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NEW SOME OSTROWSKI TYPE INEQUALITIES FOR
CO-ORDINATED CONVEX FUNCTIONS

MEHMET ZEKI SARIKAYA, HUSEYIN BUDAK, AND HATICE YALDIZ

ABSTRACT. In this paper, we obtain new identity for function of two variables
and apply them to give new Ostrowski type integral inequality for double
integrals involving functions whose derivatives are convex function on the co-
ordinates on A := [a,b] X [c,d] in R? with a < b, ¢ < d.

1. INTRODUCTION

Let f : [a,b] — R be a differentiable mapping on (a,b) whoose derivative f’ :
(a,b) — R is baunded on (a,b) , i.e. ||f'||, := sup |f'(t)] < co. Then we have the
te(a,b)

inequality
b 2
1 1 (m - L‘rb) ’
(1.1) f(x)—b_a/f(t)dt < 4+(b—;)2] b=a)lfllw>

for all z € [a,b][13]. The constant + is the best possible. This inequality is well
known in the literature as the Ostrowski inequality. For some results which gen-
eralize, improve and extend the inequality (1.1) see ([5], [6],[7], [14]-[17]) and the
references therein.

Let us consider now a bidemensional interval A := [a, b] X [¢,d] in R? with a < b
and ¢ < d, amapping f: A — R is said to be convexs on A if the inequality

fOz+ (1 =Xz, y+ (1 = Nw) < Af(z,9) + (1 =N f(zw),

holds for all (z,y), (z,w) € A and A € [0,1]. The mapping f is said to be concave
on the co-ordinates on if the above inequality holds in reversed direction, for all
(x,y), (z,w) € A and X € [0,1].

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1. A function f : A — R will be co-ordinated convexr on A, for all
t,s €10,1] and (x,y), (u,v) € A, if the following inequality holds:
flx+ (1 —t)y,su+ (1—s)v)
< tsf(zu) +5(1—1)f(y,u) +t(1 =) f(z,0) + (1 = t)(1 = 5)f(y,v).
For more information and recent developments on this topic, please refer to.
Clearly, every convex function is co-ordinated convex. Furthermore, there exist

co-ordinated convex function which is not convex, (see, [3]). For several recent
results concerning Hermite-Hadamard’s inequality for some convex function on the
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co-ordinates on a rectangle from the plane R?, we refer the reader to ([1]-[4] [8]-

[12],[18],[19]).

Also, in [3], Dragomir establish the following similar inequality of Hadamard’s
type for co-ordinated convex mapping on a rectangle from the plane R2.

Theorem 1. Suppose that f : A — R is co-ordinated convex on A. Then one has
the inequalities:

a+b c+d
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gilbl/faccdm—&—/fxd
/fayder/fbydy]
< f(a,6)+f(ad)+f(bC)+fbd)

4

The above inequalities are sharp.

In a recent paper [5], Barnett and Dragomir proved the following Ostrowski type
inequality for double integrals:

Theorem 2. Let f : [a,b] X [c,d]— R be continuous on [a,b] x [c,d], f; , = aa;afy
exists on (a,b) x (c,d) and is bounded, i.e.,
32
T et (e | 01y

Then, we have the inequality:

b d
//f(&t)dtds—(d—c)(b—a)f(amy)

d b
(1.3) — (bfa)/f(x,t)dt+(dfc)/f(s,y)ds

< B(b—a)2+(x—a;rb)2} E(d—c)2+ d“ ]H Fill

for all (z,y) € [a,b] x [c,d].

The main aim of this paper is to establish some new inequalities Ostrowski type
for double integrals involving functions whose derivatives are convex function on
the co-ordinates on A := [a,b] x [c,d] in R? with a < b, ¢ < d.
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2. MAIN RESULTS

To establish our main results we need the following identity:

Lemma 1. Let f : A € R? — R be a partial differentiable mapping on A :=

2
[a,b] x [e,d] in R? with a < b, ¢ < d. If fra = 88)\(’;; € Ly1(A), then for any
(z,y) € A, we have the equality:

flzyy) = /fxsds—I—i/fty /b/dftsdsdt

b d

1

11
X //f/\a A+ (1 =N t,ay + (1 — «) s)dadAdsdt.
0 0

Proof. For any t,z € [a,b] and y, s € [¢,d],t # z, y # s, we have

€T

[t = Jieon-siooise

[f (U’y)_f(o"s)Hf
= f(xay)_f(x78)_f(t7y)+f(t75)

and
f(x,y):f(xs)+f(ty tS //fo'T UT deU

For o = x + (1 —A) and 7 = ay + (1 — a) s, we obtain

f(l'vy) = f(x,s)—i—f(t,y)—f(t,s)

