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SOME GENERALIZATION OF INTEGRAL INEQUALITIES FOR
TWICE DIFFERENTIABLE MAPPINGS INVOLVING
FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA AND HUSEYIN BUDAK

ABSTRACT. In this paper, a general integral identity involving Riemann-Liouville
fractional integrals is derived. By use this identity, we establish new some
generalized inequalities of the Hermite-Hadamard’s type for functions whose
absolute values of derivatives are convex.

1. INTRODUCTION

The following definition for convex functions is well known in the mathematical
literature:

The function f : [a,b] C R — R, is said to be convex if the following inequality
holds

fOAz 4+ (1=Ny) < Af(2) + (1= A)f(y)

for all 2,y € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.

Many inequalities have been established for convex functions but the most fa-
mous inequality is the Hermite-Hadamard’s inequality, due to its rich geometrical
significance and applications(see, e.g.,[12, p.137], [6]). These inequalities state that
if f: I — R is a convex function on the interval I of real numbers and a,b € I with
a < b, then

(1.1) f(a;b)gbia/abf(x)dng(a);f(b).

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of convexity
and it follows easily from Jensen’s inequality. Hadamard’s inequality for convex
functions has received renewed attention in recent years and a remarkable variety of
refinements and generalizations have been found (see, for example, [6, 8, 9, 12],[14]-
[16],]22],[23]) and the references cited therein.

In [16], Sarikaya et. al. established inequalities for twice differentiable con-
vex mappings which are connected with Hadamard’s inequality, and they used the
following lemma to prove their results:
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Lemma 1. Let f : I° C R — R be twice differentiable function on I°, a,b € I°
with a < b. If f"" € Ly]a,b], then

g w1 (450

(1.2)

= OO )7t + (- 08) + £+ (L D) dt

where
t2 ,tE€0,3)
1-1* ,teli1]
Also, the main inequalities in [16], pointed out as follows:

Theorem 1. Let f : I C R — R be twice differentiable function on I° with
f" € Lia,b). If | f"] is convex on [a,b], then

a+b
2

(b—a)’ {If” (@) + 11" (b)l]
24 2 '

8 [y g s

)’s

Theorem 2. Let f : I C R — R be twice differentiable function on I° such that
1" € Lila,b] where a,b e I, a <b. If |f"|? is convezx on [a,b], ¢ > 1, then

“b)‘ (b a)? {|f"<a>|q+|f"<b>|q]”q
2 T 8@2p+ 1) 2

) [ 2 s - £

1,1 _
where;—&—a—l.

In the following we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult [7, 10, 11, 13].

Definition 1. Let f € Ly[a,b]. The Riemann-Liouville integrals J, f and J* f of
order a > 0 with a > 0 are defined by

I f@) = g [ o= 07 0 2>

and

b
T f(x) = ﬁ/ (t—2) L fO)dt, = <b

respectively. Here, I'(t) is the Gamma function and JO f(z) = J)_f(z) = f(=).

Meanwhile, Sarikaya et al.[19] presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order a > 0.
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Lemma 2. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 < a < b.
If f' € La,b], then the following equality for fractional integrals holds:
20-1D(a + 1) a+b
2@+ ) [0 o e -
(b—a)” {J(i%f( )+ gy S =1 ( 2

2

b—a ! t 2t ! 2t t
= e f = = b)dt— e f! —b | dt
P Ger i) a- [or (e g) )

with o > 0.

(1.5)

It is remarkable that Sarikaya et al.[19] first give the following interesting inte-
gral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 3. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lila,b). If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

a+b 29710 (e + 1) 7, o
(1.6) f( 5 )S b=a" [J(a+b)+f(b)+J(aT+b),f(a) <

2
with o > 0.

fla) + f(b)
2

For some recent results connected with fractional integral inequalities see ([1, 2,
3, 4, 5],[17],[18],[20],[21],[24])

In this paper, we expand the Lemma 2 to the case of including a twice differ-
entiable function involving Riemann-Liouville fractional integrals and some other
integral inequalities using the generalized identity is obtained for fractional inte-
grals.

