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SOME HERMITE -HADAMARD TYPE INTEGRAL
INEQUALITIES FOR TWICE DIFFERENTIABLE MAPPINGS
VIA FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA AND HUSEYIN BUDAK

ABSTRACT. In this paper, a general integral identity for fractional integrals
is derived. By use this identity, we establish new some generelized inequal-
ities of the Hermite-Hadamard’s type for functions whose absolute values of
derivatives are convex.

1. INTRODUCTION

The following definition for convex functions is well known in the mathematical
literature:

The function f : [a,b] C R — R, is said to be convex if the following inequality
holds

FO@+ (1= Ny) < Af(@) + (1 - A f(y)

for all z,y € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.

Many inequalities have been established for convex functions but the most fa-
mous inequality is the Hermite-Hadamard’s inequality, due to its rich geometrical
significance and applications(see, e.g.,[14, p.137], [8]). These inequalities state that
if f: I — R is a convex function on the interval I of real numbers and a,b € I with
a < b, then

(1.1) f(a;b>§bia/abf(x)dm§f(a);f(b).

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of convexity
and it follows easily from Jensen’s inequality. Hadamard’s inequality for convex
functions has received renewed attention in recent years and a remarkable variety
of refinements and generalizations have been found (see, for example, [1, 2, 8, 10,
11, 14],[16]-[18],[23],[24]) and the references cited therein.

The following lemma was proved for twice differentiable mappings in [8]:

Lemma 1. Let f : I C R — R be a twice differentiable mapping on I°, a,b € 1
with a < b and f" of integrable on [a,b], the following equality holds:

b _a)?
f(a)Jrf(b)_bia/a f(x)dx:(b2)/0 t(1—t)f" (ta+ (1 —t)b)dt.

1.2
(2) £

In [10], by using Lemma 1, Hussain et al. proved some inequalities related to
Hermite-Hadamard’s inequality for s-convex functions:
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Theorem 1. Let f : I C [0,00) — R be twice differentiable mapping on I° such
that f"” € Ly [a,b], where a,b € I with a <b. If |f"| is s—convex on [a,b] for some
fized s € [0,1] and g > 1, then the following inequality holds:

F@) 10 1 ) [ )
o |H 1w < o LR

b—a
1 1 _
where;)+af1.

Remark 1. If we take s =1 in (1.3), then we have

(1.4) ‘ﬂa) ;f(b) _ bia I f(x)dx' G ;;)2 [If”(a)q : If”(b)l"} "

n [16], Sarikaya and Aktan gave the following inequalities:

Theorem 2. Let f : I C R — R be twice differentiable function on I° with
" € Lifa,b]. If |f"] is a convex on [a,b], then

b
YR (RS

(1.5) A 5

<

(b—a)’ {If” (@) + 1" (b)l}
12 2 '

In the following we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult [9, 12, 13, 15].

Definition 1. Let f € Ly[a,b]. The Riemann-Liouville integrals J&, f and J* f of
order a > 0 with a > 0 are defined by

Jo f(x) = ﬁ /x (@) fB)dt, > a
and
b
T f(w) = r(la)/ (t—2)° L f(B)dt, @ <b

respectively. Here, I'(t) is the Gamma function and JO, f(z) = J)_f(z) = f(x).

Meanwhile, Sarikaya et al.[20] presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order o > 0.

Lemma 2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following equality for fractional integrals holds:

(1.6)

fla)+ f(b) T(a+1) b—a

1
3y ) TS @] = 75 /O[(l—t)“—to‘] P (tat (1— b d.

It is remarkable that Sarikaya et al.[20] first give the following interesting inte-
gral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.
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Theorem 3. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lila,b). If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

Ly f (a;rb> < j(fjal)i (72, £(b) + J¢ f(a)] < M

with o > 0.

