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Abstract. In this paper, a weighted identity for functions defined on an open
invex subset of set of real numbers is established, and by using the this identity

and the Hölder integral inequality we present weighted integral inequalities of

Hermite-Hadamard type for functions whose powers of derivatives in absolute
value are preinvex and prequasiinvex functions. Our results, on the one hand,

give a weighted generalization of recent results for preinvex and prequasiinvex

functions and, on the other hand, extend several results connected with the
Hermite-Hadamard type inequalities for preinvex functions already exist in

literature.

1. Introduction

Any paper on Hermite-Hadamard type inequalities seems to be incomplete with-
out mentioning the famous Hermite-Hadamard inequality, which states as follows:

Let f : I ⊆ R→ R be a convex mapping and a, b ∈ I with a < b. Then

(1.1) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
.

The inequalities in (1.1) hold in reversed direction if f is concave. Inequalities (1.1)
are well-known in mathematical analysis due to its rich geometrical significance and
applications (see [34]).

A number of papers have been written during the past few years which generalize,
improve and extend the inequalities (1.1). For several results on Hermite-Hadamard
type inequalities, we refer the interested reader to [1], [7]-[10], [14]-[17], [22], [33]-[35]
and [38]-[43].

To estimate the difference between the middle and the leftmost terms in (1.1) has
been an important question in mathematical analysis see for instance [14, 15, 33, 50].
The most representative work to give the answer of the above raised question are
articles of Kırmacı [14] and Pearce and Pečarić [33]. The main results from these
papers are the following.

Theorem 1. [14] Let f : I ⊆ R → R be a differentiable mapping on I◦, where

a, b ∈ I with a < b, and f
′ ∈ L ([a, b]). If

∣∣∣f ′
∣∣∣ is convex function on [a, b], the
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following inequality holds:

(1.2)

∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣ ≤ b− a
8

[∣∣∣f ′
(a)
∣∣∣+
∣∣∣f ′

(b)
∣∣∣] .

Theorem 2. [33] Let f : I ⊆ R → R be a differentiable mapping on I◦, where a,

b ∈ I with a < b,and f
′ ∈ L ([a, b]) and q ≥ 1. If

∣∣∣f ′
∣∣∣q is a convex function on [a, b],

the following inequality holds:

(1.3)

∣∣∣∣∣f
(
a+ b

2

)
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣ ≤ b− a
4


∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q

2

1/q

.

Now, we recall that the notion of quasi-convex functions generalizes the notion
of convex functions. More exactly, a function f : [a, b]→ R is said quasi-convex on
[a, b] if

f (tx+ (1− t) y) ≤ max {f (x) , f (y)}
for all x, y ∈ [a, b] and t ∈ [0, 1]. Clearly, any convex function is a quasi-convex

function. Furthermore, there exist quasi-convex functions which are not convex,
(see [13]). For more results on Hermite-Hadamard type inequalities for quasi-convex
functions we refer the interested reader to [2, 9, 10, 13, 36] and the references therein.

In [10], Hwang established the following results for convex and quasi-convex
functions those results provide a weighted generalization of the results given in
Theorem 1 and Theorem 2.

Theorem 3. [10] Let f : I ⊆ R → R be a differentiable mapping on I◦, where a,
b ∈ I◦ with a < b and let g : [a, b] → [0,∞) be continuous positive mapping and

symmetric to a+b
2 . If

∣∣∣f ′
∣∣∣ is convex function on [a, b], the following inequality holds

(1.4)

∣∣∣∣∣
∫ b

a

f(x)g(x)dx− f
(
a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣
≤ b− a

2

[∣∣∣f ′
(a)
∣∣∣+
∣∣∣f ′

(b)
∣∣∣] ∫ 1

0

M (g; a, b, t) dt,

where M (g; a, b, t) =
∫ L(a,b,t)
a

g (x) dt and L (a, b, t) = 1+t
2 a+ 1−t

2 b.

Theorem 4. [10] Let f : I ⊆ R → R be a differentiable mapping on I◦, where a,
b ∈ I◦ with a < b and let g : [a, b] → [0,∞) be continuous positive mapping and

symmetric to a+b
2 and q ≥ 1. If

∣∣∣f ′
∣∣∣q is convex function on [a, b], the following

inequality holds

(1.5)

∣∣∣∣∣
∫ b

a

f(x)g(x)dx− f
(
a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣
≤ b− a

2


∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q

2


1
q ∫ 1

0

M (g; a, b, t) dt,

where M (g; a, b, t) and L (a, b, t) are defined as in Theorem 3.
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Theorem 5. [10] Let f : I ⊆ R → R be a differentiable mapping on I◦, where a,
b ∈ I◦ with a < b and let g : [a, b] → [0,∞) be continuous positive mapping and

symmetric to a+b
2 . If

∣∣∣f ′
∣∣∣ is quasi-convex function on [a, b], the following inequality

holds

(1.6)

∣∣∣∣∣
∫ b

a

f(x)g(x)dx− f
(
a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣
≤ b− a

2

[
max

{∣∣∣f ′
(a)
∣∣∣ , ∣∣∣∣f ′

(
a+ b

2

)∣∣∣∣}
+ max

{∣∣∣f ′
(b)
∣∣∣ , ∣∣∣∣f ′

(
a+ b

2

)∣∣∣∣}] ∫ 1

0

M (g; a, b, t) dt,

where M (g; a, b, t) and L (a, b, t) are defined as in Theorem 3.