11
(2.2) +(z—1t) //fm Ax+ (1 =Nt ay+ (1 — ) s)dadA.
00

If we integrate (2.2) over ¢, s on A and divide by (b — a) (d — ¢), we have deduced
the desired equality (2.1). O

Theorem 3. Let f : A C R?2 — R be a partzal differentiable mapping on A :

[a,b] X [e,d] in R?* with a < b, ¢ < d and |fral is a convex function on

8)«9 ‘

the co-ordinates on A.
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(i) If fra € Loo(A) then for any (z,y) € A,

‘ /fxsds—i/ftydt—i— 70//ftsdsdt

(b—a)(d—rc)
- 4

)]

(1) If fra € Lp(A) p> 1, %—F % =1 then for any (z,y) € A,

I1fxa (2, 9) + [faa (@, 8)] + [Fra (6 9)] + [ Fra (£ 9)|]l

d

‘f(x,y)—dic/f(a: s)ds——/ftydwr /b/d (t,s)dsdt

C

e (=) ) Kiz:z)“? (=)

Xl fxa (@, ) + [ fra (@, ) + [fra (9|7 + |f>\a|pHp'

(i4i) If faa € L1(A) then for any (z,y) € A,

d b d
1
‘f(m,y)—d_c/fxsds—/ftydt—i— b—a) ([d=0) //ftsdsdt
C
11 |z—42)] |1 ly—<
< - |= 2 - 2
- 4[2_‘_ b—a 2+ d—c

x[(b—a)(d—c)[fra (@,y)] + (b —a) [ faa (z, )]y + (d =) [|faa ()l + [ ralli]-



Proof. (i). Using (2.1), convexity of |fio| and taking the modulus, it follows that

‘ /fa:sds——/ftydt—i— _C//ftsdsdt

IN

IN
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1

5

b d
ﬁ//%tlly—sl//lﬁa Az + (1= A)t,ay + (1 - a) s)| dadAdsdt

b d
aaal/
m//

+(1—)\)a\f,\a(t,y
1
4(b—a)(d—c)
b d

— O\H
— O

+ o

— o

|4+ (1 =X\ (1 — ) |fra (t,5)]] dad\dsdt

|z —t/|y — s| |faaPz+ (1 =N t,ay + (1 — a) s)| dadAdsdt

[z =ty — s|[Aa|faa (2, 9)| + A (1 = @) | fxa (2, 5)]

x / / 12— 11y — 5| [ Fra (@ 9] + | Fro (2 8)] + [ Fra (6 9)] + | Fra (8 5)]] dsdlt

a C

Since fra € Loo(A), we get

IN

‘ /fxsds——/ftydt—i— _C//ftsdsdt

ess sup {[faa (2,9)] + [faa (2, 8)| + [ Fra (6 9)] + | Fra (4, 9)]}

4(b—a) (d—c) (t,5)eA

//|w—t||y—s|dsdt

W e @ 9)] + | Fra (@ 8) + [ ra (6 9)] + [ Fra (E5)]]lo

(e (o

W I fxa (2, 9)| + [faa (@,8)| + [ faa & 9)] 4 [ fra (5 8)]| o

X((xa>2+<bx>2><<yc> <dy>)
2 2

W I fre (@ 0)] + | Fra (@, 8)] + | Fra W)+ [ Fra ()]l o

[ G ()]
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(ii). As above, we have

‘ /yxsm,gf/fmmuf ]jfmdw

= (b—a)(d )
b d

x / / 2 — 11y — 5| [ Fra (@ 9)] + |Fra (@ 8)] + | fra (6 )] + | Fra (5 )] dsdz.