On the other hand, in [22], Wang et al. extended Lemma 2 to the case of includ-
ing a twice differentiable function involving Riemann-Liouville fractional integrals
as follows:

Lemma 3. Let f : [a,b] — R be a twice differentiable mapping on (a,b) with
0<a<b. If f" € La,b], then the following equality for fractional integrals holds:

(1.8) f(a) ;rf(b) B 2F((ba+a;i % £ () 4 2 F(a)]
1
= 2(1207_3)1)/ [1 — (1 _ t)a+1 _ ot f// [ta + (1 _ t)b] dt.

For some recent results connected with fractional integral inequalities see ([3, 4,
5, 6, 7],[19],[21],[22],[25])

The aim of this paper is to establish generalized Hermite-Hadamard type inte-
gral inequalities for Riemann-Liouville fractional integral and some other integral
inequalities using the generalized identity is obtained for fractional integrals.

2. MAIN RESULTS

Lemma 4. Let f : [a,b] — R be twice differentiable mapping on (a,b) with 0 <
a<b. If f € L{a,b], then the following equality for fractional integrals holds:

(a+ 1) [fAa+ (1= X)b) + f(Ab+ (1 — N)a)] N(a+2)

(1—2X0)°(b—a)? (1— 202 (b — q)o+2

x [J(akar(l—/\)a)*f()‘a +(1=2)b) + J(O;\a—i-(l—)\)b)’fo‘b +(1- )\)G)}
(2.13 / (1= = ] F (1= AB) + (1= (A + (1~ Na)] de
0

where A € [0,1]\{3} and o > 0.
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Proof. Denote
1

[ = /[1—(1—t)a+1—ta+1 £ a4+ (1= M) + (1 — )M + (1 — A)a)] dt.
/f” (a+ (1= \b)+ (1= )(Ab+ (1 — A)a)] dt
0

—/(1—t)a“f [+ (1= \)b) + (1 — )M+ (1 — A)a)] dt

_ / £ a4 (1= Nb) + (1= )b+ (L= Na)] dt
0

(22 L —I,— I

Calculating I, I and I3, we have

L, = /f” [tha+ (1= X)) + (1 —)(Ab+ (1 — N)a)] dt

(2.3) - Tooo—a [f'(Ma+ (1= A)b) — F/(Ab+ (1 — Na)],

I / £ H a4 (1= A)b) + (1 — t)(Ab + (1 — N)a)] dt
0

%Jf’ [t(Aa + (1 = X)D) + (1 = t)(Ab+ (1 — N)a)] 1
(1=2))(b—a) 0

1
1_;;2_@/1‘”“ tAa+ (1= X2)b) + (1 = t)(Ab+ (1 = N)a)] dt

0
FOb+ (1= Na) a+1 FOb+ (1= Na) a
A—2N0-a T0—2M0-a| 0-20)0-a " (-200-a

></ HAa+ (1= A)B) + (1 — )(Ab + (1 — Na)] dt]

0
_f(Ab+ (1= Na) (oz+1)f()\b+(lf)\)a)+ ala+1)

1—-2)) (b—a) 1—202(b—a)? (1—2X)°(b—a)?

—~

(24)x [ (1 =) Flt(ha+ (1= X)b) + (1 —t)(Ab+ (1 — N)a)] dt

O\H
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and similarly

1

L = /ta“f“ [#(Aa 4+ (1= M)+ (1 — )(Ab + (1 — A)a)] dt
0
L e+ (=00 (@+1)f(at (01— M) ala+1)
= TA—an0b-a) A—200-af @ (=200 —ap?
(2.5) y /t"‘lf [+ (1= \)b) + (1 — )b+ (1 — A)a)] dt.
0

Using (2.3), (2.4) and (2.5) in (2.2), it follows that

I = IL-1,—-1I3
(a+D[fAa+ (1 =20+ fA+(1-Na)] a(la+1)

(1 —20)2(b— a)? 1 —20)2(b — a)?