Theorem 6. [10] Let f : I ⊆ R → R be a differentiable mapping on I◦, where
a, b ∈ I◦ with a < b and let g : [a, b] → [0,∞) be continuous positive mapping

and symmetric to a+b
2 and q ≥ 1. If

∣∣∣f ′
∣∣∣q is quasi-convex function on [a, b], the

following inequality holds

(1.7)

∣∣∣∣∣
∫ b

a

f(x)g(x)dx− f
(
a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣
≤ b− a

2

[(
max

{∣∣∣f ′
(a)
∣∣∣q , ∣∣∣∣f ′

(
a+ b

2

)∣∣∣∣q})
1
q

+

(
max

{∣∣∣f ′
(b)
∣∣∣q , ∣∣∣∣f ′

(
a+ b

2

)∣∣∣∣q})
1
q

]∫ 1

0

M (g; a, b, t) dt,

where M (g; a, b, t) and L (a, b, t) are defined as in Theorem 3.

Let us recall the notions of preinvexity and prequasiinvexity which are significant
generalizations of the notions of convexity and qusi-convexity respectively, and some
related results.

Definition 1. [44] Let K be a non-empty subset in Rn and η : K ×K → Rn. Let
x ∈ K, then the set K is said to be invex at x with respect to η (·, ·), if

x+ tη(y, x) ∈ K,∀x, y ∈ K, t ∈ [0, 1].

K is said to be an invex set with respect to η if K is invex at each x ∈ K. The
invex set K is also called an η-connected set.

Definition 2. [44] A function f : K → R on an invex set K ⊆ Rn is said to be
preinvex with respect to η, if

f(u+ tη(v, u)) ≤ (1− t) f(u) + tf(v),∀u, v ∈ K, t ∈ [0, 1].

The function f is said to be preconcave if and only if −f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map
η (x, y) = x− y but the converse is not true see for instance [1].
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Definition 3. [3] A function f : K → R on an invex set K ⊆ Rn is said to be
prequasiinvex with respect to η, if

f(u+ tη(v, u)) ≤ max {f(u), f(v)} ,∀u, v ∈ K, t ∈ [0, 1].

Also every quasi-convex function is a prequasiinvex with respect to the map
η(v, u) = v − u but the converse does not hold, see for example [3].

In a recent paper, Noor [27] has obtained the following Hermite-Hadamard type
inequalities for the preinvex functions.

Theorem 7. [27]Let f : [a, a+ η(b, a)] → (0,∞) be a preinvex function on the
interval of the real numbers K◦ (the interior of K) and a, b ∈ K◦ with η(b, a) > 0.
Then the following inequalities holds

(1.8) f

(
2a+ η(b, a)

2

)
≤ 1

η(b, a)

∫ a+η(b,a)

a

f (x) dx ≤ f (a) + f (b)

2
.

For several recent results on inequalities for preinvex and prequasiinvex functions
which are connected to (1.8), we refer the interested reader to [4, 21, 26] and the
references therein.

In the present paper, we give new weighted integral inequalities of Hermite-
Hadamard type for functions whose derivatives in absolute value are preinvex and
prequasiinvex. Our results generalize those results presented in a very recent paper
of Hwang [10] and also provide weighted version of those results for preinvex and
prequasiinvex functions which estimate the deference between the middle and the
leftmost terms in (1.8).

2. Main Results

The following Lemma is essential in establishing our main results of this section:

Lemma 1. Let K ⊆ R be an open invex subset with respect to η : K×K → R. Sup-
pose f : K → R is a differentiable mapping on K such that f

′ ∈ L ([a, a+ η (b, a)]),
where a, b ∈ K with η (b, a) > 0. If h : [a, a+ η (b, a)] → [0,∞) be a differentiable
mapping, then the following equality holds

(2.1)
h (a)

2
[f (a) + f (b)]− h (a+ η (b, a)) f

(
a+ b

2

)
+
η (b, a)

4

∫ 1

0

[
f

(
a+

(
1− t

2

)
η (b, a)

)
+ f

(
a+

(
1 + t

2

)
η (b, a)

)]
×
[
h

′
(
a+

(
1− t

2

)
η (b, a)

)
+ h

′
(
a+

(
1 + t

2

)
η (b, a)

)]
dt

=
η (b, a)

4

{∫ 1

0

[
h

(
a+

(
1− t

2

)
η (b, a)

)
− h

(
a+

(
1 + t

2

)
η (b, a)

)
h (a+ η (b, a))]×

[
−f

′
(
a+

(
1− t

2

)
η (b, a)

)
+ f

′
(
a+

(
1− t

2

)
η (b, a)

