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Abstract

Here are studied further perturbed normalized neural network opera-
tors of Cardaliaguet-Euvrard type. We derive univariate and multivariate
Voronovskaya type asymptotic expansions for the error of approximation
of these operators to the unit operator.
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1 Introduction

P. Cardaliaguet and G. Euvrard were the first, see [11], to describe precisely and
study neural network approximation operators to the unit operator. Namely
they proved: be given f : R — R a continuous bounded function and b a
centered bell-shaped function, then the functions

P - 30 Ly (e (o= 1)),

k=—n?2

where [ := fix;o b(t)dt, 0 < a < 1, converge uniformly on compacta to f.
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You see above that the weights are explicitly known, for the first time
shown in [11].

Furthermore the authors in [11] proved that: let f: RP — R, p € N, be a
continuous bounded function and b a p-dimensional bell-shaped function. Then
the functions
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where [ is the integral of b on RP and 0 < a < 1, converge uniformly on
compacta to f.

Still the work [11] is qualitative and not quantitative.

The author in [1], [2] and [3], see chapters 2-5, was the first to establish neural
network approximations to continuous functions with rates, that is quantitative
works, by very specifically defined neural network operators of Cardaliagnet-
Euvrard and ”Squashing” types, by employing the modulus of continuity of the
engaged function or its high order derivative or partial derivatives, and produc-
ing very tight Jackson type inequalities. He treats there both the univariate and
multivariate cases. The defining these operators ”bell-shaped” and ”squashing”
function are assumed to be of compact support. Also in [3] he gives the Nth
order asymptotic expansion for the error of weak approximation of these two
operators to a special natural class of smooth functions, see chapters 4-5 there.

Though the work in [1], [2], [3], was quantitative, the rate of convergence
was not precisely determined.

Finally the author in [6], [8], by normalizing his operators he achieved to
determine the exact rates of convergence.

Recently the author in [9], [10] studied the convergence of perturbed cases of
the above neural network operators. These perturbations actually occur in what
we perceive in our computations from neural network operations. We continue
here this last study by giving Voronovskaya type asymptotic expansions for the
pointwise approximation of these perturbed operators to the unit operator, see
also the related [5], [7].

For more about neural networks in general we refer to [12], [13], [14], [15],
[16], [17].

The article is presented in two parts, the univariate and multivariate.

Part 1
Univariate Theory

2 Univariate Basics

Here the univariate activation function b : R — R, is of compact support
[-T,T], T > 0. That is b(z) > 0 for any = € [-T,T], and clearly b may
have jump discontinuities. Also the shape of the graph of b could be anything.
Typically in neural networks approximation we take b as a sigmoidal function



or bell-shaped function, of course here of compact support [T, T], T > 0.

Example 1 (i) b can be the characteristic function on [—1,1],
(7@) b can be that hat function over [—1,1], i.e.,

l+z, —1<z<0,
b(z)=<1—-2, 0<z<l1,
0, elsewhere,

(i) the truncated sigmoidals

b(z) = 1-&-% or tanhzx or erf (z), forxz € [-T,T], with large T > 0,
10, x€R—[-T,T],

(tv) the truncated Gompertz function

B

efae* 1’ = [—T,T}, 0576>O; la’l’geT>0,
b(z) =
O, QJ'GR*[*TaT]’

So the general function b we will be using here covers all kinds of activation
functions in univariate neural network approximations.

Typically we consider functions f : R — R that are either continuous and
bounded, or uniformly continuous.

Let here the parameters p,v > 0; p;,v; > 0,7 =1,..,r € N; w; > 0 :

T
wi=10<a<l,zeR, neN.
i=1
In this first part we study the asymptotic expansions of Voronovskaya type of
the following one hidden layer univariate normalized neural network perturbed

operators,

(i) the Stancu type (see [18])
S (S (88) )p - 4)

fen2 0 (07 (2 = )

(ii) the Kantorovich type

T ktp;+1
C o (S wtt o) [ F @) b0 (@ - )
1= ntuo;

(Ko () (2) = e

bz b (017 (2= 1))

and
(iii) the quadrature type

r

Sl (S (540 )bt (o= £)
(M, (1)) (@) = = :
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Similar operators defined for bell-shaped functions and sample coeflicients f (%)
were studied initially in [11], [1], [2], [3], [6], [8], [5], [7]-

Operator K, in the corresponding Signal Processing context, represents the
natural called "time-jitter" error, where the sample information is calculated in
a perturbed neighborhood of ﬁ% rather than exactly at the node %

The perturbed sample coefficients f (%) with 0 < p < v, were first used
by D. Stancu [18], in a totally different context, generalizing Bernstein opera-
tors approximation on C ([0,1]). For related approximation properties of these
perturbed operators see [9], [10].