2. MAIN RESULTS

For our results, we give the following important fractional integrtal identity:

Lemma 3. Let f : [a,b] — R be twice differentiable mapping on (a,b) with 0 <
a<b. If f" € L|a,b], then the following equality for fractional integrals holds:

(@+1) (1= NAF(ha+ (1 —\)b)

DT (a+1
= +(b)— ;;‘Jr ) [/\aﬂJ&am—A)b)*f(“) +(1- )‘)a+1J(Oj\a+(1—>\)b)+f(b>}

= —(b—a)? (=N - /\)/t"‘“f” [t(ha + (1 — A)b) + (1 — t)a] dt
0

1
(2.1) +)\/(1 C P b+ (1= ) (ha + (1— A)b)] dt
0

where A € (0,1) and a > 0.
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Proof. Integrating by parts

1

/ta“f” [t(Aa + (1 = A\)b) + (1 — t)a] dt
0
o [t(Aa + (1 — A)b) + (1 — t)a] |

1-Nb—a) .
s [ e+ -+ (-
0
_ SQat(-Nh)  a+tl
T T 0-N0b-a  (1-N0b-a)
fha+ (1—\b) a Fo
% - = f [t(ha + (1 — A\)b) + (1 — t)a] dt
[(1—»w—a> (1—»@_a%/
_ Qe+ (1-0h)  (a+1)f(Qa+(1-N)b)
(1= —a) (1=X)2(b—a)?
(@t 1) Aa+(1—A)b
a+l)a o1
* (1 — A)at2(b — a)at? / (v —a)" " f(zx)dr

a

Frhat+@=XNb)  (a+1)fQa+(1—A)b)

L= N0-a) 1- N2 —a)?

+1)IM'(a+1 o
(1 (a)\)alz(l()a a)cz+2 (Aa+(1—A)b)’f(a)

that is,
/ta“f” t(ha+ (1 = \)b) + (1 —t)a] dt
0
__T(Aa+ (1 =ND) n (a+1)f(Aa+ (1 —A)b)
(L=M)(b—-a) (1=2)2(b—a)?
a+1 «a
22 - (1( ;L)alz(é +a) s 1@
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and similarly we have
1
/ BTt 4+ (1 — ) (Aa+ (1 — \)b)] dt
0
(Aa

+ (=X  (a+1)f(Ra+(1-Nb)
A(b—a) A2(b — a)?

f/

b
(a+ 1)« a—
Aa+(1-M)b

J'Qat (L=Nb) | (at1)f (hat (1= M)

Ab—a) A2(b— a)?
(a +1)T(a+1)
(2.3) Na+2(h — g)o+2 (O;\a+(1 A)b)+f< )
Adding (2.2) and (2.3) we have (2.1). This completes the proof. O

Corollary 1. Under the assumptions Lemma 3 with A = %, then it follows that

—(bgﬂb)2 {O/Itaufu {t (‘T’) +(1 —t)a} dt+0/1(1 — )t [tb+ (1 —t)a;rb} dt}

)

Remark 1. If we choose a =1 in Corollary 1, we have

f(a+b>
_ W{Ojﬂf” {t(a;b>+ (1-1) ]dt+0/1 7" [tb+(1—t)a;b}dt}.

Theorem 4. Let f:a,b] — R be twice differentiable mapping on (a,b) with 0 <
a<b. If|f"|*, g > 1 is convex on [a,b], then the following inequality for fractional
integrals holds:

Jﬁ‘%b),f(a) + J(O‘a;bﬁf(b)} .

(@ +1)T (a+1)
(b—a)

(a4+ 1)1 =XA*f(ha+ (1 —N)bd) —

X [)\a—‘rlj(os\aJr(lf)\)b)*f(a) +(1- /\)MlJ(Oi\aJr(l*A)b)*f(b)] ’

(b—a)® (1 — \)otiyett B (@ +2) |f” Qa+ (1= VB + | (@) "\ ¥
sy (s ooy

({2 Qe (L1 0) )}
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where A € (0,1) and > 0.