y [/ (1= FtOa+ (1= \b) + (1 — ) (Ab+ (1 — A)a)] dt

0
+ /t“*lf [t(Aa+ (1 =A)b) + (1 = )(Ab + (1 = N)a)] dt]
0

(a+D[fAa+ (1 =Xb)+ fF(Ab+ (1—Na)] ala+1)

(1—20)2(b—a)? (1= 200 2(b — q)o+2

Aa+(1-A\)b Aa+(1-A\)b
y (Aa+ (1= \b) — 2] f(z)dz + / e — b+ (1= Na)] f(x)de
Ab+(1-XN)a Ab+(1-XN)a

(a+D)[fAa+ 1 =X)b)+ f(Ab+ (1 —N)a)] I'a+2)

(1—20)2(b— a)? (1— 20 F2(b — a)ot2

X [JgH(H)aﬁf(Aa (1= 0)b) + T8 1y D+ (1 A)a)} :

Corollary 1. Under the some assumptions of Lemma 4 with A = 0, we have

f(a) ; f) ;((bajaii [Je f(a) + T2 £(b]
—a)?
a+1)

(b
(

[)

/1 [1 — (1=t = t‘”l} " [tb+ (1 — t)a] dt.
0
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Remark 2. If we take A =1 in Lemma 4, we obtain

fla)+f0)  Tla+1)

[Ja- F(b) + Jpi f(a)]

2 (—1)**2(b - a)e
(2.6) = ba_ff / - ““—t“*l} F [ta + (1 — t)b] dt.
0

By using Jg f(a) + Jo f(b) = (=1)* [J% f(b) + J f(a)] in (2.6), the identity
(2.6) reduce to the identity (1.8) which prove by Wang et al. in [22].

Remark 3. If we take o = 1 in (2.6), then the equality in (2.6) becomes to the
equality (1.2).

Theorem 4. f : [a,b] — R be a twice differentiable mapping on (a,b) with 0 <
a <b. If |f"|? is convex on [a,b] for some fized ¢ > 1 then following inequality for
fractional holds:

(@+1)[f a4+ (1= Mb) + f(Ab+ (1 — N)a)] T'(a+2)
(1= 2)\)2(b — a)? C (1 =202 (b — a)ot?

[JQAHl MayrfAa+ (1 =X)b) + 5, Ab)_f(/\lwr(l—)\)a)”

ey - [f”(MJr(l—A)b)I ;\f”(Ab—i—(l—)\)aﬂ ]

where A € [0,1]\{3} and o > 0.

Proof. Firstly, we suppose that ¢ = 1. From Lemma 4, we have

(a+D[fAa+ 1 =Nb)+ fA+(1=Na)] I'(a+2)
(1 —2))2(b—a)? (1 —2)\)at2(b — q)ot2

|:J8\b+(1 A a)*f()\a’ + (1 - /\)b) + J (Aa+(1=X)b)~ f()\b + (1 - )\)a)} ‘

< /[17(14)“14&“} 7 [EOa + (1= A)B) + (1 — (b + (1 — Na)]| dt.
0
< /{1 — (1=t —ta“} (L1 Aa+ (1 =2)D)| + (1 =) [f"(Ab+ (1 = N)a)|] dt
0
= |f"(Aa+(1-Ab) £ — 2] gt
i o |
+ "N+ (1= A \/ 1—t —t)“”—ta“(l—t)} dt

o {If”(/\aﬂl - )I+|f”(/\b+(1—>\)a)]
(a+2) 2 '
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Here we use (1 — )" 4 t>*t1 < 1 for any ¢ € [0,1] and the convexity of |f”|.
Secondly, we suppose that ¢ > 1. Using Lemma 4 and the power mean equality
for ¢, we have

/ (1@ i ] |7+ (L= 0)B) + (L= )b+ (1~ Na)]|dr
0

< (/1 [1 — (11—t - t““] dt)
0

x (z]f) [1= (= = 7 fa o (1= )B) + (1= 0 + (1= o))l dt)
0

1
-3

1
q

Using Lemma 4, (2.8) and the convexity of |f”|?, we have

(a+D[fAa+ Q=20+ fAb+ (1 —Na)] I'(a+2)