The terms in the ratio of sums (1), (2), (3) are nonzero, iff

k k T
nt=® (z)‘ST, ie. |v——| < —— (4)
n n n-—o
iff
nx —Tn® <k <nx+Tn". (5)
In order to have the desired order of the numbers
—n? <nz—Tn® < nz+Tn® < n?, (6)
it is sufficiently enough to assume that
n>T+ |z (7)

When z € [-T,T] it is enough to assume n > 27T, which implies (6).

Proposition 2 ([1]) Let a < b, a,b € R. Let card (k) (> 0) be the mazimum
number of integers contained in [a,b]. Then

max (0,(b—a)—1) <card(k) < (b—a)+1. (8)

Note 3 We would like to establish a lower bound on card (k) over the interval
[nx — Tn® nx + Tn®). From Proposition 2 we get that

card (k) > max (2Tn® — 1,0) . (9)
We obtain card (k) > 1, if
2Tn® —1>1 iffn>T =. (10)

So to have the desired order (6) and card (k) > 1 over [nz — Tn®, nx + Tn®],
we need to consider
n > max (T—|—|x|,Tﬁé). (11)

Also notice that card (k) — +00, as n — +00.



Denote by [] the integral part of a number and by [-] its ceiling.
So under assumption (11), the operators H,, K., M,, collapse to

(i)
S e (£ it (2) ot o= £)

(Hn (f)) (z) = e , (12)
S e b (01 (2 = £))
(iz)
[nz+Tn] " k+ii4.r1 &
Yoie e Tne] (lez (n+vy) k{ui"l f @ dt> b (nl’a (m — H))
(Kn (f)) (z) = :
[nz+Tno] —a
Zk [nz—Tn] b (nl (sz - %))
(13)
and
(iii)
nx+Tn —a
S ey (S wif (40 ot o= £)
(M, (f)) (z) = P (14)
S e b (0 (2 = £))
We make
Remark 4 Let k as in (5). We observe that
k
k+'u—x‘§ —x’ k. (15)
n-+v n+v n-—+v
Next we see
k k k k @ vk T
—z| < =+ | —a < +
n+v n+v n n n(n+v) nl-o

(by |k| < max (|[nx — Tn®|, nx + Tn%|) < nl|z|+Tn*)

)

Consequently it holds the useful inequality

E+p v T T 1
W P
n+v Qj‘_(n—&—V) <|x|+n1a)+n1“+n+u

viz|+p v T
= ———= 1 O 17
( n+v )+< —i—n—&—z/)nlC¥7 (17

where p,v >0, 0 < a < 1.




Also, by change of variable method, the operator K, could be written conve-
niently as follows:

(i)’
(K (f) () =
1
(et ) 77 £ (14 ) e ) b (0 (o= £)
[nx+Tn>] _a
Zk:[nm—Tn“] b (nl (1‘ B %))
Let N € N, we denote by ACN (R) the space of functions f, such that f(N—1)
1s absolutely continuous function on compacta.

T

X2

[ne+Tn]
Zk:: [nz—Tn] ( 1

. (18)

3 Univariate Results
We give our first univariate main result

Theorem 5 Let f € ACYN (R), N € N, with ||f(N)HOO = Hf(N)HOO]R
z e R. HereanaX(T+|z|,T7%),O<a<1,n€N,T>O. Then

< 00, also

@) 1@ = O (o ) o () 09

where 0 < e < N.
If N =1, the sum in (19) collapses.
The last (19) implies that

N

(N—¢e)(1—a) _ _ =, f(]) (SL’) )
n (Ho (1)) (@) = f (@) = 3 = Ha (=2 o) | =0, (20)
j=1

asn — 00,0 <e<N.
When N =1, or f9) (z) =0, for all j =1,.... N — 1, then we derive

nN == [(H,, (£)) (2) = f (@)] = 0, (21)
asn — 00,0 <e<N.

Proof. Let k as in (5). We observe that

N—1 j
k4w, () k4w, J
n—+v; = 7! n+v;
ktpg (k"‘ﬂi _ t)N_l
ntv; n+v;
wz/ M) (1) 1) dt, i=1,..,r



Call
[nxz+Tn]

Vie)= > b (nla <x - z>) . (23)

k=[nz—Tn>]

Hence

(£ ws (52) )p e (e = £)
V (z)

N-d @) (z K , i\ p(pl-o (z— k
G

7=0 =1

1— ktp; Etp; Nt
du (m — Zw /W 4(”“1' _t) —dt
1

Therefore it holds (see (12))

(Hn () (z) = f(2) - (25)
N=1 4 [nz+Tn"] J l—a (, _ k
> f<;!(:r) (k MIZ:THQ]{(ZW <ii’:z _ > ) b(n Vgi) x) })
= R(x),
e S b1 (o~ £))
B(z)= V@) '
2y (580
Z / £ Wdt . (26)

