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ON THE HERMITE- HADAMARD-FEJER TYPE INTEGRAL
INEQUALITY FOR CONVEX FUNCTION

MEHMET ZEKI SARIKAYA AND SAMET ERDEN

ABSTRACT. In this paper, we extend some estimates of the right hand side of a
Hermite- Hadamard-Fejér type inequality for functions whose first derivatives
absolute values are convex.The results presented here would provide extensions
of those given in earlier works.

1. INTRODUCTION

Definition 1. The function f : [a,b] C R — R, is said to be convex if the following
inequality holds

fOz+ (1= Ny) < Af(z)+ (1 =N f(y)
for all z,y € [a,b] and X € [0,1]. We say that f is concave if (—f) is convex.

The following inequality is well known in the literature as the Hermite-Hadamard
integral inequality (see, [4], [9]):

(1.1) f(a;b>§bia/abf(:v)dx§f(a);f(b)

where f : I C R — R is a convex function on the interval I of real numbers and
a,b € I with a <b.

In [3], Dragomir and Agarwal proved the following results connected with the
right part of (1.1).

Lemma 1. Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with
a<b. If f' € Lla,b], then the following equality holds:

fla)+f(b

(1.2) .

b g
! B bia/a fla)de = ’ 2 /0 (1—2t)f'(ta+ (1 — t)b)dt.

Theorem 1. Let f: I° CR — R be a differentiable mapping on I°, a,b € I° with
a <b. If |f'] is convex on [a,b], then the following inequality holds:

a b —a
13) ‘f();f(b)_bia/ fyis] < @9

<

(I (@) + 1 (®)) -
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Theorem 2. Let f:I° CR — R be a differentiable mapping on I°, a,b € I° with
a <b, f' € L(a,b) and p > 1. If the mapping |f’|p/(p71) is convex on [a,b], then
the following inequality holds:

(1.4)

W@2 nw/f

The most well-known inequalities related to the integral mean of a convex func-
tion are the Hermite Hadamard inequalities or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities (see, [12]-[15], [18], [19]). In [7], Fejer gave a
weighted generalizatinon of the inequalities (1.1) as the following;:

—1
—a ‘f/(a)|P/(P—1) + |f/(b)|P/(P—1) (p=1)/p
2(p + 1)1/” 2 '

Theorem 3. f:[a,b] — R, be a convex function, then the inequality

(1.5) f(“b)/ w(e dx<7/f f(Hf()/aw(x)dx

holds, where w : [a,b] — R is nonnegative, integrable, and symmetric about x = aT"‘b.

In [12], some inequalities of Hermite-Hadamard-Fejer type for differentiable con-
vex mappings were proved using the following lemma.

Lemma 2. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a < b, and w : [a,b] — [0,00) be a differentiable mapping. If f' € Lla,b], then the
following equality holds:

(1.6)

f(a );f()/ d:zf/ fla _ 0 . ) /Op(t)f’(taJr(l—t)b)dt

for each t € [0, 1], where

1 ¢
p(t) = / w(as+ (1 — s)b)ds — / w(as + (1 — s)b)ds.
¢ 0
The main result in [12] is as follows:

Theorem 4. Let f:1° C R — R be a differentiable mapping on I°, a,b € I° with
a<b, and w: [a,b] — [0,00) be a differentiable mapping and symmetric to ‘”‘b If
|f'| is convex on [a,b], then the following inequality holds:

. CETICY R
<b;ﬂfmmwfoﬂwﬁwwqé
where g(t) = f:;((lf__;))f w(w)dm‘ fort € [0,1].

Definition 2. Let f € Li[a,b]. The Riemann-Liouville integrals J3', [ and J* f of
order a > 0 with a > 0 are defined by

T f(a) = /m (x =0 f(B)dt, = >a

I'(«)
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and

b
(o)

respectively. Here, T'(ct) is the Gamma function and J°, f(z) = J)- f(z) = f(=).

b
J flx) = / (t—2)* " ft)dt, x<b

Meanwhile, Sarikaya et al.[11] presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order o > 0.

Lemma 3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
' € Lla,b], then the following equality for fractional integrals holds:

(1.8)

fla)+f(b) T(a+1)

T AR CRE IO b

b—a
2

It is remarkable that Sarikaya et al.[11] first give the following interesting inte-
gral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 5. Let [ : [a,b] — R be a positive function with 0 < a < b and
f € Lyfa,b]. If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

fla) +f(b)
2

(1.9) f (“;b> < QF((;‘T)L [T f() + e f(a)] <

with o > 0.

For some recent results connected with fractional integral inequalities see [1], [2],
[16],[17].

In this article, using functions whose derivatives absolute values are convex, we
obtained new inequalities of Hermite-Hadamard-Fejer type and Hermite-Hadamard
type involving fractional integrals. The results presented here would provide ex-
tensions of those given in earlier works.