(T—202(b—a)? (T = 2N P2 (b — q)oi?
x [J&bJr(lf)\)a)'*'f()\a + (1= 2b) + I8y 1)~ F(A+ (1 = A)a)} ’

1 -5
< 1—(1—t)*t —gott dt)
/! |
x (/ [1 St - t““} |f" [t(ha + (1= A\)b) + (1 —t)(Ab+ (1 — A)a)]lth)
0
1 =g
< 1— (1=t — ot at
/! 4

1
q

. ( J - a=om e ] 1 Oas (0= N+ 0= 0b+ (1= Na)l] dt)

_ ([t+ (1—t)*+> to‘“} :)1_3

at2  a+2
(LIRSS BITEDD ])

X

(ﬂz)l_é (aj—2>é [f"uam *A)b)lqglf”(kbﬂl A)a)lq]é

o {If”(AaJr(1—A)b)lq+|f”(kb+(1—k)a) }
a+2 2 '
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Corollary 2. Under the same assumptions of Theorem 4 with A = 0, then we take

(2.9)
fla)+7®) Tla+1)
2 2(b—a)~

a(b— a)? [If”(a)“+|f”(b)|qr.

[J?—f(a)+Jg+f(b)]‘ = 2(a+1)(a+2) 2

Remark 4. If we take A\ =1 in Theorem 4, then we obtain
(2.10)
fla)+r0)  — T(a+1)
2 (=1)a+22(b — a)®

ab — a)? [If”(a)q+|f”<b)|qr.

U )+ T3 1) < g

“2(a+1)(a+2)

By using Jg. f(a) + J f(b) = (=1)* [J f(b) + J& f(a)] in (2.10), the inequality
(2.10) reduces to the inequality (2.9).

Remark 5. If we take a =1 in (2.9), then the inequality in (2.9) becomes to the
inequality (1.4).

Remark 6. If we take « = 1 and ¢ = 1 in (2.9), then the inequality in (2.9)
becomes to the inequality (1.5).

Theorem 5. Let f : [a,b] — R be a twice differentiable mapping on (a,b) with
0<a<b. If|f"|? is convex on |a,b] for some fized q > 1, then following inequality
for fractional holds:

(a+D)[fAa+ (1 =Xb)+ f(Ab+ (1 —Na) I'a+2)
(1—=2X)2(b — a)? T (1= 20)0 2 (b — a)ot?

% [T 1 agay FO@+ (1= 200) + T8, 1= [0+ (1= Na) ‘

Q=

IN

<l_p(a+21)+1)zl)<|f"(>\a+(lA)b)|q42r|f”(>\b+(1)\)a)q)

where %—&— % =1, A€ [0,1]\{3} and o > 0.
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Proof. From Lemma 4 and using the well-known Hélder’s inequality and convexity
of | f”|, we have

(a+D[fPa+ 1 =20+ fA+(1—-Na)] I'(a+2)
(1 —2))2(b—a)? (1 —2)\)ot2(b — q)ot2

{J(Oj\bﬂl A)aﬁf()‘a + (L= A)p) + ‘] (Aa+(1=X\)b)~ b+ (1 - /\)a)} ’

< /Pfﬂfwﬂfﬁ“MWWM+GfMM+Q—MM+O—MMMt
0
< 1—(1—t)*Fh —gott pdt)
il |
(/u Nﬂ-l—wm+w1—ﬂun+u—xmnwﬁ)
0
< PP+ _ gplat) dt)
[Jumoeeee
1 1 %
< 177 0a+ @ =) [+ 1700+ (1= Aa)” O—ﬂﬁ)
[ / /
2 PP O+ (1= NB)+ |7 Ob + (1= N)a)| "\ @
(ZE)<L_Ma+D+1> ( 2 )