)]
dt

}
.
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Proof. It suffices to note that

(2.2) I1 = −
∫ 1

0

[
h

(
a+

(
1− t

2

)
η (b, a)

)
− h

(
a+

(
1 + t

2

)
η (b, a)

)
+h (a+ η (b, a))] f

′
(
a+

(
1− t

2

)
η (b, a)

)
dt

=
2

η (b, a)

[
h

(
a+

(
1− t

2

)
η (b, a)

)
− h

(
a+

(
1 + t

2

)
η (b, a)

)
+h (a+ η (b, a))]× f

(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣1
0

+

∫ 1

0

[
h

′
(
a+

(
1− t

2

)
η (b, a)

)
+ h

′
(
a+

(
1 + t

2

)
η (b, a)

)]
× f

(
a+

(
1− t

2

)
η (b, a)

)
=

2

η (b, a)

[
h (a) f (a)− h (a+ η (b, a)) f

(
a+

1

2
η (b, a)

)]
+

∫ 1

0

[
h

′
(
a+

(
1− t

2

)
η (b, a)

)
+ h

′
(
a+

(
1 + t

2

)
η (b, a)

)]
× f

(
a+

(
1− t

2

)
η (b, a)

)
.

and

(2.3) I2 =

∫ 1

0

[
h

(
a+

(
1− t

2

)
η (b, a)

)
− h

(
a+

(
1 + t

2

)
η (b, a)

)
+h (a+ η (b, a))] f

′
(
a+

(
1 + t

2

)
η (b, a)

)
dt

=
2

η (b, a)

[
h

(
a+

(
1− t

2

)
η (b, a)

)
− h

(
a+

(
1 + t

2

)
η (b, a)

)
+h (a+ η (b, a))] f

(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣1
0

+

∫ 1

0

[
h

′
(
a+

(
1− t

2

)
η (b, a)

)
+ h

′
(
a+

(
1 + t

2

)
η (b, a)

)]
× f

(
a+

(
1 + t

2

)
η (b, a)

)
=

2

η (b, a)

[
h (a) f (a+ η (b, a))− h (a+ η (b, a)) f

(
a+

1

2
η (b, a)

)]
+

∫ 1

0

[
h

′
(
a+

(
1− t

2

)
η (b, a)

)
+ h

′
(
a+

(
1 + t

2

)
η (b, a)

)]
× f

(
a+

(
1 + t

2

)
η (b, a)

)
.
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Thus from (2.2) and (2.3), we have

η (b, a)

4
[I1 + I2] =

h (a)

2
[f (a) + f (b)]− h (a+ η (b, a)) f

(
a+ b

2

)
+
η (b, a)

4

{∫ 1

0

[
h

(
a+

(
1− t

2

)
η (b, a)

)
− h

(
a+

(
1 + t

2

)
η (b, a)

)]
×
[
−f

′
(
a+

(
1− t

2

)
η (b, a)

)
+ f

′
(
a+

(
1− t

2

)
η (b, a)

)]
dt

}
.

which is the required result. �

Remark 1. If we take η (b, a) = b− a, then Lemma 1 reduces to Lemma 2.1 from
[10].

Now using Lemma 1, we shall propose some new upper bounds for the difference
between the leftmost and the middle terms of weighted version of the Hermite-
Hadamard type inequality (1.8) using preinvex and prequasiinvex mappings.

In what follows we use the notations L
′
(a, b, t) = a+

(
1−t
2

)
η (b, a) and U

′
(a, b, t) =

a+
(
1+t
2

)
η (b, a) for our convenience.

Theorem 8. Let K ⊆ R be an open invex subset with respect to η : K ×K → R.
Suppose f : K → R is a differentiable mapping on K and w : [a, a+ η (b, a)] →
[0,∞) be continuous and symmetric to a+ 1

2η (b, a), where a, b ∈ K with η (b, a) > 0.

If
∣∣∣f ′
∣∣∣ is preinvex on K, we have the following inequality

(2.4)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

[∣∣∣f ′
(a)
∣∣∣+
∣∣∣f ′

(b)
∣∣∣] ∫ 1

0

M
′
(w; a, b, t) dt,

where M
′
(w; a, b, t) =

∫ L′
(a,b,t)

a
w (x) dx for all t ∈ [0, 1].

Proof. Let h (t) =
∫ t
a
w (x) dx for all t ∈ [a, a+ η (b, a)] in Lemma 1, we have

(2.5) − f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

+
η (b, a)

4

∫ 1

0

[
f

(
a+

(
1− t

2

)
η (b, a)

)
+ f

(
a+

(
1 + t

2

)
η (b, a)

)]
×
[
w

(
a+

(
1− t

2

)
η (b, a)

)
+ w

(
a+

(
1 + t

2

)
η (b, a)

)]
dt

=
η (b, a)

4

{∫ 1

0

[∫ L
′
(a,b,t)

a

w (x) dx+

∫ a+η(b,a)

U ′ (a,b,t)

w (x) dx

]

×
[
−f

′
(
a+

(
1− t

2

)
η (b, a)

)
+ f

′
(
a+

(
1 + t

2

)
η (b, a)

)]
dt

}
.

