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ON HERMITE -HADAMARD TYPE INEQUALITIES FOR
¢—CONVEX FUNCTIONS VIA FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA AND HATICE YALDIZ

ABSTRACT. In this paper, we establish integral inequalities of Hermite-Hadamard
type involving Riemann-Liouville fractional integrals for ¢-convex functions
and some new inequalities of right-hand side of Hermite-Hadamard type are
given for functions whose first derivatives absolute values p—convex functions
via Riemann-Liouville fractional integrals.

1. INTRODUCTION

The function f : [a,b] C R — R, is said to be convex if the following inequality
holds

fOz+ (1 =Ny) <Af(z)+ (1 =) f(y)

for all z,y € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are very important in the literature (see, e.g.,[11, p.137], [7]). These inequalities
state that if f : I — R is a convex function on the interval I of real numbers and
a,b € I with a < b, then

(1.1) f(“;b>gb1a/abf(x)dxgw.

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of convexity
and it follows easily from Jensen’s inequality. Hadamard’s inequality for convex
functions has received renewed attention in recent years and a remarkable variety
of refinements and generalizations have been found (see, for example, [1, 7, 8]) and
the references cited therein.

In [8], Dragomir and Agarwal proved the following results connected with the
right part of (1.1).

Lemma 1. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a <b. If f' € Lla,b], then the following equality holds:

b —a !
(1.2) f(a);f(b) - bia/ f(x)dr = b 5 /0 (1 —2t)f (ta+ (1 —t)b)dt.
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Theorem 1. Let f: I° CR — R be a differentiable mapping on I°, a,b € I° with
a<b. If|f'] is conver on [a b], then the followmg inequality holds:

<

(1 @1+ £ O

Meanwhile, Sarikaya et al.[l4] presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order o > 0.

Lemma 2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € La,b], then the following equality for fractional integrals holds:

f@ 10 _ QF((;ﬁ al)?l 72, () + T f(a)]

(1.4)

b—a

1
- /O[(l—t) — o] ' (ta + (1 — £)b) dt.

It is remarkable that Sarikaya et al.[14] first give the following interesting inte-
gral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 2. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lila,b). If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

o) () < e )+ g sla) < LSO

with o > 0.

In the following we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult [9, 10].

Definition 1. Let f € Ly[a,b]. The Riemann-Liouville integrals J, f and J* f of
order a > 0 with a > 0 are defined by

I f@) = gy [ e =07 0 2>

and
b
T f(z) = r(la)/ (t—2)° L fB)dt, @ <b

respectively. Here, T'(t) is the Gamma function and JO f(z) = J)_f(z) = f(=).

For some recent results connected with fractional integral inequalities see ([2, 3,
4, 5, 6],[12],[15]).

In [16], Youness have defined the ¢-convex function as follows:
Definition 2. Let ¢ : [a,b] C R —[a,b]. A function f : [a,b] — R is said to be
p—convex on [a,b] if, for every x,y € [a,b] and X € [0,1], the following inequality
holds:

fQe @)+ 1= e) <Af(e@)+ 0 =2 f(p).



ON HERMITE -HADAMARD TYPE INEQUALITIES 3

Obviously, if ¢ () = x, then the classical convexity is obtained from the previous
defition.

In [13], Sarikaya et. all gave the following important inequalities for p—convex
mappings :

Theorem 3. Let J be an interval a,b € J with a <b and ¢ : J — R a continuous
increasing function. Let f: 1 CR — R be a p-convex function on I = [p(a), p(b)],
then we have

(1.6)
©(b)
p(0) + o (1) 1 @)+ £ (o ()
(2 )Sw(b)(p(a)w(/ﬂf(w(w))dw(@é S

In this paper, by using ¢p—convex mappings, we give Hermite-Hadamard’s in-
equalities for Riemann-Liouville fractional integral and some other integral inequal-
ities using the identity is obtained for fractional integrals.

2. MAIN RESULTS
Hermite-Hadamard’s inequalities can be represented in fractional integral forms

as follows:

Theorem 4. Let J be an interval a,b € J with a <b and ¢ : J — R a continuous
increasing function. Let f : I CR — R be a @-convez function on I = [p(a), ¢(b)],
then the following inequalities for fractional integrals hold:

o) (e e0)

IN

with o > 0.

Proof. Since f is a @p-convex function on [a, b], we have for p(z), p(y) € [p(a), p(b)]
with A = 1
2

(2.2) f (‘P(m) + w(y)) _ @)+ (e )

) 2y (020
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Multiplying both sides of (2.3) by t*~1, then integrating the resulting inequality
with respest to ¢ over [0, 1], we obtain

%f (w(@;w(@)

1 1
/ 1 f (te (a) + (1 *t)w(b))dt+/ 7 (1= t)p (a) + ty (b)) dt

<
0 0
N o) — o)\ Ly 2 (@)
- L@ wawa e W) e~ ®
#0) (o) —p(a)\* ! dp (v)
*ﬁm>me—wa e ow — ot
I(«)

i.e.

