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Abstract

This article deals with the determination of the rate of convergence to
the unit of each of three newly introduced here fuzzy perturbed normalized
neural network operators of one hidden layer. These are given through the
fuzzy modulus of continuity of the involved fuzzy number valued function
or its high order fuzzy derivative and that appears in the right-hand side
of the associated fuzzy Jackson type inequalities. The activation function
is very general, especially it can derive from any sigmoid or bell-shaped
function. The right hand sides of our fuzzy convergence inequalities do
not depend on the activation function. The sample fuzzy functionals are
of Stancu, Kantorovich and Quadrature types. We give applications for
the first fuzzy derivative of the involved function.
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1 Introduction

The Cardaliaguet-Euvrard real neural network operators were studied exten-
sively in [14], where the authors among many other things proved that these
operators converge uniformly on compacta, to the unit over continuous and
bounded functions. Our fuzzy "perturbed normalized neural network opera-
tors" are motivated and inspired by the "bell" and "squashing functions" of
[14]. The work in [14] is qualitative where the used bell-shaped function is gen-
eral. However, our work, though greatly motivated by [14], is quantitative and
the used activation functions are of compact support. Here we extend to fuzzy


sever
Typewriter
Received 13/06/14

sever
Typewriter


level our initial real work, see [12]. We derive a series of fuzzy Jackson type
inequalities giving close upper bounds to the errors in approximating the unit
operator by the above fuzzy perturbed neural network induced operators. All
involved constants there are well determined. These are pointwise and uniform
estimates involving the first fuzzy modulus of continuity of the engaged fuzzy
function or the fuzzy derivative of the function under approximation. We give
all necessary background of the fuzzy calculus needed.

Initial work of the subject was done in [10] and [11]. These works motivated
the current work.

2 Fuzzy Mathematical Analysis Background

We need the following basic background

Definition 1 (see [20]) Let pi: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xog € R: p(xg) = 1.

(it) p(Az+ (1 =A)y) = min{p(z),p(y)}, Va,y € R, VA€ [0,1] (uis
called a convez fuzzy subset).

(11) p is upper semicontinuous on R, i.e., V 29 € R and V ¢ > 0, 3 neigh-
borhood V (x¢) : p(z) < p(xo) +e, Vo eV (o).

(iv) the set supp (1) is compact in R (where supp(p) := {x € R: p(z) > 0}).

We call v a fuzzy real number. Denote the set of all p with R.

E.g., X{z01 € R, for any ¢ € R, where X{zo} U the characteristic function
at xq.

For 0 < r <1 and p € Rx define [u]" := {z € R : p(x) > r} and
(W] :={w €R: p(z) > 0}.

Then it is well known that for each r € [0,1], []" is a closed and bounded
interval of R ([16]).

For u,v € Ry and A € R, we define uniquely the sum v @ v and the product
A ©u by

weo ="+, Pou =", Vrel01],

where
[u]” 4 [v]" means the usual addition of two intervals (as subsets of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.,
[20]).
Notice 1 ® v = u and it holds
uPv=v0u, AQu=u® A\
If 0 <7 <7y <1 then [u]” C [u]™. Actually [u]" = [u(j), ugf)], where

ul” < uE:), u(_r),usrr) eR, Vrelo,1].



For A > 0 one has )\ug_f) =(AG u)ir), respectively.

Define
D: R]: X R]: — R+
by
D (u,v) :== sup max {)u(f) —o"|, ‘u(:) - US:) }7
rel0,1]
where

[v]" = [v(f)mir)} : u,v € Ry
We have that D is a metric on Rg.
Then (Rz, D) is a complete metric space, see [21], [20].
Here Z stands for fuzzy summation and 0 := y (0} € Rz is the neural
element with respect to &, i.e.,

u@aza@u:u, VueRE.

Denote

D*(f,g) = eS;l(IéRD (f,9),

where f,g: X — Rx.
‘We mention

Definition 2 Let f : X C R — Rz , X interval, we define the (first) fuzzy
modulus of continuity of f by

W (f,0) = sup D(f(z),f(y), §>0.
z,yeX, |lz—y|<d

We define by C¥ (R) the space of fuzzy uniformly continuous functions from
R — Ry, also Cx (R) is the space of fuzzy continuous functions on R, and
Cp (R,Rg) is the fuzzy continuous and bounded functions.

We mention

Proposition 3 (/6]) Let f € C¥ (X). Then wgf) (f,9)x < o0, for any 6 > 0.
Proposition 4 ([6]) It holds

limwi™ (£,0)y = wi” (£.0)x =0,
i f € CL(X).