2. MAIN RESULTS

We will establish some new results connected with the right-hand side of (1.5)
and (1.1) involving fractional integrals used the following Lemma. Now, we give
the following new Lemma for our results:

Lemma 4. Let f: I° CR — R be a differentiable mapping on 1°, a,b € I° with
a<bandletw: [a,b — R. If f',;w € Lla,b], then, for all x € [a,b], the following

/1 (1 =) =] f" (ta+ (1 — t)b) dt.
0
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equality holds:

(2.1) /(jw )ds)af/(t)dt—/b (/bw(s)ds)af/(t)dt
)

a a

(s
b «
— ( w(s)ds) [f(a) + f(b)]

o) s () o

a
where o > 1.

Proof. By integration by parts, we have the following equalities:

(2.2) /b ( j w(s)ds) : f()dt

and

Subtracting (2.3) from (2.2), we obtain (2.1). This completes the proof. O

Remark 1. If we take w(s) = 1 in 2.1, the identity (2.1) reduces to the identity

(1.8).
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Corollary 1. Under the same assumptions of Lemma 4 with o = 1, then the
following identity holds:

(2.4)

Remark 2. If we take w(s) =1 in (2.4), the identity (2.4) reduces to the identity
(1.2).

Now, by using the above lemma, we prove our main theorems:

Theorem 6. Let f:I° CR — R be a differentiable mapping on I°, a,b € 1° with
a < b and let w: [a,b] — R be continuous on [a,b]. If |f'| is convezr on [a,b], then
the following inequality holds:

b [e3

/ w(s)ds | [f(a) + FO)]

a

b/t a-l b /b a-l
—a/ /w(s)ds w(t)f(t)dt—a/ /w(s)ds w(t) f(t)dt
B )

where a > 0 and ||w||, = sup |w(t)].
€la,b]
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Proof. We take absolute value of (2.1), we find that

b «
( / w(s)ds) [f(a) + f(b)]

e o

mem/ﬁfwaﬂﬂﬁ+MMmM/@*ﬂ

a a

b
@ a ’ b—t t—a
= ||wH[a,b],oo {/(t_a’> f (ma"_ bfab) dt

b
o b—t t—a

a

t

[uas|| |

a

IN

I

)“t

(t)’ dt

IN

Since ‘ f/‘ is convex on [a.b], it follows that

b «
(/MQ@)[H@+f@]

a

a/b (]w(s)ds) a_lw(t)f(t)dta/b (/bw(s)ds) - w(t) f(t)dt

a a a

m{ju—@“B‘EVﬂM+Z‘ZVwﬂdt
+/b(b_t)a B_; (@) + Z:Z ‘f’(b)” dt}

- = @] )

A
Bl
Qe

Hence, the proof of theorem is completed.
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Corollary 2. Under the same assumptions of Theorem 6 with w(s) = 1, then the
following inequality holds:

(2.5)

‘ J@+JO) Tt D) sa ey 4 go f(a)

2 2(b—a)
p-a ([ @]/ o)
<
— (a+1) 2
Proof. This proof is given by Sarikaya et. al in [10]. |

Remark 3. If we take a =1 in (2.5), the inequality (2.5) reduces to (1.3).

Corollary 3. Under the same assumptions of Theorem 6 with o« = 1, then the
following inequality holds:

b b

[wtsas | LD fiosan < G Wl {1 (a)] + | )]

a a

Theorem 7. Let f:1° CR — R be a differentiable mapping on I°, a,b € I° with
a < b and let w : [a,b] — R be continuous on [a,b]. If |f'|* is conver on [a,b],
q > 1, then the following inequality holds:

2wl (5 ajett (£ @] +

< 1
(ap+1)7 2

where o >0, £ + 2 =1 and |w| = sup |w(?)|.
P 1 te(a,b]
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Proof. We take absolute value of (2.1). Using Holder’s inequality, we find that

b «
( / w<s>ds> [f(a) + £(b)]

a

o) s (o)

a a a t

b «

/

a

(/b /tw(s)ds

a

t

[ wleyis

a

b

(ﬂﬁ+/ im@@
dt)p (/b‘f’(t)‘th>q + (/b
ol {(/bta‘”ﬂdt) " (/b|b—t|°”’dt)

‘ q

IN

‘f’ (t)‘ dt

IN

IN

Since ‘fl (t)

(2.7) 'f < +b Zb)

From (2.7), it follows that

b [0
(/w(s)ds) [f(a) + f(b)]

a

-

a

2wl b=yt (7@ + o
(ap+1)% 2

which this completes the proof. O

is convex on [a, b]
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Corollary 4. Under the same assumptions of Theorem 6 with w(s) = 1, then the
following inequality holds:

o8 LOESOERICES)

- a [Jar F(0) + Jp- ()]

2(b—a)
b)q)é

. =a (@]
- (ap+1) 2

3 =
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Corollary 5. Let the conditions of Theorem 7 hold. If we take « = 1 in (2.6),
then the following inequality holds:

b

2

a

b
(2.9) / w(syds | LSO / w(t) f(t)dt

‘ q !

Jwll, (b—a)? \f/(a)\qﬁt\f/(b)
(p+1)7 )

<

Remark 4. If we take w(s) =1 in (2.9), we have

1
‘ q '

b ’ q ’
Jl@)+f®) 1 b—a (|f@+]r®
2 _b—aa/f(t)dt S(erl)% 2

which is proved by Dragomir and Agarwal in [3].
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