a (&

Using Holder’s ineguality for p > 1, % + % =1, we obtain

‘ /yzsm,gf/fumuf jjfmdw
ORI (/ I 'H'qd““)q

IN

a (&

b d :
X (//Hf)\a (@, Y]+ [fra (@, 8)] + [ fra & Y)] + [fra (tvs)deSdt>

_ 1 (& —a)™ ' 4 (b—2)*! a (y — )T 4 (d — )™ 1
= 4(b—a>(d—0) qg+1 q+1

X [ faa (@, 9)] + [ fra (@, )+ [fra G y)| + ‘f)\oz‘llp-

(iii). As above, we have

f(t,s)dsdt

e .
O\&

d b
‘f(ff,y)—dlc/f(lﬂs)ds—bla/f(tyy)dt‘FW

1
4(b—a)(d—-c)

<

—a
b d
x //|x—t| 9= 51 1Fxa )|+ o (9] L (190 + s (15)]) ds
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Using convexity of |fxa|, we obtain

/fxsdsf—/ftydtJr /b/dftsdsdt

1
= 3 (b—a)(d—c) tiﬁfb] =l s?[lfd] ly = sl
b d
< [ [ 10 @)l + 1 (2,9 + L ()] + | (8:5)] dsc
1
= mmax{x—a,b—x}max{y—c,d—y}
x[(b—a)(d—c)|fra (@ )|+ (b—a) [ fra (z,)]l; + (@ =) [[fra (W) + [ Frall]
_ 1l1+ kel | N EW —]
412 b—a 2 d—c
X [(b—=a)(d—c)|fra (@,y)] + (b= a) [ fra (z, ), + (d =) [[fra )1+ [ ralli]-
This completes the proof. O

Corollary 1. With the assumptions of Theorem 3 with x = “;b and y = C;d we
have the inequality

d
a+b c+d 1 a+b
f( 2 2 >_d—c/f( 2 ’S>d8

c

b b d
1 c+d 1
_b—a/f(t’ 5 )dt+(b_a)(d_6)//ft$dsdt

a

(b—a)(d—c)
< e
fm(“+b,cgd)‘+ fra (“;%) + |fra <t’cgd)‘+'f“(t’s)" |

provided faa € Loo(A).
If fra € Lpy(A) p>1, L+ 1 =1, we have

d
a+b c+d 1 a+b
() ()

C

b

b d
1 c+d 1
b—a/f(t’ 5 >dt+ —a)(d—c)//ftSdet

a

(b—a)7 (d—c)a
16 (¢ + 1)

a+b c+d
[ (22 220

P

f)\a <a;b7>

c+d\|°
+ f)\(l('? 2 )

+|f)\a|p
p
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If faa € L1(A), then

d
a+b c+d 1 a+b
(5 >—dc/f<2 g

C

bia/bf(tf;rd)dﬁ Y //ftsdsdt
G |o-a@-9

fra (“”,”d)‘ﬂb—a) ha (S500)
f)\a <7C—’2_d>

2
Theorem 4. Let f : A C R? — R be a partial differentiable mapping on A =

2 |P
[a,b] x [e,d] in R? with a < b, ¢ < d and 88)\8];

IN

1

+(d—c)

; fmnl} |

1

= \an|p, p > 1 14s a convex

function on the co-ordinates on A.
(i) If faa € Loo(A) then for any (z,y) € A,

/facsds—/b tydt+ _c//ftsdsdt
(b—a)l(d—)

pE [ xe (@ )17+ e (5 )15 + [fxa (5 9115 + [12allS]

B[ (2]

(1) If fra € Lp(A) p> 1, %Jr % =1 then for any (z,y) € A,

faw) - 7 [ Tasds - = /b F(t,y)dt + m /b /d (t, s)dsdt

et ) ) [ )
(6= 0) (= ) s )P+ s @+ s L+ 2]

(111) If fra € Lp(A), p>1, l + l =1 then for any (z,y) € A,

‘ /fa:s s—i/ftydt—k /b/dftsdsdt

T =

1 1
b-at @0t [1 Je-ot )] 1 [y—cs
- 4% 2 b—a 2 d—c

% [(b=a) (d =) 1fra @I + e @B+ Ifra I + [ rally]
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Proof. As in the proof of Theorem 3 we have

e L e P

b d
Cpr e //|x—t||y—s|//|f>\a A+ (L= Nt ay+ (1— a)s)| dadAdsdt
704

0

for any (z,y) € A. By Holder’s inequality, we get

11
//‘fxa A+ (1 =Nt ay+ (1 —a)s)| dad)
00

(O/O/lqdad)\) (0/0/|f,\a(/\x+(l—)\)t,ocy+(1—a)s)|pdad/\)

P

for any for any (z,y) € A, where % + % =1,p>1.
Since | faq|” is a convex function on the co-ordinates on A, then

p

11
(//|f)\a A+ (1 =Nt ay+(1—a) )pdad)\)
00

< (150 @) + o @) + Lo () + Lo (1901

for any (x,y) € A. Therefore

b d
/fxsdsfi/ftydlﬂr //ftsdsdt
3 x—tlly—s
B //| ly 3|

X ([Ifra (, y)|p + [ fra (2, 3)|p + [fra (t7y)|p + [faa (t, S)‘p])% dsdt.