Next we upper bound R (z).
We notice the following:
1) Case of % > x. Then

% (k+#1 _t)N—l m (k‘f’#l _t)N—l
T Ay </"*”" () "”— <
[ e < [T at

oy, oL

(Hﬂﬁ\!m) (em) s (e ) ) e




2) Case of f:r‘;l < x. Then

Kt p kdp; ) ( okt
ntuv, X t x t 7)
“or(N) t ("H_Vl—dt _ (N) t Ldt 29
e o 1O @
—1
k+p, k41,
v s T—ot) an
S/ ) (t)‘(nﬂ)dtg & (e-z) v

( |f(J]:f)!Hoo> ((Vz,,':itlm) N <1+ nfl/i) ana>N 50

So in either case we get

htpg

IF M\ ( (vl + vi \ T \V
(LRl () () )

Consequently we obtain

R (@) < (W) > (B s (14 ) an_a)N <

i=1

IN

-1
k+p,
7z_t

(N) (TL“—)
O~

(32)
[EAad | vi le| + vi \ T \"
( N! ie?ll,%.x,r} <(71+I/Z) * (1+ n—i—ui) n1a> -
1] vile] + T\ _
( N! ieirgrllf.i.}.(,r} (( nl-ano >+ n1—0‘> B
[EAaE vilel + b L
( N! iegl,a.‘.).{,r} (( > (1+ ) > nd—a)N = (33)
IF N1
(N! amax A (s lal + )+ (14w DY}
We have proved that
R (2)] <
[EAR Ny 1 A
( = | e {(@alel )+ 1) DY) =
(34)



That is we proved
1
R@I=0 (i ) (35)

and
|R(z)| =0(1). (36)

And, letting 0 < ¢ < N, we derive

R@)| _ A (N=e)(1—a) _ A

(e T w0 B0
as n — 0.
That is
@I =o (e ) (39)
Clearly here we can rewrite (25), as
B (1) (7)— £ )= 3 “;f“””) Hy((=a) @) =R@).  (39)
j=1

Based on (38) and (39) we derive (19). m
We continue with

Theorem 6 Let f € ACYN (R), N € N, with Hf(N)Hoo = Hf(N)HOOR < 00, also
z € R. HereanaX(T+|m|,T_é),0<a<1,n€N,T>O. Then

N=L4() (o ,
(0 (1)) =1 (2) = 3 L N (v )« €40

where 0 < e < N.
If N =1, the sum in (40) collapses.
The last (40) implies that

N-1

nN == (K () () = f (@) = Y

=1

19 (z )
j!( )k, ((. — gy x) 0, (41)
asn — 00, 0 <e<N.
When N =1, or f9) () =0, for all j =1,..., N — 1, then we derive
nN=OU= (K, () (2) = f ()] — 0, (42)

asn — 00, 0 <e<N.



Proof. Let k as in (5). We observe that

1 N— j
n+v; k (.7) vy k . J
/ f<t—l— +Ml> E / (t-l—w—a?) dt+
0 = n+v;

1 ktpg k+p, N-1
/m /H"”; F () (H_m_z) dz | dt (43)
z z )
0 T (N - 1)'

1=1,..,r
Hence it holds

(Z w; (n + I/i)/nﬂi f <t+ W) dt)
=1 0 n-+v;

N-1 1
+v k /
(Zwl n+v; / <t+ Rl ) dt)—i— (44)
n+v;
=0 i=1
—1
i [t ( + Z)
Zwl n+uv; / /w M (2) (Nl—l) dz | dt
Call
[nx+Tn] I
vV — 11—« _
(z) > b (n (x n)) (45)
k=[nz—Tn>]

I )

>

k=[nz—Tn]

r o , J
(Zwmnw)/ T (i o) dt>+R(x),
i=1 0 nt v

[nz+Tn®] = (g — k

k=[nz—Tn"]

where

1 ktpg

" ntv; tt ot
E w; (n+vy) / / f
i=1 0 x

N-1
(¢+ o - 2)
(N) (2) d

N =1 z | dt

10



So far we have

N—1 ,(; [nz+Tn®] 1—a k
) (2) b(n x— &
(ATIEEEED SR S
Jj=1 J: k=[nz—Tn>]
3 .
r o= k . J
Zwi(nJrVi)/Jr <t++ﬂzx> dt | = R(x).
i=1 0 nt v
Next we upper bound R (z) .
As in the proof of Theorem 5 we find that
N-1
o 2 N (t + ’Zi‘; — z)
[T @) e e <
N N
ki, ki1
(V) ’H—ﬁ _x‘ (V) (MjL #_z’)
£ <[] ()
o0 N! o0 N!