Here we use
[1 (=)t ta+1r <1-(1- f)Peth) _ gplat)
for any t € [0, 1] which follows from
(A—B)P < AP —
for any A > B > 0 and p > 1. which completes the proof. (I
Corollary 3. Under the same assumptions of Theorem 5 with A = 0, then we have

F@+f0) Tl+l), ., )
2 T ap—ap eSO+ fe)]

m (1_p(a +21)“)% <f”(a)lq;|f”(b)q)3_

Remark 7. If we take A =1 in Theorem 5, then we obtain

fla)+ f(b Ia+1 a @
‘U+()ngilﬁﬁ%ﬂ@«%ﬂm

(b— a)? 2 s @) 4 )N T
(2.13) < 2(a+1) <l_p(a+1)—|—1> ( 2 )

(2.12)
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By using Jg. f(a) + J f(b) = (=1)* [J2, f(b) + J& f(a)] in (2.13), the inequality
(2.13) reduces to the inequality (2.12).

Theorem 6. Let f : [a,b] — R be a twice differentiable mapping on (a,b) with
0 <a<b If|f'N" is convex on [a,b], for some fivred ¢ > 1, then following
inequality for fractional hold:
(a+1)[f()\a—l—(1—)\)b)+f()\b+(1—)\)a)]_ I'a+2)

(1 —=2X)2(b—a)? (1 =2X)2t+2(b — a)ot2

[J;;w payt SO+ (L= D)+ T8y sy~ FOD+ (1= A)a)} ‘

(q(a+1) _ 1)3 <|f”()\a+(1 — Db+ (1 A)a)|q>‘lf
gla+1)+1 2

where A € [0,1]\{3} and o > 0.

Proof. From Lemma 4 and using well-known Holder’s inequality, we have
(a4+1)[fAa+ (1T =Xb)+ f(Ab+ (1 —Na)] I'(a+2)

1 —20)2(b — a)? (1 — 20)2+2(b — a)o+2

[J&H(l syt FOGH (L= )b+ T8 1y FOD+ (1= )\)a)} (

< / {1 — (1=t = t‘l“} If" [t(Aa+ (1 —=X)b) + (1 —t)(Ab+ (1 — N)a)]| dt
0
< /1dt> (/ [1 (1t o taﬂq 17 [tha + (1= A)b) + (1 — ) (Ab + (1 — /\)a)]|th)
0 0
1 q
< / B D] [t O+ (L= WD)+ (L= )b + (1 = Na)|] dt)
0

1
= | If"(ha+(1- /\)b)|q/ [t — (1 =)ty tfl(a+1)+1} gt

1
q

1
b+ (1 — \q/ [(1=) = (1 =gl sDF gt —t)})

0
(q(a+1) - 1)‘11 <|f”(/\a+ (1 =20)["+ "N+ (1 = N)a) q)}?
gla+1)+1 2 '

Here we use
[1 — (=)t = t@“}q <1—(1—t)dleth) _qaeth)

for any t € [0, 1] which follows from
(A—B)? < A7 —

Q=
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for any A > B > 0 and g > 1 which completes the proof. O

Corollary 4. Under the same assumptions of Theorem 6 with A = 0, then we have

(2.14) ’f (a);f ® _ QF((ba_tL)li [T f(b) + T f(a)]
(b—a)® (qla+D) =1\ /| (@’ + £ (B)"\*
2(a+1) (q(a+1)+1) ( 2 > '

Corollary 5. If we take A =1 in Theorem 6, then we obtain

LTt U (@) + T2 0]

(b—a)® (qla+1)—1 . |/ ()| + | f"(D)| .
(2.15) S S+ (q(a+1)+1) ( 5 ) :

By using Jg f(a) + Jo f(b) = (=1)™ [J f(b) + J2 f(a)] in (2.15), the inequality
(2.15) reduces to the inequality (2.14).
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