function v (s) := (Esz,y) is of bounded variation on [m, M| for any
z,y € H, then on applying the inequality (4.13)), we get

1 M
E - — Ezx,
)~ 5= | (B ds

m—0

t M
/ (s—m)d(ESx,y> +/t (S_M)d<Esxay>]

(4.15)

1 t M
< — Eq —M)d(FE
_M_mlﬁw@ md B +| [ o >d<%w]
t M
t—m M-t
<
<3 Y (Bomu) + 50V (Fow))

max{ﬂz L m}\? (Boyz,y))

M
] \/ ((Eoyz,y))

that holds for any ¢ € [m, M] and for any z,y € H.

IN

+M

1+t
2
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This implies that

1 M
4.16 sup [(Eiz,y) — / FEsx,y)ds
(4.16) temM}( e Y~ m_0< )
t
t—m M-t
< sup |——— \ ((Boaw) + 57—V ((Boo.v))
te[m,M] 0
1 m+M M M
< sup |+ |t-—- E )T y E )T y
tefm.nM] | 2 M= ] Wyo v nyo v
for any z,y € H.
The proof of the inequality
M
V (Boz.9) < el
m—0
for any x,y € H, can be found in [12] p. 9]. O

We also have:

THEOREM 8. Let A be a bonded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(4)} =: minSp(A) and M = max{A|A € Sp(A)}
=:max Sp (A) . Consider also the spectral family {Ex}y\cp of A.

If f : I — C is differentiable on I, [m,M] C I and |f'| is convex on [m, M],
then we have the inequalities

(4.17) ‘< {f (m) (M1y — ?\f f (M) (A - mlH)]

—m

s} = ()

M
< max {|f' (m)],|f' (M |}/ dt

m—0

(Bix,y) — U m/ (Esx,y) ds

max {|f" (m)[, [/ (M)} (M —m) ||| [y

<

| —

for any x,y € H.

PRrROOF. Let z,y € H and consider h: R — C, h(¢t) := (FEiz,y) . If we use the
first inequality in (3.3) for the interval [m — ¢, M| with small € > 0, we have

(4.18)

FOM) [ (t—mte)d(Ba,y) + f(m—e) [0 (M —t)d(E,y)
M—-—m+e¢

M
- / £ () d(Ee,y)

m—eg

< max {[f" (M)|,[f (m — &)} (M —m +¢)

1 M 1 M
—_— 1; ES ) d
X M m £ ‘/’rn{is < tl‘, y> / . < & z y> §

dt.
M—-—m+e
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Taking the limit over ¢ — 0+ and using the Spectral representation theorem, we
have

m)(Mlg —A)+ f(M)(A—ml
-m
M 1 M
<max (I ()|, |f OO} [ (By) = s [ By ds|ds
m—0 — M Jm—o
for any z,y € H.
By the Schwarz inequality in H we have that
M 1 M
4.2 E - E
(4.20) | @ - g [ Egas|a
M 1 M
= Eix — E
/m_0< L M*m/m—o srds 7y> dt
M 1 M
< y/ Eiox — —— E xds|| dt
|| ” m—0 ! M—-m m—0

for any z,y € H.
On utilizing the Cauchy-Buniakovski-Schwarz integral inequality we may state
that

M 1 M
4.21 Fix — —— FE.xds|| dt
( ) /mfo tL M—m/m,o sTas
u 9 1/2
< (M m)1/2 / Ex — 7/ Egxds|| dt
m—0 —MmM Jm—o0

for any z € H.
Observe that the following equalities of interest hold and they can be easily
proved by direct calculations

2

) 1 M 1 M
(4.22 Eix — ——— E,xds|| dt
M—m m—0 M—m m—0
2
1 M 9 1 M
= E dt — E,xd
s el HM_m/mO sads
and
1 M 5 1 M ’
4.23 E dt — E.xd
@) g [ IBela | g [ Beds
1 M 1 M 1
= _m - <Etx Y —m - Egzds, Eyx — 2x> dt
for any z € H.

By (1:21), (A:22) and (:23) we get
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for any z € H.
On making use of the Schwarz inequality in H we also have

M 1 M 1
4.25 By — ——— E,xds, Eyx — —x ) dt
( ) /m—O t T Mfm/_ xas, Lyx 290

M 1
< / Eix — 7/ FE. xds HEt:zc — —x|| dt
m—0 2
1 M 1 M
- Z Er— ——— FEsxds|| dt,
2 ||:L.|| m—0 r M —-m m—0 e

where we used the fact that F; are projectors, and in this case we have
2

1 1 1
| 5| =18l - (B + 3l = g ol

foranyte[m M] foranyer

From and (| we get

(4.26) /m MO

L 1 M 1 M 1/2
< (M -m)"/ 5\\:5”/ B — 4 / Eyxds|dt]
m—0 =M Jm—o

which is clearly equivalent with the following inequality of interest in itself

M
(427) /7;170 Etx_Mi/m Esll?dS

for any =z € H.