Therefore we get

N-1
wi | [t - (t + A z)
(n+ui)/0 /T 5 (2) =1 dz|dt <

(N) = , N
(”fN‘”oo> (n+ui)/ " <|t|+’iiﬁ’—x’) dt < (50)
! 0 i
i O O S T A
( N (n+w - _:UD

<
n-+v; -
(N) i 41 i T\
(HfN!HOC> <(V %?uﬁ >+<1+niui> nl—a) o

Consequently we infer that

17\ vila + p; + 1 vi \ T 1"
|R(w)| < ( N leK s )+(1+n+yi> nl—a} <

(N) ) ) ) N
(L N 70 S T & W UM T W A
N! ie{l,...,r} n+v; n+v; ) nl-o

[Edi vilal + ;i + 1 viy T 1Y
< N! ieﬁlfl..x,r} [( nl-ape > + (1 + E) nl—o‘] N

11




[EAl vile|+p; +1 viy Y1
<ZV! iegl?..x,r} |:<na> +(1+;) T] TN < (53)

Wb ) o (et )+ (w1
N! ie{l?..,r} T i nA—aN"
We have proved that
|R(z)| <
[FAR N1 B
(N! ieglflf()r} [(vilz] +p; +1) + (L+v) T pd—a)N — " p(I-a)N"
(54)
That is we proved
1
|R(z)] =0 (n(l—a)N) ) (55)
and
|R (z)] = o(1). (56)
And, letting 0 < ¢ < N, we derive
R () B i B
S n &) — O7 (57)
(m) n(l—a)N na(l—a)
as n — 0o.
That is 1
R =0 (vt ) (53)
Clearly here we can rewrite (48), as
N—1 ,;
9 (z) .
(K (D) (@) = F (@) = 30 =2 Ka (=2 2) =R@). (59)
=1 7
Based on (58) and (59) we derive (40). m
We also give
Theorem 7 Let f € ACYN (R), N € N, with ||f(N)HOO = Hf(N)Hoo,R < 00, also
x e R. Hereanax(T+|x|,T*?1x), 0<a<l,neN, T>0. Then
N-1 ,;
v /D) j 1
(M () (@) = f ) = 32 5= M (=2 2) +o( 0= ) - (60)
i=

where 0 < e < N.
If N =1, the sum in (60) collapses.

12



The last (60) implies that

N-1

nN=e)A=) | (Ar (F) (x f(j) (~—x)j,x) 0, (61)

j=1

asn — 00,0 <e<N.
When N =1, or f9) () =0, for all j =1,..., N — 1, then we derive

nN=A=D (M, (f)) (2) = f (2)] = 0, (62)
asn — 00,0 <e<N.
Proof. Let k as in (5). Again by Taylor’s formula we have that

T . N-1 ; T - j
k () k J
Zwif<+l): @5, (+Z_x> L)
P n nr - Vi n nr

j=0 Y=t

)Nfl

T ki k i
n nr E + E —_ t
Zw,;/ F (@) ( & D dt.
i=1 z ’

Call
[nz+Tn] k
Vi(z)= Z b (nl_"‘ (33 - >) . (64)
k=[nz—Tn>] "
Then

anmﬁfnTn‘ﬂ (Zrzlw’f (% + rZr)) b (nl—a (Jj o %))

(1 (1)) () = o
0 o S b - )
2 Vo)
, o Tt ek
r Etk ki pN1
(; w; /J @) G +( = 11;), dt>

Therefore we get

N2 0 () T e b (00 (2 = )

(M, () (&) — f () - j! Vo)

13



<sz( -l-—x)j) =R(z), (66)

where —— i
o Zkyf[nwriTna] b (nl—a (33 - ﬁ))
Rlo)= Vo) |
- wtar By i Nt
(Z wi/ (@) (3 Jr(;[l 11;)' dt> ) (67)
i=1 z :

As in the proof of Theorem 5 we obtain

ki k i N—-1
" W) o (e — 1)
(N) k ; N (N) k N
(”fN”)\ (”fN“)( ) s e

Clearly then it holds

IF™M Y (. T\
IR (2)] < <]V' <7’L+n1_a) =
IF 1 TN (VUL /1 N
( N! (nlana—i_nla) - N! (n°‘+T) WS

(70)
FN 1
(n "l ) 1+7)" i
That is o
IR (z)| < [(Hlech;) 1+1)" n(l_la)N (71)
C
= eV (72)
That is we proved
R@I=0 (i ) (73)
and
|R(z)| =o(1). (74)

14



And, letting 0 < ¢ < N, we derive

R C C
| E$)| < (l—a)Nn(N_E)(l_a) = e(l—a) - O’ (75)
(Ww—e)(l—a)) n n
as n — oo.
That is

IR ()| = o0 (n(zvl)()) ~ (76)

Clearly here we can rewrite (66), as

/Y @) j
(M (1) @) = 1 @) = 32 M, ((—2)2) =R(@).  (77)

Based on (76) and (77) we derive (60). m

Part 11
Multivariate Theory

4 Multivariate Basics

Here the activation function b : R — R, d € N, is of compact support B :=

d

[[[-7;,75], T; >0, j =1,...,d. That is b(z) > 0 for any = € B, and clearly b

j=1

may have jump discontinuities. Also the shape of the graph of b is immaterial.
Typically in neural networks approximation we take b to be a d-dimensional

bell-shaped function (i.e. per coordinate is a centered bell-shaped function), or

a product of univariate centered bell-shaped functions, or a product of sigmoid

functions, in our case all them of compact support B.