Proposition 5 ([6]) Here [f]" = {f(r), _Y)} ,7€[0,1]. Let f € Cr (R). Then

fg) are equicontinuous with respect to r € [0,1] over R, respectively in =+.



Note 6 It is clear by Propositions 4, 5, that if f € C¥ (R), then f(r) € Cy (R)
(uniformly continuous on R). Clearly also if f € Cp(R,Rx), then f(ir) €
Cp (R) (continuous and bounded functions on R).

Proposition 7 Let f : R — Rz. Assume that wy (f,8)y, w1 (fy)ﬁ)

7

X
w1 (fJ(rr),(S)X are finite for any 6 > 0, r € [0,1], where X any interval of R.
Then

D (f:0)x = sup max{wn (£7,8) wn (£.0) ).

rel0,1]

Proof. Similar to Proposition 14.15, p. 246 of [7]. =
We need

Remark 8 (//]). Herer € [0,1], (-7 VY (W eR,i=1,..,meN. Suppose that

sup max( z( ),yl(T)) ER, fori=1,...m
rel0,1]

Then one sees easily that
sup max Zm Zy(r) < Z sup max( (r ),yfr)) (1)
r€[0,1] i=1 7€[0,1]

‘We need

Definition 9 Let x,y € Rr. If there exists z € Ry : x =y @ z, then we call z
the H-difference on x and y, denoted x — y

Definition 10 (/19]) Let T := [zg,x0 + 8] C R, with 8 > 0. A function f :
T — Ry is H-difference at x € T if there exists an f' (x) € Rx such that the
limits (with respect to D)

. flz+h)—f(z)
hli%l+ h h—0+ h

(2)

exist and are equal to f'(x).
We call ' the H-derivative or fuzzy derivative of [ at x.

Above is assumed that the H-differences f (x + h) — f (z), f (z) — f (x — h)
exist in Rz in a neighborhood of x.

Higher order H-fuzzy derivatives are defined the obvious way, like in the real
case.

We denote by C¥ (R), N > 1, the space of all N-times continuously H-fuzzy
differentiable functions from R into R.

We mention



Theorem 11 ([17]) Let f : R — Rz be H-fuzzy differentiable. Let t € R,
0<r<1. Clearly

ror=[ro” rol] cr
Then (f (t))(ir) are differentiable and

ror= (o) (rof)].
Le. ,
(MY = (1) vre.
Remark 12 ( [5]) Let f € C¥ (R), N > 1. Then by Theorem 11 we obtain

o0 =[(r0)” (ro) "],

fori=20,1,2,....N, and in particular we have that

(f(i))(r) _ (fj(;))(i) }
+
for any r € 0,1], alli=0,1,2,...,N.

Note 13 (/5]) Let f € CX (R), N > 1. Then by Theorem 11 we have fj(tr) €
CN (R), for any r € [0,1].

We need also a particular case of the Fuzzy Henstock integral (6 (z) = %),
see [20].

Definition 14 ([15], p. 644) Let [ : [a,b] — Rr. We say that f is Fuzzy-
Riemann integrable to I € R if for any € > 0, there exists § > 0 such that for
any division P = {[u,v]; &} of [a,b] with the norms A (P) < ¢, we have

D(Z(v—u)@f(ﬁ),[) <e.

P
We write

b
I:= (FR)/ f(z)dx. (3)
‘We mention

Theorem 15 ([16]) Let f : [a,b] — Rx be fuzzy continuous. Then

b
wm/fmm

exists and belongs to Rr, furthermore it holds

b r b b
&m/fmﬂ[/m@wm/u@mmy (4)

a

vV relo,1].



3 Real Neural Networks Approximation Basics
(see [12])

Here the activation function b: R — R, is of compact support [-T,T], T > 0.
That is b(z) > 0 for any « € [—T,T], and clearly b may have jump discon-
tinuities. Also the shape of the graph of b could be anything. Typically in
neural networks approximation we take b as a sigmoidal function or bell-shaped
function, of course here of compact support [—T,T], T' > 0.

Example 16 (i) b can be the characteristic function on [—1,1],
(i4) b can be that hat function over [—1,1], i.e.,

1+z, —1<2<0,
b(r)=<1—-2, 0<z<1,
0, elsewhere,

(i) the truncated sigmoidals

b(z) = H% or tanhz or erf (z), forx € [-T,T), with large T > 0,
“10, zeR-[-T,71],

(tv) the truncated Gompertz function

b(x) = eﬂe_ﬁx’ x e [-T,T); v,8>0; large T >0,
0, e R~ [-T,T],

The Gompertz functions are also sigmoidal functions, with wide applications
to many applied fields, e.g. demography and tumor growth modeling, etc.