Since w (x) is symmetric to a+ 1
2η (b, a), we have

(2.6) w

(
a+

(
1− t

2

)
η (b, a)

)
= w

(
a+

(
1 + t

2

)
η (b, a)

)



WEIGHTED INEQUALITIES FOR PREINVEX AND PREQUASIINVEX FUNCTIONS 7

and

(2.7)

∫ L
′
(a,b,t)

a

w (x) dx =

∫ a+η(b,a)

U ′ (a,b,t)

w (x) dx

for all t ∈ [0, 1]. Hence by using (2.6), we have

(2.8)
η (b, a)

4

∫ 1

0

[
f

(
a+

(
1− t

2

)
η (b, a)

)
+ f

(
a+

(
1 + t

2

)
η (b, a)

)]
×
[
w

(
a+

(
1− t

2

)
η (b, a)

)
+ w

(
a+

(
1 + t

2

)
η (b, a)

)]
dt

=
η (b, a)

2

∫ 1

0

f

(
a+

(
1− t

2

)
η (b, a)

)
w

(
a+

(
1− t

2

)
η (b, a)

)
dt

+
η (b, a)

2

∫ 1

0

f

(
a+

(
1 + t

2

)
η (b, a)

)
w

(
a+

(
1 + t

2

)
η (b, a)

)
dt

=

∫ a+ 1
2η(b,a)

a

f (x)w (x) dx+

∫ a+η(b,a)

a+ 1
2η(b,a)

f (x)w (x) dx =

∫ a+η(b,a)

a

f (x)w (x) dx.

Using (2.7) and (2.8) in (2.5), we get

(2.9)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

∫ 1

0

M
′
(w; a, b, t)

×
[∣∣∣∣f ′

(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣+

∣∣∣∣f ′
(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣] dt.
Now by using the preinvexity of

∣∣∣f ′
∣∣∣ on K, we obtain

(2.10)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣+

∣∣∣∣f ′
(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣
≤
∣∣∣f ′

(a)
∣∣∣+
∣∣∣f ′

(b)
∣∣∣

for all t ∈ [0, 1]. From (2.9) and (2.10) we get the the required inequality (2.4).
This completes the proof of the theorem. �

Remark 2. In Theorem 8, if we take w (x) = 1
η(b,a) for all x ∈ [a, a+ η (b, a)],

then (2.4) becomes the inequality from [46, Corollary 3.2].

Remark 3. If η (b, a) = b − a in Theorem 8, then (2.4) reduces to the inequality
(1.4) from [10].

Remark 4. If η (b, a) = b− a and w (x) = 1
b−a for all x ∈ [a, b] in Theorem 8, we

get the inequality (1.2).

Theorem 9. Let K ⊆ R be an open invex subset with respect to η : K ×K → R.
Suppose f : K → R is a differentiable mapping on K and w : [a, a+ η (b, a)] →
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[0,∞) be continuous and symmetric to a+ 1
2η (b, a), where a, b ∈ K with η (b, a) > 0.

If
∣∣∣f ′
∣∣∣q is preinvex on K for q > 1, we have the following inequality

(2.11)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)


∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q

2


1
q (∫ 1

0

[
M

′
(w; a, b, t)

]p
dt

) 1
p

,

where 1
p + 1

q = 1 and M
′
(w; a, b, t) is defined as in Theorem 8.

Proof. Continuing from inequality (2.9) in the proof of Theorem 8 and using the
Hölder’s integral inequality, we have

(2.12)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

(∫ 1

0

[
M

′
(w; a, b, t)

]p
dt

) 1
p

[(∫ 1

0

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q dt)
1
q

+

(∫ 1

0

∣∣∣∣f ′
(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣q dt)
1
q

]
.

By the power-mean inequality tr + sr < 21−r (t+ s)
r

for t > 0, s > 0 and r < 1

and by the the preinvexity of
∣∣∣f ′
∣∣∣q on K for q > 1, we have for every a, b ∈ K with

η (b, a) > 0 the following inequality

(2.13)(∫ 1

0

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q dt)
1
q

+

(∫ 1

0

∣∣∣∣f ′
(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣q dt)
1
q

≤ 21−
1
q

[∫ 1

0

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q dt+

∫ 1

0

∣∣∣∣f ′
(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣q dt]
1
q

≤ 21−
1
q

[∫ 1

0

{(
1 + t

2

) ∣∣∣f ′
(a)
∣∣∣q +

(
1− t

2

) ∣∣∣f ′
(b)
∣∣∣q

+

(
1− t

2

) ∣∣∣f ′
(a)
∣∣∣q +

(
1 + t

2

) ∣∣∣f ′
(b)
∣∣∣q} dt] 1

q

= 21−
1
q

[∣∣∣f ′
(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q] 1

q

.