Example 8 Take b(x) = B (x1) B (x2) ...0 (x4), where B is any of the following
functions, j =1,....d:

(i) B (z;) is the characteristic function on [—1,1],

(it) B (xj) is the hat function over [—1,1], that is,

1+, —1<z;<0,
Bzj)=4q1—z;, 0<z; <1,
0, elsewhere,

(7i1) the truncated sigmoids

14+e™ %

8(z)) L or tanhz; or erf (z;), forz; € [—1},T;], with large T; > 0,
€Tr;) =
! 0, zj € R—[-T;,T}],

15



(iv) the truncated Gompertz function

B(z;) = e""efﬁzj, zj € [-15,T5]; o, B > 0; large Tj > 0,
’ 0, z; € R—[-T;Tj],

The Gompertz functions are also sigmoid functions, with wide applications
to many applied fields, e.g. demography and tumor growth modeling, etc.

Thus the general activation function b we will be using here includes all kinds
of activation functions in neural network approximations.

Typically we consider functions f : R4 — R that either continuous and
bounded, or uniformly continuous.

Let here the parameters: 0 < a < 1, z = (21,...,7q9) € R, n € N; r =
(11, os7a) € N4 i = (iy,...,iq) € N with 4; = 1,2,...,7;, j = 1,...,d; also let
w; = W;y,...4, > 0, such that i i i Wi, ,...i; = 1, in brief written as

i1=lig=1 ig=1
XT: w; = 1. We further consider the parameters k = (ky,...,kq) € Z%; p; =
i=1
(13, ...,.uid) ERL, v; = (v, .viy) ERY and Ay = Ny iy, 5 = Piy.ig = 0.
Call v = min{v;,,...,v;,} and ||z = max (|z1], ..., |z4]) -

In this second part we study the asymptotic expansions of Voronovskaya
type of the following one hidden layer multivariate normalized neural network
perturbed operators,

(i) the Stancu type (see [18])

(Hy, () (x) = (Hy, () (21,0, wa) = (78)
e (S (522) ) oo (o - £)

e O )

2 2 T T -t kot
Zzlzan sz:,nz (E Z wil,...,idf ( n+y: - n+yi:i) .

11:1 idzl

Zfzfn‘é‘ Zijfng b(nt=o (zq —2) . nt-e (g4 — E2))

b (nl_o‘ (ml — kl) ,...,nl_o‘ (xd — kd)) ,
n n

(ii) the Kantorovich type

(K5 (f) () = (79)

r

S (St 0 77 7 (14 52 ) ) (a7 (2~ )

Sh b (nte (v — £Y)

16



n? n? r r d
Z Z (Z Z Wiy ... iq (n+pi1,...,id)

ki=—n2 kgq=-n2? \i1=1 ig4=1

[ S fonﬂll """ Ld f( #""Jd"i' W) dty.. dtd)'
2212:—'”2 ZZj:—7L2 b (nlia (Il B %) peey T (‘rd B vad))

(80)

and
(iii) the quadrature type

S (S wd (4 55) bl (o= )
(M, () (z) = — p = (8D
k=—n? b ( - (.73 - E))

Zklff’n? : deffnz < Z Z th ,de (?1 ’ﬂTl kd T nl:d)) .

le 7,,11

Zkl —n2 de— n2b(n1 ‘X(ﬂcl kl) ...,nl—a( d—k—d))

b (nla <a:1 — kl) L ,ntTe (zd — kd)) .
n n

Similar operators defined for d-dimensional bell-shaped activation functions and
sample coefficients f (£) = f (%, ..., £4) were studied initially in [11], [1], [2],

[3], [6], [8], [5], [7], etc. Also see the newer research in [9], [10].
The terms in the ratio of sums (78)-(81) can be nonzero, iff simultaneously

k.
nt=e <xj - nj)‘ <Tj, allj=1,...d, (82)
e, Jay = 8] < e all j =1, d, if
—Tin® <k;j <nz; +Tjn%, alj=1,..d. (83)
To have the order
—n?< nx; — Tin® <kj <nz; +1Tn® < n?, (84)

we need n > T; + |z, all j =1,...,d. So (84) is true when we take

> T; i) - 85

n> jeﬁ,a.,’.{,d}< i+ |z (85)

When x € B in order to have (84) it is enough to assume that n > 27, where
T* := max{T1,...,Tq} > 0. Consider

I; .= [nz; — Tin% nx; + Tjn%), j=1,..,d, neN.