So the general function b we will be using here covers all kinds of activation
functions in neural network approximations.

In the real case we consider functions f : R — R that are either continuous
and bounded, or uniformly continuous.

Let here the parameters p,v > 0; p;,v; > 0,7 =1,..,7 € N; w; > 0 :
iwi:1;0<a<1,m€R,n€N.

i=1
We use here the first modulus of continuity

wi(f,0) == sup  [f(z)—fW)l,
z,y € R
lz—y| <4

and given that f is uniformly continuous we get %ilréwl (f,0)=0.

Here we mention from [12] about the pointwise convergence with rates over
R, to the unit operator, of the following one hidden layer normalized neural
network perturbed operators,



(i) the Stancu type ([18])

S (5w (E2) ) (oo (- )
(Hn () (2) = (z E(;p(xk)) )

(ii) the Kantorovich type

2 v et
S ( X wi (n+vi) A0 dt) b(n'~ (z - £))
_ i= ntv,

(K (f)) () 2 ;
ZZ:—nQ b (nlia (313 - %))

and
(iii) the quadrature type

ra

I S ) )

=1
Yo bt (z— %))

Similar operators defined for bell-shaped functions and sample coefficients f (£)
were studied initially in [14], [1], [2], [3], [8], [9], etc.

Here we care about the generalized perturbed cases of these operators (see
[12], [13]).

Operator K, in the corresponding Signal Processing context, represents the

(M, (f)) (z) (7)

natural called "time-jitter" error, where the sample information is calculated in

a perturbed neighborhood of ’:Li’lf rather than exactly at the node %

The perturbed sample coefficients f (ﬁi’:) with 0 < p < v, were first used

by D. Stancu [18], in a totally different context, generalizing Bernstein operators
approximation on C ([0, 1]) .
The terms in the ratio of sums (5), (6), (7) are nonzero, iff

k k T
nl_a<m—>‘§T,1e T——| < (8)
n n nt—o
iff
nr —Tn® <k <nz+Tn* (9)
In order to have the desired order of the numbers
—n? <nz —Tn® < nz+Tn® < n?, (10)
it is sufficiently enough to assume that
n>T+|z|. (11)

When z € [-T,T] it is enough to assume n > 2T, which implies (10).



Proposition 17 ([1]) Let a <b, a,b € R. Let card (k) (> 0) be the mazimum
number of integers contained in [a,b]. Then

max (0,(b—a) —1) <card(k) < (b—a)+1. (12)
Note 18 We would like to establish a lower bound on card (k) over the interval
[ne — Tn® nx + Tn®). From Proposition 17 we get that
card (k) > max (2I'n® —1,0) . (13)
We obtain card (k) > 1, if
2Tn® —1>1 iffn>T =. (14)

So to have the desired order (10) and card (k) > 1 over [nz — Tn®, nx + Tn®],
we need to consider

n > max (T+|x|,T*i). (15)
Also notice that card (k) — 400, as n — +oc.

Denote by [] the integral part of a number and by [-] its ceiling.
So under assumption (15), the operators H,, K., M,, collapse to

(i)

S (St (B2 )0 0 (o - £)

(Ha (£)) (@) = ST e o) . 16)

(i)
iy S (Bt L 5 0] (o 8)
K, (f)) (z) = — G

I b = )
(17)

and

(iii)

S (Swd (B ) o (00 (o= £)
(M’ﬂ (f)) (Z‘) = [nz+Tno] (18)

Ek:[nw—Tn“] b (nl—a (‘T - %))

From [12] we will mention and use the following results.

Theorem 19 Letz € R, T > 0 and n € N such that n > max (T + |z| ,T‘i).
Then

(Ha () () — £ (@] < Zw o (r (B 4 (14 ) L)

(19)




vilz| + p; v; T
< _ 1 — .
- ie?ll?.}.{f} {wl (f’ ( n+v; ) i ( T + Z/Z'> nl-o
1

Corollary 20 Let x € [-T*,T*], T* > 0, n € N: n > max (T—|—T*,T‘F),
T > 0. Then

T viT* + p; Vi T
H, — v ey < i N 1
|| n(f) f”oo,[fT ,T}—izzlwwl (f < n+v; >+( +Tl+l/1> Tlla)