Using the last inequality (2.13) in (2.12), we get the desired inequality. This com-
pletes the proof of the theorem as well. �
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Remark 5. In Theorem 9, if we take w (x) = 1
η(b,a) for all x ∈ [a, a+ η (b, a)] with

η (b, a) > 0, then (2.11) becomes the following inequality

(2.14)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

2 (1 + p)
1
p


∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q

2


1
q

,

where 1
p + 1

q = 1.

Remark 6. If we take η (b, a) = b − a in Theorem 9, then (2.11) becomes the
following inequality

(2.15)

∣∣∣∣∣
∫ b

a

f (x)w (x) dx− f
(
a+ b

2

)∫ b

a

w (x) dx

∣∣∣∣∣
≤ (b− a)


∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q

2


1
q (∫ 1

0

[M (w; a, b, t)]
p
dt

) 1
p

,

where M (w; a, b, t) =
∫ L(a,b,t)
a

w (x) dx, L(a, b, t) =
(
1+t
2

)
a+
(
1−t
2

)
b for all t ∈ [0, 1]

and 1
p + 1

q = 1.

A similar result may be stated as follows.

Theorem 10. Let K ⊆ R be an open invex subset with respect to η : K ×K → R.
Suppose f : K → R is a differentiable mapping on K and w : [a, a+ η (b, a)] →
[0,∞) be continuous and symmetric to a+ 1

2η (b, a), where a, b ∈ K with η (b, a) > 0.

If
∣∣∣f ′
∣∣∣q is preinvex on K for q ≥ 1, we have the following inequality

(2.16)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)


∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q

2


1
q ∫ 1

0

M
′
(w; a, b, t) dt,

where M
′
(w; a, b, t) is defined as in Theorem 8.
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Proof. Continuing from inequality (2.9) in the proof of Theorem 8 and using the
well known Hölder’s integral inequality, we have

(2.17)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

(∫ 1

0

M
′
(w; a, b, t) dt

)1− 1
q

×

{[∫ 1

0

M
′
(w; a, b, t)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q dt]
1
q

+

[∫ 1

0

M
′
(w; a, b, t)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q dt]
1
q

}
.

By the power-mean inequality tr + sr < 21−r (t+ s)
r

for t > 0, s > 0, r < 1, and

by the the preinvexity of
∣∣∣f ′
∣∣∣q on K for q > 1, we have for every a, b ∈ K with

η (b, a) > 0 the following inequality

(2.18)

[∫ 1

0

M
′
(w; a, b, t)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q dt]
1
q

+

[∫ 1

0

M
′
(w; a, b, t)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q dt]
1
q

}

≤ 21−
1
q

(∫ 1

0

M
′
(w; a, b, t) dt

) 1
q [∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q] 1

q

.

Utilizing inequality (2.18) in (2.17), we get the inequality (2.16). This completes
the proof of the theorem. �

Corollary 1. Suppose all the assumptions of Theorem 10 are satisfied and if
w (x) = 1

η(b,a) for all x ∈ [a, a+ η (b, a)] with η (b, a) > 0, then we have the fol-

lowing inequality

(2.19)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

4


∣∣∣f ′

(a)
∣∣∣q +

∣∣∣f ′
(b)
∣∣∣q

2


1
q

.

Remark 7. If we take η (b, a) = b− a in Theorem 10, then the inequality reduces
to the inequality (1.5).

Remark 8. For q = 1, (2.19) recaptures the inequality proved in [46, Corollary
3.2]. If q = p

p−1 (p > 1), we have 2p > p+ 1 for p > 1 and accordingly

1

4
<

1

2 (p+ 1)
1
p

.

This reveals that the inequality (2.19) is better than the one given by (2.14). More-
over, for η (b, a) = b−a the inequality (2.19) takes the form of the inequality (1.3).
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Now we give our results for prequasiinvex functions.

Theorem 11. Let K be an open invex subset with respect to η : K × K → R.
Suppose f : K → R is a differentiable mapping on K and w : [a, a+ η (b, a)] →
[0,∞) be continuous and symmetric to a+ 1

2η (b, a), where a, b ∈ K with η (b, a) > 0.

If
∣∣∣f ′
∣∣∣ is prequasiinvex on K, we have the following inequality

(2.20)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

{
max

(∣∣∣f ′
(a)
∣∣∣ , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣)
+ max

(∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣ , ∣∣∣f ′
(a+ η (b, a))

∣∣∣)}∫ 1

0

M
′
(w; a, b, t) ,

where M
′
(w; a, b, t) is defined as in Theorem 8.