<
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(i). Now, if faq € Loo(A) then

‘ /f:vs sf—/ftydtJr _C//ftsdsdt

PR (d_c)ess(t’s;;&ufm (@) + | fra (@5 + 1fra (69 + fra (t5) )7

b d
x//|x—t||y—s|d8dt

= P P o ()P L
e (b—a) @0 [ Faa (@ 9)]7 + 1 e (@ )15 + Fra ()P + 1 a2

y ((xa>2+<bx>2> ((yc>2+<dy>2>
2 2

for any (z,y) € A.
(ii). If faa € Lp(A) p > 1, zlv + % = 1, by using Holder’s inequality in (2.3), we
have

d b
‘f(x,y) - e =2 [ i s
1 b d é
4%(b—a)(d—c) (a//|x—t| ly — s dsdt)

b d
X (//[Ifm (@, 91" + [faa (@9 + [faa (97 + [ faa (& 9] dsdt)

1 (2-a)’+ -2\ ((y—0*+(d-y)’
45 (b—a) (d — c) 2 2

% [(0 = 0) (@= ) 1fra @I + fra @I + [ Fra I+ [ Frals]”

- s ETE T

1

% [(b =) (d = &) | e @) + e @ )E + e I + L FrallE]”

IN

f(t,s)dsdt

Se— .
0\&

IN

ES
P

IN

for any (z,y) € A.
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(ill) If faa € Lp(A) p > 1, % + % = 1, then, by Holders inequality we have

d

‘f(x,y)— d—

< - //|x—t||y—s|
4 b—a)(d—c)

x [ fra @97 + | fra (@ 8)” + [ fra (69 + | fra (2 5)[7]7 dt

1
4% (b—a) (d —

Q= O
Q-

( a) )

IN

d—

_ a+b

s€[c,d]

2

<b—a>% (d—o) [1 [
i 2

>~

x [0 a) (@~ &) e @) + e s )+ G+ 1l

Corollary 2. With the assumptions of Theorem 4 with x =

have the inequality

b—a

a+b c+d

(b—a)(d—c)
= 42_,’_%
a+b c+d
xl:fkoz( 2 ) 2

)

p

|

+ an(

a+b
2

sup |z —1| sup [y — s|
C) t€la,b]

)

1C/f(acs)ds——/ftydt+

c+d
2

p

o0

lies)

b d
x ( / / (fre (@) + | fra (@) + | fra () + [ fra (1 )] dsdt

max {x —a,b— x} max{y —c¢,d — y}

|

a

(b_a)l(d_c)a/bc/df(t,s)dsdt
+ [ fra (-,

c+d
2

) e (@ 9"+ [fra (@, )5 + [fra () + Hfmllﬂ

1 Yy —

d—c

%bandy:

).

b d
//ftsdsdt

);

8=

O
+d
55 we
sl ] 7
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If faa € Lp(A) p> 1,
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+ = =1 then we have

141
P q

d
a+b c+d 1 a+b
f( 2 2 >_dc/f( 2 ’s>d8

c

—bia/bf@c;d)d”w—@b—c)a/bjf“s)ds‘“

f a+b c+d
Ao 2 ) 9

(b—a)i (d—c)a P

45 (g +1)

f)\a <(J"2i_b7 )

- -0

f)\a <'7 c—gd>

3 =

p p

+ 1 frally
p

i

"

p

If faa € Lp(A) p > 1, % + % =1, then we have,

(1]
2]
(3]
[4]

(10]

d
a+b c+d 1 a+b
f( 2 2 )d—c/‘f( 2 ’s>d5

(&

g

f a+b c+d
Ao 2 ) 2

P

S el SOICE

f)\a (a;b7> f)\a <’C;d>
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