(20)
i€{l,...,F} n 4+ v; n+v;) n—¢

Theorem 21 Letz € R, T > 0 and n € N such that n > max (T + |z ,T‘é).
Then

[(Eo () (2) = f(2)] < (21)

vilz|+p+1 v; T
max <wi|f,(———— )+ 1+ .
i€{l,...7} n+ v; n+v; ) nt-o

Corollary 22 Let x € [-T*,T*], T* > 0, n € N: n > max (TJrT*,T*%),
T > 0. Then

1K () = flloo,j-ze 1) < (22)

ke +1 i T
o L (0 (530) + () ) |
ie{l,....,7} n—+v; n+v;) n—¢

Theorem 23 Letxz € R, T > 0 and n € N such that n > max (T + |z ,T‘§>.
Then

M, (1) (@)~ @ < (£2 4 0 ) (28)

nl—a

Corollary 24 Let x € [-T*,T*], T* > 0, n € N: n > max (TJFT*,T*%),
T > 0. Then

T
M0 (1) = Pl oo <1 (124 =2 (24)

nl—a

In (19)-(24) all converges are at the speed ——.
Again from [12], taking into account the differentiation order of f we obtain:

Theorem 25 Letxz € R, T > 0 and n € N such that n > max (T + |z ,T‘i),

0<a<l. Let f € CN(R), N €N, such that fN) is uniformly continuous or
18 continuous and bounded. Then

[(Hy () (2) = f (2)] <



(s = Pl T

i=1

.
v; x|+ W, v; T

Zwiwl (f(N), <M> + (1 +— ) 1) :

= n—+v; n+v,) nt—«

N
vilz|+p, Vi T
((W) + (1 + m) nﬁ)
N1 '

Inequality (25) implies the pointwise convergence with rates on (Hy, (f)) (x)to
f(x), as n — oo, at speed nl%‘l

Corollary 26 All as in Theorem 25, plus f9) (z) =0, j = 1,...,N. Then

|(Hn (f)) (2) = f (2)] <
o (1 (44125 + (o 52) )

N
(220 + (14 ) o22)

a convergence at the high speed of m

Corollary 27 Let x € [-T*,T*], T* > 0; T > 0 and n € N such that n >
max (T—l—T*,T‘é). Let f € CN(R), N € N, such that f) is uniformly

continuous or is continuous and bounded. Then

[Hn (f) = flloo fmre 7oy < (27)
N Hf(j)H 7 " j
00, [~ T*,T*] vill* + p; vi T
17 Moo, =117 M 1
y e S () < () ]

T v T* + i V; T
> wiws <f(N)7 (M> + (1 + ) 1a> '
P n+v; n+vy/n

Corollary 28 All as in Theorem 25, case of N = 1. It holds

[(Hy () (2) = f (2)] <

rrffom () (o) ]}

10




iw po(vileltm (v ) T
A G G n+v;) nt-

i ; i T
() (i) o)
n-+v; n+v;) n—«

Theorem 29 Same assumptions as in Theorem 25, with 0 < o < 1. Then

(0 () (&) — £ (&) < i 1) (20)
(e ()« (o) ) )+
T

- izl +p+1 i
S {m (f(N)7<V | + p )+(1+ v ) r )
n—+v; n+v,) nt—«

=1
N
vilx|+p+1 v T
(=) + (1 7)) o)

N!

Inequality (29) implies the pointwise convergence with rates of (K, (f)) (z) to
f(z), as n — oo, at the speed n%(

Corollary 30 All as in Theorem 25, plus f9) () =0, j=1,..,N;0< a < 1.
Then
[(Kn () (&) = f (2)] <

. i +1 i T
Zwi {OJ1 (f(N)a (V ol it ) + (1 +— ) . ) ‘ (30)
n+v; n+v;) n—¢

=1
N
vilz|+p,+1 i T
((5) + (14 285) )

N! ’

1
a convergence at speed nA—a)(NFD) -

Corollary 31 Let x € [-T*,T7*], T* > 0; T > 0 and n € N such that n >
max (T+T*,T’i>, 0<a<l LetfecCV(R), NN, such that f(N) is

uniformly continuous or is continuous and bounded. Then

ST —

j! (31)

1K () = Flloo o 7o) <
j=1

11



z viT* + p; + 1 ; T 7
w () () ] )
Pl n+ v; n+v;/ n
T Z/,'T*—f— +1 V; T
o (4 () (o) )
— n—+v; n+v,/) n

i=
N
ViT*JFlLi‘i’l T
() + (1 28) o)

N!