Proof. We continue the inequality (2.9) in the proof of Theorem 8. Since
∣∣∣f ′
∣∣∣ is

prequasiinvex on K hence for every t ∈ [0, 1], we obtain,

(2.21)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣ ≤ max

(∣∣∣f ′
(a)
∣∣∣ , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣)
and
(2.22)∣∣∣∣f ′

(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣ ≤ max

(∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣ , ∣∣∣f ′
(a+ η (b, a))

∣∣∣) .
A combination of (2.9), (2.21) and (2.22) gives the required inequality (2.20). �

Corollary 2. Suppose all the conditions of Theorem 11 are satisfied. Moreover,

(1) If
∣∣∣f ′
∣∣∣ is non-decreasing on K, then the following inequality holds

(2.23)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

[∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣+
∣∣∣f ′

(a+ η (b, a))
∣∣∣] ∫ 1

0

M
′
(w; a, b, t) .

and

(2) If
∣∣∣f ′
∣∣∣ is non-increasing on K, then the following inequality holds

(2.24)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

[∣∣∣f ′
(a)
∣∣∣+

∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣] ∫ 1

0

M
′
(w; a, b, t) .
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Remark 9. If in Theorem 11, we take w (x) = 1
η(b,a) for all x ∈ [a, a+ η (b, a)]

with η (b, a) > 0, then we have the following inequality

(2.25)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

8

{
max

(∣∣∣f ′
(a)
∣∣∣ , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣)
+ max

(∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣ , ∣∣∣f ′
(a+ η (b, a))

∣∣∣)} .
he inequality (2.25) represents a new refinement of the bound for the difference
between the middle and the rightmost terms in (1.8) for prequasiinvex functions
and hence for preinvex functions. Moreover,

(1) If
∣∣∣f ′
∣∣∣ is non-decreasing K, then the following inequality holds

(2.26)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

8

[∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣+
∣∣∣f ′

(a+ η (b, a))
∣∣∣]

and

(2) If
∣∣∣f ′
∣∣∣ is non-increasing K, then the following inequality holds

(2.27)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

8

[∣∣∣f ′
(a)
∣∣∣+

∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣] .
Remark 10. If η (b, a) = b−a in Theorem 11, then (2.20) reduces to the inequality
(1.6) established in Theorem 5 and the inequalities (2.26) and (2.27) recapture the
related inequalities given in the corollary of Theorem 5 from [10].

Remark 11. If η (b, a) = b− a in Remark 9, then (2.25), we get the following new
results

(2.28)

∣∣∣∣∣ 1

b− a

∫ b

a

f (x) dx− f
(
a+ b

2

)∣∣∣∣∣
≤ b− a

8

{
max

(∣∣∣f ′
(a)
∣∣∣ , ∣∣∣∣f ′

(
a+ b

2

)∣∣∣∣)+ max

(∣∣∣∣f ′
(
a+ b

2

)∣∣∣∣ , ∣∣∣f ′
(b)
∣∣∣)} .

Moreover,

(1) If
∣∣∣f ′
∣∣∣ is non-decreasing [a, b], then the following inequality holds

(2.29)

∣∣∣∣∣ 1

b− a

∫ b

a

f (x) dx− f
(
a+ b

2

)∣∣∣∣∣ ≤ η (b, a)

8

[∣∣∣∣f ′
(
a+ b

2

)∣∣∣∣+
∣∣∣f ′

(b)
∣∣∣]

and
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(2) If
∣∣∣f ′
∣∣∣ is non-increasing [a, b], then the following inequality holds

(2.30)

∣∣∣∣∣ 1

b− a

∫ b

a

f (x) dx− f
(
a+ b

2

)∣∣∣∣∣ ≤ η (b, a)

8

[∣∣∣f ′
(a)
∣∣∣+

∣∣∣∣f ′
(
a+ b

2

)∣∣∣∣] .
Theorem 12. Let K be an open invex subset with respect to η : K × K → R.
Suppose f : K → R is a differentiable mapping on K and w : [a, a+ η (b, a)] →
[0,∞) be continuous and symmetric to a+ 1

2η (b, a), where a, b ∈ K with η (b, a) > 0.

If
∣∣∣f ′
∣∣∣q is prequasiinvex on K for q > 1, we have the following inequality:

(2.31)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

(∫ 1

0

[
M

′
(w; a, b, t)

]p
dt

) 1
p

{[
max

(∣∣∣f ′
(a)
∣∣∣q , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣q)]
1
q

+

[
max

(∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣q , ∣∣∣f ′
(a+ η (b, a))

∣∣∣q)] 1
q

}
,

where 1
p + 1

q = 1.

Proof. We continue inequality (2.12) in the proof of Theorem 9. By the prequasi-

invexity of
∣∣∣f ′
∣∣∣q on K for q > 1, we have for every t ∈ [0, 1]

(2.32)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q ≤ max

{∣∣∣f ′
(a)
∣∣∣q , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣q}
and

(2.33)

∣∣∣∣f ′
(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣q
≤ max

{∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣q , ∣∣∣f ′
(a+ η (b, a))

∣∣∣q} .
A combination of (2.12), (2.32) and (2.33) gives us the required inequality (2.31).
This completes the proof of the Theorem. �

Corollary 3. Suppose all the conditions of Theorem 12 are satisfied. Moreover

(1) If
∣∣∣f ′
∣∣∣q is non-decreasing on K, then the following inequality holds

(2.34)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

[∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣+
∣∣∣f ′

(a+ η (b, a))
∣∣∣](∫ 1

0

[
M

′
(w; a, b, t)

]p
dt

) 1
p

and
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(2) If
∣∣∣f ′
∣∣∣q is non-increasing on K, then the following inequality holds

(2.35)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

[∣∣∣f ′
(a)
∣∣∣+

∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣](∫ 1

0

[
M

′
(w; a, b, t)

]p
dt

) 1
p

,

where 1
p + 1

q = 1.