Proof. Firstly, we suppose that ¢ = 1. Using Lemma 3 and convexity of |f”|?, we
find that

(a+1)T (a+1)
(b—a)*

(a+1) (1= N*A*Fha+ (1= \)b) —

x {A““J&am_mb)ff(a) + (1= A)aﬂJ(aAa+(1—A>b)*f(b)} ’

(b—a)? (1 — A)otiratl {(1 ! /t““ 17 [tOa + (1 — \)b) + (1 — t)a]| dt
0

IN

1
+>\/(1 — )T b+ (1 —t)(Aa—i—(l—)\)b)Hdt}
0

IN

1
o [ =" )+ (1= D17 Cac+ (1 28] dt}
0

(b—a)® (1= N)otirett (a+2)|f" (Aa+ (1 =2D)| +|f" (a)
- a+2 {(1 - ( a+3 )

(a+2)[f" Aa+ (1 =Nb)]+[f" ()"
+/\< a+3 )}

Secondly, we suppose that ¢ > 1. Using Lemma 3 and power mean inequality, we
have

{(1 -A) /t““f” [t(Aa + (1 —A\)b) + (1 — t)a] dt

0

+/\/(1—t)“+1 P+ (1= ) (ha+ (1— \b)] dt}

0

1 -2 /1 i
< (- ( / ta“) ( [ e - + - t)anth)

0 0

1
(2.5h\ (/(1 - t)a“)
0

1—1
q

(/ L= [th+ (1 —t)(Aa+ (1 = \)b)]|* dt)
0

(b—a)® (1= n)tret! {(1 - /f““ 1" (Aa+ (1= Nb)[+ (1 =) [/ (a)l] dt
0

q
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Hence, using convexity of |f”|? and (2.5) we obtain
(a+DT'(a+1)
(b—a)®

(a+1) (1= N*AFha+ (1= A\)b) —

X {)\a+1J8\a+(17A)b)*f(a) +(1- A)a+1J6\a+(1*A)b)*f(b)] ’

< m LR Lo [ et il Gat =001+ (- 01" @l
(a+2)' 7 J
+A ( / (L= )" [t 17 ()] + (1= ) | (ha+ (1= Ab)] dt)
0
(b—a) A =NFaH [ a2 [ a+ (L= )+ 1" @]\ 7
- (a+2)7 % {(1 /\)< (@+2) (a+3) )
(@ +2) [f” Aat (L= NB)]+ 1" B\ 7
“( (@+2)(at3) ) }
This completes the proof. ([l

Corollary 2. Under assumption Theorem 4 with A = %, we obtain

£(57) - it [y 1@ + Ty 0|

8(a+1)(a+2) 7 a+3

< (b a)? {<<a+2> £ (2] + 1 <a>|q>5

a+3

1
N <<a+2> (=) 1f W) q } |
Remark 2. If we choose o =1 in Corollary 2, we have

f(“;b)—bfa/bf(mx

- {<3|f"<z+b>|0+|f"<a>|q>3

-

16x3 77 4

N <3|f” e i <b)q>3} |

Theorem 5. Let f:]a,b] — R be twice differentiable mapping on (a,b) with 0 < a <
b. If | "7 is convex on [a,b] for same fived ¢ > 1, then the following inequality for
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fractional integrals holds:

(a+ )T (a+1)

(a+1) (1= N*A*F(ha+ (1= A\)b) — =0k

X {)\a+1J6\a+(17A)b)*f(a) +(1- /\)a+1J8\a+(1*A>b)*f(b)] )

b o) (L= Nrxe {(1 (e
(pla+1)+1)r

(2.6)  +A (

[f" Qa+ (1 =N + | (b)lq) ‘1’}
5 :

where%—&—%:l,)\e(o,l) and o > 0.