Corollary 32 All as in Theorem 25, case of N = 1. It holds
(K (f)) () = f (2)] <

/ Z vile|+p; +1 v; T
i _ 1 2
x) (;m(( s >+<+n+ui>n1_a + (32)
u ; 41 T
oo (0 () () )
Pl n-—+v; n—l—uZ n
() = (5) =)
n+v; n+v;) n—%

Theorem 33 Let all as in Theorem 25. Then

N 1£6) (4 j
@ - sl < SO L
A N (S
“ (f(N)’nla +n> g NI 2 '

Inequality (33) implies the pointwise convergence with rates of (My, (f)) (z) to
f(x), as n — oo, at the speed ——=

Corollary 34 All as in Theorem 25, plus f9) (z) =0, j = 1,...,N. Then

(M (£)) (&) — f (@)] < (f<N>, T, 1) E=+a)

Tll o n N' ’
a convergence at speed N —
g P nd—a)(N+D)

Corollary 35 All here as in Corollary 27. Then

N 9] T j
00, [T, T%] 1
()= Floorern < 30— (G ) 09

T 1\N
+wi (f(N), T +1> (== + ) .

N!

12



Finally we mention also from [12]

Corollary 36 All as in Theorem 25, N =1 case. It holds

0, ()@ - 1@ < 17 @+ (1 e+ )| (G 3) - 60

n

Remark 37 1) By change of variable method, the operator K,, could be written
conveniently as follows:
(i)’
(K (f)) (z) =
nz+Tn® u ﬁ k —a
Sy (S ) 777 £ (4 K52 ) ) o 0 (o )
+T'ne] —a k
S ey b (01 (@ = £))
2) Next we apply the principle of iterated suprema. Let W C R and f : W —

Rx with D* (f,0) < oo, that is f is a fuzzy bounded function. Then easily we
derive that

. (37)

D*(f,0) = sup max{Hf(r) J(r’")

rel0,1]

} (38)
oo
where ||-|| ., is the supremum norm of the function over W, and

4 Fuzzy Neural Network Approximations

Here we consider f € C¥ (R) or f € Cp (R,Rx), b is as in section 3, 0 < a < 1,
also the rest of parameters, are as in section 3. For = € R, we take always that
n > max (T + |z 7T_%). The fuzzy analog of operators H,,, K,,, M,,, see (16),
(17), (18) and (37) follows, n € N.

We define the corresponding fuzzy operators next

(i)

Sl (e (52)) 00 (= (o )

S e b (n1 (2 = £))

, (39)

(557 (1) (w) =

Sk o e <Z i(ntvi) © (FR) [ f(t+ﬁi‘;zi)dt)®b<n” e

S e b (0170 (= £))

13



T (B e i) obtn - 4)

M (f)) () m
( ) S e b (170 (@ — £))
(41)
Call S
nr n k
Viz)= b(nt = (z—=)). (42)
k—]’nzz:Tn"‘] ( ( ’ﬂ))

We notice that (r € [0,1])
[nz+Tn]

@) = S (S ()] )

k=[nx—Tn"

[nz+Tn®]

B (Ee e G <iz:5::)]) el
- [ [’”Jina] ( <ﬁiﬁz)> (z— & )’ "
[nxin} < (r) ij;/:l )b (c— & ]

k=[nz—Tn]
k=[nz—Tn>]

= (1 (7)) @ (1 (£27)) @ }

We have proved that

(7 ()Y = Ha (£7), Vrep, (44)

respectively.
For convinience also we call

nt= (z— &
We observe that
(K57 () (@)]" =
mfna] (iw,(n+y,) /+ f<t+ k+uz>dt T)A(x) o)
k=[nz—Tn>] \i=1 ' ' 0 n+v;

14



[nz+Tn]

> <Zwl n+v;)

1
ntu; r k X
/ o (t n J”‘) dt,
k=[nz—Tn>] nF v
o k+
L) dt
/0 24 ( n+ Vz‘)

[nz+Tn] n+1Vi i o
Z (Zwl n+ v; / fy) <t+uz> dt)A(x),
n—+v;

k=[nz—Tn>]

) A(z) = (46)

[nz+Tn]

Z (Zwl (n+wvy;) /n B ff) <t+m> dt)A(ac)

k=[nz—Tn>]

= (5 (1)) 0 (< () 0]

We have proved that

(k2 (1) =K, (1), ¥relo, (47)
respectively.