Remark 12. If in Theorem 12, we take w (x) = 1
η(b,a) for all x ∈ [a, a+ η (b, a)]

with η (b, a) > 0, then we have the following inequality:

(2.36)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

4 (p+ 1)
1
p

[
max

(∣∣∣f ′
(a)
∣∣∣ , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣)
+ max

(∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣ , ∣∣∣f ′
(a+ η (b, a))

∣∣∣)] .
The inequality (2.36) represents a new refinement of the bound for the difference
between the middle and the rightmost terms in (1.8) for prequasiinvex functions
and hence for preinvex functions. Moreover,

(1) If
∣∣∣f ′
∣∣∣ is non-decreasing on K, the following inequality holds

(2.37)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

4 (p+ 1)
1
p

[∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣+
∣∣∣f ′

(a+ η (b, a))
∣∣∣]

and

(2) If
∣∣∣f ′
∣∣∣ is non-increasing on K, the following inequality holds:

(2.38)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

4 (p+ 1)
1
p

[∣∣∣f ′
(a)
∣∣∣+

∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣] ,
where 1

p + 1
q = 1.

Remark 13. If we take η (b, a) = b − a in Remark 12, we get the results for
quasi-convex functions.

Theorem 13. Let K be an open invex subset with respect to η : K × K → R.
Suppose f : K → R is a differentiable mapping on K and w : [a, a+ η (b, a)] →
[0,∞) be continuous and symmetric to a+ 1

2η (b, a), where a, b ∈ K with η (b, a) > 0.
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If
∣∣∣f ′
∣∣∣q is prequasiinvex on K for q ≥ 1, we have the following inequality

(2.39)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

{[
max

(∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣q , ∣∣∣f ′
(a+ η (b, a))

∣∣∣q)] 1
q

+

[
max

(∣∣∣f ′
(a)
∣∣∣q , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣q)]
1
q

}∫ 1

0

M
′
(w; a, b, t) dt,

where M
′
(w; a, b, t) is defined as in Theorem 8.

Proof. We continue inequality (2.17) in the proof of Theorem 10. By the prequasi-

invex of
∣∣∣f ′
∣∣∣q on K for q ≥ 1, we have for every t ∈ [0, 1]

(2.40)

∣∣∣∣f ′
(
a+

(
1− t

2

)
η (b, a)

)∣∣∣∣q ≤ max

{∣∣∣f ′
(a)
∣∣∣q , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣q}
and
(2.41)∣∣∣∣f ′

(
a+

(
1 + t

2

)
η (b, a)

)∣∣∣∣q ≤ max

{∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣q , ∣∣∣f ′
(a+ η (b, a))

∣∣∣q} .
A combination of (2.17), (2.40) and (2.41) gives us the required inequality (2.39).
This completes the proof of the Theorem. �

Corollary 4. Suppose all the conditions of Theorem 13 are satisfied. Moreover

(1) If
∣∣∣f ′
∣∣∣q is non-decreasing on K, then the following inequality holds

(2.42)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

[∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣+
∣∣∣f ′

(a+ η (b, a))
∣∣∣] ∫ 1

0

M
′
(w; a, b, t) dt.

and

(2) If
∣∣∣f ′
∣∣∣q is non-increasing on K, then the the following inequality holds

(2.43)

∣∣∣∣∣
∫ a+η(b,a)

a

f (x)w (x) dx− f
(
a+

1

2
η (b, a)

)∫ a+η(b,a)

a

w (x) dx

∣∣∣∣∣
≤ η (b, a)

2

[∣∣∣f ′
(a)
∣∣∣+

∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣] ∫ 1

0

M
′
(w; a, b, t) dt.
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Remark 14. If in Theorem 13, we take w (x) = 1
η(b,a) for all x ∈ [a, a+ η (b, a)]

with η (b, a) > 0, we have the following inequality

(2.44)

∣∣∣∣∣ 1

η (b, a)

∫ a+η(b,a)

a

f (x) dx− f
(
a+

1

2
η (b, a)

)∣∣∣∣∣
≤ η (b, a)

8

{[
max

(∣∣∣∣f ′
(
a+

1

2
η (b, a)

)∣∣∣∣q , ∣∣∣f ′
(a+ η (b, a))

∣∣∣q)] 1
q

+

[
max

(∣∣∣f ′
(a)
∣∣∣q , ∣∣∣∣f ′

(
a+

1

2
η (b, a)

)∣∣∣∣q)]
1
q

}
.

Moreover,

(1) If
∣∣∣f ′
∣∣∣q is non-decreasing on K, the inequality (2.26) holds

and

(2) If
∣∣∣f ′
∣∣∣q is non-increasing on K, the inequality (2.27) holds.