1 M
Et$—mA70Es$dS dt

1
dt < 5 |zl (M —m)

From (4.20) we then get
(E L[ | < L isto)
M — Y~ | (Bsmy)ds|dt < o ] lly
for any z,y € H. O

Finally, we also have:

THEOREM 9. Let A be a bonded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(A)} =: minSp(A4) and M = max{A|\ € Sp(A4)}
=:max Sp (A) . Consider also the spectral family {Ex}ycp of A.
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If f : I — C is differentiable on I, [m,M] C I and |f'| is convex on [m, M],
then we have the inequalities

<[f(m) (M1y —A)+ f (M) (A—mlH)}

(4.28) ]V)[f .

s) = ()
1/2

. <|f' (M) + 1 (M;f’ (m)| +1f" <m)2> (M —m)
1 M 1 M P\
e [ e - g [ s

dt
, o\ 1/2
1 (f’ ()P +1f (M) f ()] + 15" (m) ) (M —m) el Iy

X

[\

3
for any x,y € H.

Proor. Utilising the inequality (3.5 we can prove in a similar manner as above

the first inequality in (4.28]).

By the Schwarz inequality in H we have that

(Byx,y) — T m/ (Esx,y) ds

.

2
dt

(4.29) M —

M 2

dt

for any z,y € H.
As in the proof of Theorem [§ we also have

M 2

(4.30) dt

Mm

1 1
Eix — T Esxds||dt < 1 ).

m—0

By (4.29) and (4.30) we then get

1 M
(Erx,y) M= / (Esx,y) ds
- m—0

2

1 2 2
dt < 2 ll=lI” [yl

Mm

namely

1 M
M—m/m—o

for any z,y € H.
This proves the last part of (4.28). O

9 1/2

1
dt| <o lzlliyll,

1 M
<Etl',y>— M_m/7‘7170 <E51‘7y>d$




BOUNDING THE CEBYSEV FUNCTIONAL 19

EXAMPLE 1. a) Let A be a bonded selfadjoint operator on the Hilbert space H
and let m = min {A |\ € Sp(4)} = minSp(A) >0 and M = max{A|A € Sp(A)}
=: max Sp (A) . Consider also the spectral family {Ex},cp of A. Then by Theorem
@-@ we have for f(t) =tP, p > 2 that

(4.31) ‘ [mp (M1 — ?}tj\nfp (A— m1H)] wy> _ (4, y>‘
< op(mP~t+ MPTY) (M —m)
. tE?:r];pM] []\Z_n;% \/ (<E( ):E,y>) T M 7;\/ (<E( )$7y>)]

1 _ o
< gp(m 7 M) (M —m) [zl y],

P(Mlyg — A MP(A—-ml
sy |(|RREE IR ) - ()
M 1 M
<o [ By - e [ (B ds|a
1
< 5pM? H(M —m) [l |yl
and
mP (M1 — A)+ MP (A —mly) )
(4.33) ’<[ Y z,y ) — (APz,y)
M2(p71)+(Mm)P71+m2(p71) 1/2
<p 3 (M —m)
, v 9 1/2
(Eyx,y) — m/m,o (Esz,y)ds| dt

M —m) ||| [y

1 M
X
M_m/,,'nfo
1
2

1/2
2(p—1) p-1 2(p—1)
< <M +(Mm)" " +m ) (

for any x,y € H.
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b) With the assumptions of a) and if m > 0, then by Theorem@-@ we have for
f () =1nt, that

(4.34) ‘< an (Mg f]atI;M (4= mlH)} z, y> — (In Az, y>’
m+ M
< Spar M —m)
o Mot M
<o L () + o=V ()
te[m,M] —0 t

M
m+ M m+ M
< Sz M=V (Bo)) < 5o (L =m el ol

Inm(Mlg —A)+InM (A—mlg)
(4.35) ’< [ U —m z,y (In Az, y)
1 M M
<= E,y) — ——— E
S oy - m_0< sT,y) ds| dt
1
< 5ol (01 — m)
and
(4.36) ‘< [lnm Ll ?\itl:;M 4= mlH)} xy> - <lnA33,y>‘

M? + mM +m? 1/2
= ( 3m2M? ) (M —m)

5 1/2
*\ 2= m/ (Erzx,y) — T m/_oExy>ds dt
1 M? +mM +m? 12
M —
i (o (M = m) ] o]
for any x,y € H.
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