By linear change of variable of fuzzy Riemann integrals, see [7], pp. 242-243,
we easily obtain that

(K37 () (2) =
S (St v 0 (PR [T 7)) 0 (0 (0= )
S e b (01 (= £)) ’
(48)
which is the fuzzy analog of (K, (f)) (z) as in (17).
Next we observe that
[nz+Tn] . r
)@l = S (S (Ben)])aw-
k=[nz—Tn>]
[nz+Tn] Id k i k i
3 (Zwi [f(” ( + ) i ( + )D A(z)=  (49)
k=[nz—Tn>] \i=1 n nr n nr
[nz+Tn] k i
Z (wa(r) (—i—))A(ac)7
k=[nz—Tn>] " wr
[nz+Tn") ( 7 ") k i
k= fna:X:Tna] zz:; B n nr

15



= (o0 (1)) . (0 (7)) ]

That is proving
() T
(MZ ()Y =M (1), vrelnl, (50)

respectively.
We present our first main result

Theorem 38 It holds
D ((H7 () (@), f (z)) <

; T
wﬁf)< K"”x”’) <1+ Y ) - D (51)
ze{l, ,r} n—+v; n+v,) n—«

where wg}-) (f,- )—wl (f, g
Notice that (51) implies H (f) 5 f, pointwise, as n — oo when f €

C% (R), at speed ——

Proof. We observe that

(HZ (1)) (@)= 10 @)} 2 (52)

sup max {| (57 ()" (@) = £ @),

r€l0,1]
s man{| (1) @0 10 12 (7)) 0 1 0}

sup max{ max { (f(r) (W) + (1+ Vi ) 1T )}’
r€(0,1] ie{l,...,7} n+v; n+tuv;) nl-o
(r) (Vilzl+p Vs T
— 1 1 1 _
ie?llf?(f} {W1 < T < n+v; U n+v;) nt-
(r) Vi |$|+Mz‘> ( v; ) T })
— — |+ {1+ ,
Tzl[tl?l] e {W1 <f iG%Ill?-)»(f} [( n+v; n+v; ) nt=-e

T i i i T

o (1 | (5) + (o ) 7

i€{l,...,7} n+v; n+v;) n—¢
(by Proposition 7)

F) Vi |z| + py 1. b T

_— 53

(f,iemaxT} {( n+v; Ut n+wv; ) nt=a|)’ (53)

proving the claim. m

16



1

Corollary 39 Let x € [-T*,T*], T* > 0, n € N: n > max (T—i—T*,T*E),
T >0. Then
D* (H;Z: (f)’f)[fT*,T*] <

T+ i T
w(f) (f, max KV +M1) + (1 + 7 ) —_— D . (54)
i€{1,...,7} n—+v; n+v,) nt—¢

Notice that (54) implies H (f) 2N f, uniformly, as n — oo when f € CZ (R),
at speed n%a

Proof. By (51). =
‘We continue with

Theorem 40 It holds

D (KL (f) (@), f(x) <

i ,+1 i T
wgf) (f, ax [(V |z| + pu; + )+<1+ v ) r ]) (55)
i€{1,...,7} n—+v; n+v,) nt—«

Notice that (55) implies K (f) B f, pointwise, as n — oo when f € CYZ (R),
at speed —=

nli—a:

Proof. Similar to Theorem 38, we use (47) and (21) into D ((K7 (f)) (=), f (z)).
Finally we use Proposition 7. m

Corollary 41 All as in Corollary 39. Then

D* (K7 ()2 £)) e ) < (56)

I ! i T
A7 (1 s, (558 + () 7).
ic{1,...,F} n—+v; n+v,) nt—«

Notice that (56) implies K (f) =N f, uniformly, as n — oo when f € C¥ (R),
at speed n%a

Proof. By (55). =
We also have

Theorem 42 [t holds

D«Mfu»mxquSw@(ﬁl+ T). (57)

n nlfa

Notice that (57) implies M7 (f) LA [, pointwise, as n — oo when f € C¥ (R),
at speed nl%u

17



Proof. Similar to Theorem 38, we use (50) and (23) into D ((M7 (f)) (z), f (z)).
Finally we use Proposition 7. m

Corollary 43 All as in Corollary 39. Then
s ((MF (L, T
D* ((M;] (f)vf))[_T*7T*] < wy faﬁ‘f‘nli_a . (58)

Notice that (58) implies M7 (f) N [, uniformly, as n — oo when f € C¥ (R),
at speed n%(,

Proof. By (57). m
We proceed to the following results where we use the smoothness of a fuzzy
derivative of f.