Remark 15. If η (b, a) = b−a in Theorem 13, then (2.39) reduces to the inequality
(1.7) established in Theorem 6 and the inequalities (2.42) and (2.43) recapture the
related inequalities established in the corollary of Theorem 6 from [10].

Remark 16. If η (b, a) = b − a in Remark 14, we get results for qusi-convex
functions.

References

[1] T. Antczak, Mean value in invexity analysis, Nonl. Anal., 60 (2005), 1473-1484.

[2] M. Alomari , M. Darus, U.S. Kirmaci, Refinements of Hadamard-type inequalities for quasi-
convex functions with applications to trapezoidal formula and to special means, Comput.

Math. Appl. 59 (2010) 225 232.

[3] A. Barani, A.G. Ghazanfari, S.S. Dragomir, Hermite-Hadamard inequality through prequasi-
invex functions, RGMIA Research Report Collection, 14(2011), Article 48, 7 pp.

[4] A. Barani, A.G. Ghazanfari, S.S. Dragomir, Hermite-Hadamard inequality for functions

whose derivatives absolute values are preinvex, J. Inequal. Appl. 2012, 2012:247.
[5] A. Ben-Israel and B. Mond, What is invexity?, J. Austral. Math. Soc., Ser. B, 28(1986), No.

1, 1-9.

[6] P.S. Bullen, Handbook of Means and Their Inequalities, Kluwer Academic Publishers, Dor-
drecht, 2003.

[7] S. S. Dragomir, and R. P. Agarwal, Two inequalities for differentiable mappings and ap-
plications to special means of real numbers and trapezoidal formula, Appl. Math. Lett.,

11(5)(1998), 91–95.

[8] S. S. Dragomir, Two mappings in connection to Hadamard’s inequalities, J. Math. Anal.
Appl., 167(1992), 42–56.

[9] D. -Y. Hwang, Some inequalities for differentiable convex mapping with application to

weighted trapezoidal formula and higher moments of random variables, Appl. Math. Comp.,
217(23)(2011), 9598-9605.

[10] D. -Y. Hwang, Some inequalities for differentiable convex mapping with application to

weighted midpoint formula and higher moments of random variables, Appl. Math. Comp.,
232 (2014), 68-75.

[11] M. A. Hanson, On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl. 80 (1981)

545-550.
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Bolyai Math. 57(2012), No. 3, 377-386.

[41] A. Saglam, M. Z. Sarikaya and H. Yıldırım and, Some new inequalities of Hermite-Hadamard’s
type, Kyungpook Mathematical Journal, 50(2010), 399-410.



18 M. A. LATIF, S. S. DRAGOMIR1,2, AND E. MOMONIAT

[42] C. -L. Wang and X. -H. Wang, On an extension of Hadamard inequality for convex functions,

Chin. Ann. Math., 3(1982), 567–570.

[43] S. -H. Wu , On the weighted generalization of the Hermite-Hadamard inequality and its
applications, The Rocky Mountain J. of Math., 39(2009), no. 5, 1741–1749.

[44] T. Weir, and B. Mond, Preinvex functions in multiple bjective optimization, Journal of

Mathematical Analysis and Applications, 136 (1998) 29-38.
[45] S.-H. Wang and F. Qi, Hermite-Hadamard type inequalities for n-times differentiable and

preinvex functions, Journal of Inequalities and Applications 2014, 2014:49.

[46] Y. Wang, B. -Y. Xi and F. Qi, Hermite-Hadamard type integral inequalities when the power
of the absolute value of the first derivative of the integrand is preinvex, Le MatematicheVol.

LXIX (2014) - Fasc. I, pp. 89–96.

[47] X. M. Yang and D. Li, On properties of preinvex functions, J. Math. Anal. Appl. 256 (2001),
229-241.

[48] X. M. Yang, X.Q. Yang and K.L. Teo, Characterizations and applications of prequasiinvex
functions, properties of preinvex functions, J. Optim. Theo. Appl. 110 (2001) 645-668.

[49] X. M. Yang, X. Q. Yang, K.L. Teo, Generalized invexity and generalized invariant monotonoc-

ity, Journal of Optimization Theory and Applications 117 (2003) 607-625.
[50] G. S. Yang, D. -Y Hwang and K. L. Tseng, Some inequalities for differentiable convex and

concave mappings, Comput. Math. Appl. 47 (2004) 207-216.

School of Computational and Applied Mathematics, University of the Witwater-

srand, Private Bag 3, Wits 2050, Johannesburg, South Africa
E-mail address: m amer latif@hotmail.com

1School of Engineering and Science, Victoria University, PO Box 14428 Melbourne
City, MC 8001, Australia

2School of Computational and Applied Mathematics, University of the Witwater-
srand, Private Bag 3, Wits 2050, Johannesburg, South Africa

E-mail address: sever.dragomir@vu.edu.au

School of Computational and Applied Mathematics, University of the Witwater-

srand, Private Bag 3, Wits 2050, Johannesburg, South Africa

E-mail address: ebrahim.momoniat@wits.ac.za