17



The length of fj is 27;n®. By Proposition 1 of [1], we get that the cardinality of
k; € Z that belong to f = card (kj) > max (2T;n“ —1,0), any j € {1,...,d}.
In order to have card (k;) > 1, we need 2Tjn* —1 > 1 iff n > ijé, any
je{l,..,d}.

Therefore, a sufficient condition in order to obtain the order (84) along with
the interval fj to contain at least one integer for all j = 1,...,d is that

> {T-+ ; ,Tfé}. 86
nz max AT+l T (86)
Clearly as n — +oo we get that card (k;) — +o0, all j = 1,...,d. Also notice
that card (k;) equals to the cardinality of integers in [[nz; — Tjn®], [nx; + T;n®]]
forall j =1,...,d.

From now on, in this part two we assume (86).

We denote by T' = (T4, ..., Ta), [nx + Tn®) = ([nz1 + Tin®], ..., [nxq + Tan®]),
and [nz — Tn%| = ([nzy — Tin®], ..., [nxqg — Tyn®]). Furthermore it holds

()

(H (1)) (&) = (H () (01, ) = (57)

S e (5 7 (52) )bt = 2)

S e b (e (= £))

[nz1+T1n%] [nxg+Tgn] kitug, katii,
Zkl rnml Tlna-l de ]'nzd Tdna“ Z Z w'Ll, ldf "+Vi1 g ooy n+Vid .

=1 ’Ld 1
Zgzzzlﬁ;lziyfi]ﬁnﬂ chtzdﬁzin(;dn“] ( ( 7) 7"”n17a (xd - %))
(58 o 2).
n n

(i)
(K5, () (z) = (88)

ka";in,rnﬂ <Z w; (n+p;) Jo G f (t + Ziﬁ )dt) b (nl_a (x — %))

S e e b (0170 (2= )

[n@1+T1n"] [nza+Tan®] ( T

Td
)RR SR (5 S Y R L

ki=[nz1—Tin®] kaq=[nxq—Tan>] \i1=1 ig=1

i1, i kitdig ka+Xiq,...
Joef e <t1 T b S > dt, dw)
+T1n®] [ +Tgn] _ k _ L
Zktw—l[nxlln Tin®] " Zkzmd[nxjn Tan® b (nl ¢ (xl - #) ""’nl ¢ ($d - T;l))

18



and

(iii)

nr

Sy (S s (5420 )0 0 (o= £)
1= = 90
ST (e (o £) )

(M () (z) =

[nz1+T1n%] [nxg+Tan®] k1 kq id
Zkl [nz1—Tin>] " de:]'nzdden“‘\ Z Z Wiy, 1df 7 nrl Rl

T nrq
1 =1 ’Ld 1

)

S S b (0 (21— 5 o (= &)

b (nl_o‘ (ml — kl) et (md - kd)) .
n n

So if |nt—@ (xj — ];J)‘ <Tj,all j=1,...,d, we get that

k T*
- — —_— 91
. nil, ~ nt e (91)
For convinience we call
[ne+Tn) k
Vv 11—« v _
k=[nz—Tn>]
[nz1+T1in%] [nea+Tan™]
k k
Z Z b (nl_a (xl — 1) e,ntTe (a:d — d)) .
n n
k}lzlr’n{rlle’ﬂa—‘ kd:[nﬂ:d*Tdnaw
(92)
We make
Remark 9 Here always k is as in (84).
I) We observe that
k . k .
W_Z,H < _:,JH s (93)
n-+v; o n—+v; oo n+ V|l
k
JE ) el
n—+v; o Nt me
Next we see
k k k k (91) vk T*
- < - = — = <
n+v; - n+vi ni, n - n(n+v) |, ni=@
(94)
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[vill T
< 1Kl T T = (%)
n (n—l—ui ) n
We notice for j = 1,...,d we get that

|kjl < nlajl + Tin®.
Therefore
[Elloo < lIn 2] + T < nllall, +TTn%,

(95)
where |x| = (|z1], ..., |z|,) -
Thus

([l T
) < (n|z|| +T*n" o=
( ) ) ( || ||oo ) n (TL+ V?un) nl—-a

* _a—1 HVZHOO T*
(”zHoo +T"n ) (n_i_y,rinin) + nl—oz'

So we get

k

7’L—|—Vi

— T

T Vil oo T
< {lzlle + +
~ ') (

, . 97
11—« n -+ V;mn) nl—o ( )
Consequently we obtain the useful

SN (N REATATN T U TR
n+v; - n + pmin ( )

— min
n+v;

II) We also have for

o0

oo

L+ Xy ig , T

-«
n—’_pilwuvid n

TSt el £ T = o)

.....