Theorem 44 Let f € C¥ (R), N € N, with H-fuzzy fWN) either fuzzy contin-
wous and bounded or fuzzy uniformly continuous.
Herex e R, T > 0, nEN:nzmaX(T—i—m,T_%), 0 < a <1, the rest of

parameters as in Section 3. Then

D ((HE (f)) (2),f (2)) <
SO (i (k) (12 L

j=1 i=1

£ () (1 50) )" N
i=1

N!

o) (f(N)’<Vi$|+Hi>+<1+ vi ) Z )
n-+v; n+v;,) nt—«

Inequality (59) implies the pointwise convergence with rates on (H; (f)) (z)

f(xz), as n — oo, at speed

1o

1
ni—o-*

Proof. We observe that

B maX{’(Hf N (@) - £ (m)‘ : )(H{ ) (@) - £ (x)‘} (49)
o[ () 02 0] 0 (20) - 20 0] 2

(60)

18



(by Remark 12)

N ’(f(j))(j) (w)‘ 7 vi |zl + i v, VRE,
e[ SO o (st oy )

j=1 i=1

T ) (v |x| + p,; Vi T
) (N) i Hi i )
+;wlw1 ((f )_ ’<n+ui >+<1+n+yi> n1a>
N
vilal+a, v \ T
() + (14 25) =)

NI ’

N
(

SR o [ Y (R et P

i=1

a ™) (v o]+ Vi T
. (N) v v 1 i .
Zwlwl((f >+ ’( n+v; * +n+ui nl-o
N
(( Z7‘13—1!—1’/_11“) + (1 + n—li/-ll/,) nlrlla) } (by<(1))

N!
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N T j
Z 1 Z vi x| + vi T 7’

f‘ w; |:(||HJ)+<1+ )1_] .
— 7° Pl n—+v; n+v,) n—«

r?[t)pu max{‘(f(j))(r) @], (f(j)>(+r> (@) }Jr (63)
() o (1) )
NCENIESES

sup max {wl <<f(N)> ’ <VZ || —|—‘,u1> + <1 + Vi ) 1a> ,
ref0,1] - n—+v; n+v,) n
) (v |z + p; v T
(N) k3 1 1 7 _
Wi ((f >+ ’( n+ v, * +n+1/¢ nl-a

(by definition of D and Proposition 7)

N 7 ;
1 vi x| + v T 7’ , .
— P e el B 1 _— D( () ’ )
;j! {;wz[( n+v; * +n+w nl-e fr@),o)+
N
7 vilz|+p, v T
((85) + (1+ 227) o)
> wi '
=1

N!

(F) (v ((Vilwl+ 1 vi T 64
Wi (f 7( n+v; + + n+ v, nl—a ’ ( )

proving the claim. m

Corollary 45 (to Theorem 44) Additionally assume that D (f(j) (z) ,5) =0,
j=1,...,N. Then
D ((Hy () (), f (2))

N
7 vilr|+p, Vi T
e (52 () )
w; .
i=1

IA

N!

) ) ) T
wi® <f<N),<V”z|+“Z>+<1+ - > = ) (65)
n-+v; n+v,) n—«

Inequality (65) implies the pointwise convergence with rates of (H7 (f)) (z) R

f(xz), as n — oo, at high speed of m

Proof. By (59). m
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Corollary 46 (to Theorem 44) Here we take x € [-T*,T*], T* > 0; T > 0
and n € N : n > max (TJrT*,T*Tlx), Let f € C¥(R), N € N, fWN) s either

fuzzy continuous and bounded or fuzzy uniformly continuous; 0 < a < 1. Then

D* (Hf <f)’f)[—T*,T*] <

N D* (f(J) 5) 7 N 4 ) j
10) [Zrs T4 vill™ + p; vi T
2 J! {Z“’K nt v )*(”nw)nl“} }+

J =1

* N
= ViT +H,; i T
Z’ () + (14 %) o)
W; .

N!

e ; i T
(g0, (ST (1 vy Ty
n-+v; n+v;) n—¢

Inequality (66) implies the uniform convergence with rates of H (f) bl f, as
n — oo, at speed n%a

Proof. By (59). m

Corollary 47 (to Theorem 44) Case N = 1. It holds

D ((H () (z),f(z)) <

D@3+l (1 (A8 1 (14 ) o )|

(Enlme)e (o) B o

Inequality (67) implies the pointwise convergence with rates of (H7 (f)) (z) A
f (@), asn — oo, at speed ——.