CCET) PCES)
2(p (b) — ¢ (a)”
and the first inequality is proved.
For the proof of the second inequality in (2.2) we first note that if f is a p-convex
function, then, for ¢ € [0, 1], it yields

f(tp(a)+ (1 —t)p (b)) <tf(e(a))+ (1 —1t)f(p (D)

[Ty £ (0) + T2 (s (@))]

and
F(A=t)p(a) +te(b) < (1 —1)f(p(a)) +tf(e (b))
By adding these inequalities we have
(2.4) fte(a)+ (1 =t)p (1) + f (1 —t)e(a) + te (b))
< tf(e(a) + (=) f(p () + (1 =1)f(e(a) +tf(p (D))

Then multiplying both sides of (2.4) by t*~'and integrating the resulting inequality
with respest to ¢ over [0, 1], we obtain

/t“‘1f<tsa<a)+<1—t>w<b>)dt+/ (1=t (a) + te (b)) dt

0 0

< wan+ﬂwwﬂ/t”%t

0

Sy o) 15 1o )] < LI
The proof is completed. O

Remark 1. If in Theorem 4, we let o = 1, then the inequalities (2.1) become the
inequalities (1.6) of Theorem 3.

To prove our main results, we need the following lemma:
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Lemma 3. Let J be an interval a,b € J with 0 < a <band ¢ : J - R a
continuous increasing function. Let f : I C R — R be a differantiable function
on I° (the interior I). If f' € Ly [p(a), p(b)] for ¢(a),o(b) € I, then the following
equality holds:

flp(a) + flp (D)) T(a+1) . §
2 2(p(b) — ¢ (a)” [JSO(G)*f(SD (0)) + I3y~ (e (a))

where o > 0.

Proof. Tt suffices to note that

1
(2.6) I = /O (=) =] f" (te (a) + (1 — t)g (b)) dt

[/01 (1= (t (a) + (1 = 1) (b)) dt]
+ [— /Olt“f’ (to(a)+ (1 —t)p (D)) dt]
= I+ 1D

Integrating by parts

1
L= / (1= )% f (g (a) + (1 — t)p (b)) dt
0

e L@ D@D [T )+ (- Dp®)
= O ) 0+/o = e

(2.7)
 fe®) a A o) @\ flol)
CIOETI0 ¢<b>—¢<a>[o<b> <90(a)—<ﬁ(b)> o) o)™
C fe®) Tty )

- o (b) — ¢ (a) ((p(b)—(p(a))aﬂ_lt]‘p(b)if((p( )
and similarly we get,
L = - / £ f (t (a) + (1 — ) (b)) dt
0
@ (00|, [ S pla) + (1 Dp ()

(28 c@—o®  |o" /ot e@—p® "
@) a A o) e @)\ flol)
ORI go(b)—go(a>/¢<b> <90(b)—s0(a)> 2@ @™
) T+
T oD@ (o) gyt e O
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Using (2.7) and (2.8) in (2.6), it follows that
jo @) +fle®)  Tlat+l)
@ (b) — ¢ (a) (0 (b) — ¢ (@)™

Thus, by multiplying the both sides by M, we have the conclusion (2.5). O

[Ty P (0) + T2y F (@)

Remark 2. If we take p(x) = x in Lemma 3, then the inedentity (2.5) reduces to
the identity (1.4).

By using this Lemma, we can obtain the following fractional integral inequality:

Theorem 5. Let J be an interval a,b € J with0 < a <band o :J — R a
continuous increasing function. Let f : I C R — R be a differantiable function on
I° (the interior 1) and f' € Ly [p(a), p(b)] for p(a),o(b) € I. If |f'|? is the -
convez on [p(a),p(b)] , g > 1, then the following inequaliy holds:

’ f(#(a) + fp(b)) lla+1)
2 2(¢(b) — p(a))*

X [J&(a))+ f(p(0)) + J(aw(b))*f(@(a)} ’

Q=

e < FOAD | (- D 17 @l + £ o]

27a
where o > 0.

Proof. Firstly, we suppose that ¢ = 1. Using Lemma 3 and p-convexity of |f/|?,
we find that

‘f(@(a)) +fle(®)  Tlet1)
2 2(p(b) — p(a))*

TCo(ayy+ f(0(0)) + J&(b»—f@(a))} ‘

(L= 1) = 2| [f" [t(p(a) + (1 = )((b))]] dt

IN
S
=
|
5
&
O\H

(L =1)* =t [t £ (p(a))] + (1 = 1) |f(o())[] dt

IN
S
=
|
pSY
&
o _

- o [ =07 = e 1 @)+ (- 0| (e

+/[t”‘ = (L=t (pla)] + (1 =) [£'(0(b)) ] dt

(2.30) M (K, + Ky}
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Hence, conculating K; ve K5, we have

1
2

Kio= [l=07 =) )] + 0= 0)1f eb)) di

0

- WW@M/KL4P%%”Wﬁ+WWMM/KL%P“—ﬁO—mﬁ
0 0

(2.11)

=|fwmm[( ! !