14+ Xy T i, T~
Loeotd +< Pir. sia )<||x||oo+nla>. (102)

n+pi1’~~,id nt-o n+pi1,m’id
We have found the useful

k4 Xy,
”t + A Aiy,ia z| < (103)
n—’_pilwuaid o0
(ml,.i.,m 1] o + Air,ooiia + 1> N (1 b Pireia > Ti .
n+pi1,~~’id n—'—pihm,id n-
III) We also observe that it holds
k j k 1|4 T* 1
+Z:cH <|[Z-z|| +=[%] <=o=+- (104)
n nr oo n o MTllee M™% mn

Next we follow [4], pp. 284-286.
About Multivariate Taylor formula and estimates

Let R%: d > 2; 2 := (21,..., 24) , To := (o1, ..., Toa) € RY. We consider the
space of functions ACN (Rd) with f : R? — R be such that all partial derivatives
of order (N — 1) are coordinatewise absolutely continuous functions on convex
compacta, N € N. Also f € CN~! (Rd). Each N order partial derivative

is denoted by fz := 9°f where & = (a1, ...,an), a;j € ZT, j = 1,..,d and

Oxa

la| == ijl a; = N. Consider g, (t) := f(xo +t(z —x0)), t > 0. Then

l

0
(2 — woj) Er J| (wo1 +t(21 — 2o1) , .., Ton + 1 (2N — Zon)) ,
1 J

g (t) =

d
Jj=

(105)
foralll =0,1,2,...,N.
Example 10 Let d =N = 2. Then
g- (t) = f(wo1 +t (21 — zo1) , To2 + t (22 — w02)), tER,
and

of (zo +t(z—x0))-

g (t) = (21 — 2o1) %f (00 -+ (2 = 20)) + (22 — 02) 5
(106)

Setting
(*) = (zo1 +t (21 — wo1) , To2 + t (22 — T02)) = (w0 +t (2 — 20)),

we get

2 0f° of’

" Tx% (*) + (zl — Zo1) (22 - xog) m *

g. (t) = (21 — wo1)
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of? af?

(Zl — 3301) (22 — 1‘02) @.’17183?2 (*) + (ZQ — xog) 8 ( ) . (107)
Similarly, we have the general case of d, N € N for ggN) (t).
We mention the following multivariate Taylor theorem.
Theorem 11 Under the above assumptions we have
_ _ X 9= (0)
flz1y2n) =g (1) = I + Ry (2,0), (108)
where
1 t1 tnN—1
Ry (2,0) := / (/ (/ g™ (ty) dtN> > dty, (109)
0 0 0
or )
1 N-1
=—— [ (1-6 (N (9) df. 11
Ry (20) = ey [ 1=0)" 7 ) (110)
Notice that g. (0) = f (z0) .
We make
Remark 12 Assume here that
I fallsore,n = = max [ fall oo pa < o0 (111)
Then
N
d )
(m) ey _
‘ H 01] ; zj — Toj) oz, [ (o +1t(z — o)) <
/ 0,[0,1]
(112)
N
d
> lzi =l | fallee
j=1
that is N
[0 oy < Uz = 2oll,)™ Nl < oo (113)
Hence we get by (110) that
||, 0.
|Ry (2,0)] < T < o0. (114)
And it holds
(12 = 2oll,)™ |, e
[ (2,0)] < S 25 (115)

Y z,x0 € R,
Inequality (115) will be an important tool in proving our main multivariate
results.
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5 Multivariate Results

We present our first multivariate main result

Theorem 13 Let f € ACN (Rd) noN-t (Rd), d e N—{1}, N € N, with

| falloRa v < 0o. Heren > ?axd} (Tj + |z;] ,T;E), where z € R4, 0 < a <
” jell,...,

1, ne N, T; > 0. Then

-

5 Jow | g : @ ! 116
Z 2 n H('*%‘) T | | to P(N—o)(i=a) |’ (116)
=1 | |a|=l Haj! Jj=1
j=1

where 0 < e < N.
If N =1, the sum in (116) collapses.
The last (116) implies that

p(N=e)(1-a),
N-1 fa d
H (D) @) = F@) =S| S| S m [ TI -2 2] || =0,
=1 | |a|=l H@j! j=1
j=1

(117)
asn — 00, 0 <e < N.
When N =1, or fz () =0, foralla:|a|=1=1,...,N — 1, then we derive

n(N=O=) (B (1)) () — f (2)] — 0, (118)

asn — 00,0 <e<N.