Proof. By (59). m
We continue with

Theorem 48 Let f € CY (R), N € N, with H-fuzzy FWN) either fuzzy contin-
wous and bounded or fuzzy uniformly continuous.

Here x € R, T > 0, n€N:anax(T+\x|,T*%), 0 < a <1, the rest of
parameters as in Section 3. Then

D (K7 () (@), f (2))

j=1 i=1

IA
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wlebbactd) 4 (14 25 —mT,a)N

" (( n+v; n+v;
> wi
i=1

N!

i  +1 i T
wgf) <f(N)7(V 2| + pi + >+<1+ v ) = >
n—+v; n+v;) n-—¢

Inequality (68) implies the pointwise convergence with rates on (K} (f)) (z) 5
f(x), asn — oo, at speed ——

nl—o

Proof. Similar to Theorem 44. Here we use (47), Theorem 29, Remark 12
along with (1), the definition of D and Proposition 7. m

Corollary 49 (to Theorem 48) Additionally assume that D (fU) (z),0) = 0,
j=1,...N. Then
D ((K7 () (2). f(2)) <
uimmﬂ) L (1 4w ) ga)N

r (( n+v; n+v;
> wi
i=1

N!

i +1 i T
wgf) <f(N),(V |lz| + p; + >+<1+ v > KR )
n+v; n+v;) n—¢

Inequality (69) implies the pointwise convergence with rates of (K7 (f)) (z)
f (@), as n — oo, at high speed of -

1o

Proof. By (68). m

Corollary 50 (to Theorem 48) Here we take x € [-T*,T*], T* > 0; T > 0
and n € N : n > max (TJrT*,T*%). Let f € CX(R), N € N, fIN) s either

fuzzy continuous and bounded or fuzzy uniformly continuous; 0 < o < 1. Then

Dr (Kf (f)’f)[fT*,T*] <

N D* (f(j) 5) 7 T 4 j
2 O) [—T* 77 (T A+ v, T
Z ! {sz[( n+v; >+(1+n+ui> nla} }+

j=1 i=1

* N
= v;T +N,+1 v, T
! (( n+v; ) + (1 + n+1/,i) nl_“>
E W; .
1=1

N!

I+ 1 i T
(0 () ) )
n—+v; n+v,) nt—«

Inequality (70) implies the uniform convergence with rates of K (f) bl f, as
n — oo, at speed

nl—o-
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Proof. By (68). =

Corollary 51 (to Theorem 48) Case N = 1. It holds

D (K7 () (@), (2)) <
B R A e R (e P I

n+v; n+ v;

@W(W%Gmi» an_a]} (71)

Inequality (71) implies the pointwise convergence with rates of (K7 (f)) (z) 5

f(xz), as n — oo, at speed n%w

Proof. By (68). m
We also have

Theorem 52 All here as in Theorem /4. Then

al D(fw(m),a)[ T 1r+

D((MT (D) @) f @) <D —— Tt
1) (s + LY
o (f(N)’ nia * n) nliaNI 2 (72)

Inequality (72) implies the pointwise convergence with rates on (M (f)) (z) KA
f(x), as n — oo, at the speed nl%a

Proof. As in Theorem 44. We use here (50), Theorem 33, Remark 12, (1),
definition of D and Proposition 7. m

Corollary 53 (to Theorem 52) Additionally assume that D (f(j) (z),0) =0,
j=1,...N. Then
D (M () (z), f (x)) <

T o1\ (L + Y

e’ n

Inequality (73) implies the pointwise convergence with rates of (M (f)) (z) 5
f(xz), as n — oo, at high speed of m

Proof. By (72). =
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Corollary 54 (to Theorem 52) Here all as in Corollary 46. Then

D (MF (), ) e o) <

iD*(f“%a)[_T*,T*][ iy +1r+wm (5.1 1)<+>N
/ 4! n ! "pl-a op N! ’

= nl—a
(74)

Inequality (74) implies the uniform convergence with rates of M (f) bl f, as

1

n — oo, at speed = .

Proof. By (72). =

Corollary 55 (to Theorem 52) Case N = 1. It holds

D ((M] () (@), f(2)) <
D (2),3) + ) (f',TNﬂ( T +1). (75)

nl-—a n nl—a n
Inequality (75) implies the pointwise convergence with rates of (M7 (f)) (z) 5
f(xz), as n — oo, at the speed n%ﬁ
Proof. By (72). =

Remark 56 All real neural network approximation results listed here were trans-
ferred to the fuzzy setting.
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