a+D(a+2) 20t (a+1

1 1
a+2 20t a+1)

|+ 1ot |

and

Ky = /[ta — (@ =) e[ (pla)] + (1 =) [F (0 (b)) dt

’ 1 1 / 1 L
= | (o(a))] [a+2 - 2a+1(a+1)} + 11 (2(®))] {(QH)(QH) - QQH(QH)]

Using (2.11) and (2.12) in (2.10), it follows that

fp(a)) + fp(b) T(a+1) §

‘ 2  2(p(b) - pla))” {J«o(a +fe(d) + J@(b))_f(g;(a))“
< eb) —pla) 1 { 1)
B 2 a+1 20

b
}|f D+ 17 (o))l

Secondly, we suppose that ¢ > 1. Using Lemma 3 and power mean inequality, we
obtain

1

/I(l—t) — 1 [te(a)) + (1 = £)((D))]] dt

0
(2.13)

1 -3 /1 i
< (/m—w“—ﬂwg (/Kr%w—fouww»+u—wwwMQﬁ>.

0
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Hence, using p-convexity of |f/|? and (2.13) we obtain

‘f(@(a)) +fle(®)  Tlet1)
p(a))

2 2(¢p(b) —
) —pla) 5 2(0) (/I(l _—— —L‘a|dt)

x (/ (=) =t |f" [t(p(a)) + (1 = t)(w(b))]th>

1 1 1-
< M (/[(lt)o‘ta]dt+/[t°‘(lt)“]dt)
0

1
q

. [Jg;(a))+f (2(0) + o)~ f (‘P(a))} ‘

1—1
q

IA

q

Q=

SIS

x (/ (L=t =t [t1f (p(a)|" + (1 =) [f (0 (b))]"] dt)

IN

ﬂ“—wwhil[l (L3;ﬂﬂfwmmﬂwfwwmﬂ3

a+1

which completes the proof. [

Theorem 6. Let J be an interval a,b € J with 0 < a <band ¢ : J — R a
continuous increasing function. Let f : I C R — R be a differantiable function on
I° (the interior I) and f' € Ly [p(a),p(b)] for ¢(a),p(b) € I. If |f'|? is the -
convez on [p(a),p(b)] , g > 1, then the following inequaliy holds:

‘f(so (@) +fle®)  T(a+1)
2 2(p(b) — ¢ (a)”

< elpf 2 (1Y)

[Jg(a)+f(gp (b)) + T2 - f@ (a))} '

o =

(W@@W+wwwwy.
2

wherea>0and%+%=l.
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Proof. Using Lemma 3, ¢-convexity of |f|? and well-known Hélder’s inequality, we
obtain

f(p(a)) + Fp (b)) T(a+1) . .
‘ 2 T2 0) — () [‘]«)(aﬁf(@ (b)) + J5 - f e (a))} '

IN

M / (1 =)™ =t | [t(p (a) + (1 — ) (¢ (b))]| dt
0

< 20-vl ( 1|<1—t>a—ta|pdt)p ( 1|f’ [t(sa(a))+<1—t><so<b>>1|qcit)q
at /
< 7“1));@@ (/ [(1t)“t“]pdt+/[t“(1t)“]pdt)
0 1

x (/ [E1f" (e ()" + (1 =) |f' (2 ()] dt)

0

20 _ele) ( Jia—oer ey [ dt)
0 1

" <|f’(<p (@)” +1f'(¢ (b))|q>‘11

p

IN

2

_ <p(b)—<p(a){ 2 (1 1)];(If’(v?(a))lquIf’(@(b))lq>‘l’.

2 ap+1\  20p 2

Here, we use (A — B)? < A? — BP for any A > B >0 and p > 1. 0

Theorem 7. Let J be an interval a,b € J with0 < a <bandp:J — Ra
continuous increasing function. Let f : I C R — R be a differantiable function on
I° (the interior 1) and f’ € Ly [¢(a), p(b)] for o(a),p(b) € I. If | f'|? ¢- convez on
[p(a), p(b)] for same fixed g > 1,then the following inequality for fractional integrals
holds:

f(p(a)) + fle (b)) D(a+1) . §
2 2(p(b) —¢(a)” {Jw(aﬁf@ () + Jo )~ f(w(a))

- [qa1+1 (1—2qi+1)] (lf/(‘p(“))|q+|f'(<p(b))|‘1>é

2
where a > 0.
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Proof. Using Lemma 3, p-convexity of |f|?, and well-known Hélder’s inequality,
we have

flp(a)) + fe () [la+1)

[ T8y [ (0) + TS0~ f (e (b))} ‘

2 EICIOETIOR
< /| 1= 0% — 2] | [t (@) + (1 — t) (o (0))]| dt
0
< (@) Jrrae] { [10-07 =11 e @)+ 0= o o) de
0 0
= 2022 - g e e @) + - (e O
0
+ [ = =01 e (@) + (- e O] e
0
< L2l [ (-0 - o]
0
PO / [(1— £y — 991 — )] dt + |f'(p (a))]" / (19950 — (1 — )] dt
0 1
G / 91— 1) — (1 )] at
- D[ 5]) @i+ e e
Here, Weuse(A B)P < AP — BP for any A > B >0 and ¢ > 1. O
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