Proof. Using Lemma 3, convexity of | f”|? well-known Hélder’s inequality, we have

(a+1)T(a+1)

(a+ 1) (1T =N*A(Aa+ (1 =N)bd) — b—a)

X [A““J&w(l—x)b)—f(a) +(1- )‘)QHJ(QAa+(1—k)b)+f(b)} ’

(b—a)? (1 — A)ot1 Ao+t {(1 Y (/ tp<a+1>) (/ 7 [Ea + (1= \)b) + (1 — £)a]|” dt)
0 0

1 P 1 %
+A (/ (1- t)”““)) (/ 1 1th+ (1 —t)(Aa + (1 — )\)b)]|th) }

0 0

1
q

IA

q

1
pa+1)+1)

IN

=

(b—a)® (1 — x>ttt {(1 - (/ [t Aa+ (1 =ND)|"+ (1 =0)]f" (a)]’] dt)
0

A (/ [E 177 B+ (1= 6) £ (ha+ (1 — A)b)|] dt) }
0

(p(a+1)+1)7

_ (=@’ (1= n)ettaet .\ F7 a4+ (1= VB + /" (@) "\ 7
(pla+1)+1)7 {(1 )< 2 )

(L 000+ ) } |
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Corollary 3. Under assumption Theorem 5 with A = %, we obtain

("57) - s [Ty 1@ + Ty 0|

b a)? <|f” (=22)]" + 15" <a>|Q>é
8(a+1)(plat1)+1)» 2

(e +|f"<b>lq>é}.

Remark 3. If we choose a =1 in Corollary 3, we have

IN

5 2
16 (2p+1)»

N <|f~ Cil e <b>|q>5} |

Theorem 6. Let f:a,b] — R be twice differentiable mapping on (a,b) with 0 < a <
b. If | f"|? is convex on [a,b] for same fized q > 1, then the following inequality for
fractional integrals holds:

. _b-ap {<|f”<‘z+b)!‘1+|f"<a>|Q>é

(a+ 1) (a+1)
(b—a)

(a+1)(1—N*A*Fha+ (1 — A\)b) —

X {)\a+1J(()3\a+(1—A)b)*f(a) +(1- A)a+1J(aAa+(1—%)b)*f(b)} ’

2 at+l yat (g(@+1) + 1) f" Qa+ (L= B+ [ (@)
< (b—a) (- A {(1‘”( (gla+D)+1)(g(a+1)+2) )

qla+1)+1) 1" Aa+ (1= B+ | (B)]7\ 7
A e }

where A € (0,1) and a > 0.
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Proof. Using Lemma 3, convexity of |f”|? well-known Holder’s inequality, we have

a+1)T (a+1)
(b—a)®

X {Aa+1jg\a+(1fx)b)*f(a) +(1- /\)a+ljg\a+(1fk>b)*f(b)] ‘

(b— a)? (1 — A)oF1pe+! {(1 Y (/ 1?) (/ $HD) £ Tt + (1= A)b) + (1 — £)a]|? dt)

(a+ 1) (1T =XN)*Af(Aa+ (1 —=XN)b) — (

IN

0 0

+A (/ 1?) (/ (1= )7 7 (b + (1 — t)(Aa+ (1 — )\)b)]|th) }

0 0

1

(b—a)® (1= n)Hret! {(1 y (/ D | a4 (1= A)0)[* + (1= 1) | (@)|] dt)
0

IN

Y (/(1 — )17 B)|T + (1= 1) | (Aa + (1= A)b)|] dt) }

0

e e f oy (@@ D DI Gat (=D I @[
= (b-oa A“”{“ (T e )

(qa+1)+ 1) [f" (Aa+ (1= B+ [ £ (B)]7\ 7
“( (@la+1)+1)(g(a+1)+2) ) }

Corollary 4. Under assumption Theorem 6 with A = %, we obtain

a+b IF'(a+1) N .
’f( ) b—ar 2o [J(a;b)f(a)JrJ(a;byf(b)”
_ 0= [ (et )0 | ) s @)
- 8(a+1) (qla+1)+1)(q(a+1)+2)

. (q(a+ 1)+ 1) |7 (<2)|" + [ ()] i
(q(a+1)+1)(g(a+1)+2) :
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Remark 4. If we choose o =1 in Corollary 4, we have

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]

(10]

(11]
(12]

[13]
(14]

(15]

(16]

(17)

18]

(19]

5

b—a)® [ [ @+ 1) (=) + 1 @)
TG 20+ 1) (291 2)

(20 + 1) |7 (=22)|" + |17 )\ *
(2¢+1)(2¢+2)
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