Proof. Set
k+ g
" = _— <t <1. 11
gre (1) f(x+t<n+yi x)) 0<t< (119)
Then we have
J l
kj + ;. 0
) J 15
(t) = E - | — 120
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and

giess (0) = f(2). (121)
By Taylor’s formula, we get
k’l + /J‘i1 k’d + /’['id
= i (1) = 122
f(n—&—yil’ "n+uv, gk:'() (122)

N-1 g(lflm (0)

o k+

n+ 7
v 4op 0
Z T N(n—i—u»’ >’

1=0
where 1
k4 p,; 1 N-1 (N)
R ig)=— [ (1-9 ) () . 123
N<n+w’> TR i ) =
Here we denote by
o ~
frm 67{;, &= (an,maq), a; €LY, j=1,..4d, (124)

such that |&| = > a; =1, 0 <1 < N.
j=1

More precisely we can rewrite

f<k+M>—f@ﬁ=

’fl—|—Vi

d

N-1 1 d k] +l142] [e%}
Z d H T a (2)
n—+v;
=1 I ;! j=1 i
j=1
a:=(ay,...,aq), oz]'GZ"',
d
J=1,d, |al=30 a;=l
j=1
k+ p;
R L0 125
+ N (’I’L‘f’yi, > 9 ( )
where

k+ p; ! N-1 1
¢ =N 1-—
RN<n+Vi70) /0 ( 9) Z d

a:=(a1,...,aq), a; LT,

d
J=1.d, |a]= 3 ;=N
j=1
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Thus
(0
T N—-1 7 [ (O) T
k + Hi _ "+IVt k + 1223
> zf<n+yl)_ > wi +> wiRy o))
i=1 =0 i=1 i=1
and
[ne+Tn®] - bt —a k
S (St (522 )0 (00 (2 £)
H* = = =
(H (1) (@) i
+T g(,flw ©
nT 7L —a k
N—1 Zk [nz— Tn"‘] Z Wi b (nl (I B Tz))
+ (128)
= V(z)
[ne+Tn) _a k r
Zk:[nz—Tn“'\ b (nl (LE - ﬁ)) Z wiR k+ s 0
V(Z‘) i—1 N ’I”L—|—l/i7 ’
Therefore it holds
(Hy, () (@) = f(2) -
o Q)
ne n nfu, —« k
N-1 Zk [nz— Tn"‘-\ ;wl +l! b (nl (I - E))
= R* 129
e @,  (29)
=1
where
[nz+Tn] 1—a k r
b (n (:E — 7)) k4 p;
R* (ZE) = n wZRN ( L 5 0) . (130)
k= |’anTn°"| 4 (I) z:zl n+vi
By (115) we get that
. N
(N) + /’LZ max
Grtu < — ==z falls < 00. 131
::;V 00,0.1] ( n+ v l1> || H R4 N ( )
And furthermore it holds
( ktp;
k + p’z ntv 1 max
‘RN <n+yi,0>' < N /& lloo e v - (132)



By (98) now we obtain

IN

(133)

l1

i ; i T~
(el ) (e )y T
n+ymln ,',L_l_y::]]ln nfa

kE+p,
R —0) <
‘ N<n+Vi’ )’_

@ T (Wil I log + s 2 -
N'K Foromm )T\t ) | falleme - (134)

and thus we have

Clearly now we can deduce

* dN
7 @ < (G Ialloson )

T

N
i ; i T
S (Pl il (1 e Y 7T g
P n+ vt n+vitt ) nioe
dN
(557 el

i i ¢ I~
ax [(IV IIOOII:EIoonntllluzlloo)Jr(lJr v ”Efm) L
all i = (iy, ..., 1q) : n+v; n+v; n

(ZJ = 1, ...,Tj; ] = 17,d>
dN
< (45 Wfallozon )

N
max Knu I =l + mnm) N (1 N Illoo) ] _ (136)
n

i nl—apa nl—a

dN
(57 el )
1Vill oo 1]l og + 112l o illoe \ 7] ¥ 1
m?XK o )T i S

dN
(& Wl )

N1 A

e (il oo + all) + (14 illo) T~ =5~ (137)

That is we proved

R ()| = O (@) , (138)
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and
|R* ()] = o(1). (139)

And, letting 0 < ¢ < N, we derive

R@ A veoaea A

-
i > C1—a)N I—a
(nw—s)(l—m) n(1=e) ne(1=e)

0, (140)

as n — oo.
Le.

R (2) = o (M) . (141)

Clearly here we can rewrite (129), as

N-1 3 d
VAR Sl D Sl ECCR PP | ) FREPRT | B
=1 | |a|=t -Hlaj! Jj=1

(142)
Based on (141) and (142) we derive (116). m
We continue with

Theorem 14 Let f € ACYN (RY) nCN"1(R?), d € N— {1}, N € N, with
| falloime v < oo. Heren > max (Tj + |z, ,Tz_é), wherez € R4, 0 < o <
k) b je{l,.447d} J
1, ne N, T; > 0. Then
(K, () (z) = f (z) =

N-1 fa(z) o d o 1 143
Z Z R n H('—%) » T +o A(N—o) (=) )’ (143)
=1 | |a|=! H ozj! j=1

j=1

where 0 < e < N.
If N =1, the sum in (143) collapses.
The last (143) implies that

p(N-e)(1-a),

N-1 »
(K (@ - @ -3 | S| 2 |k ([T —en oz | || =0,
=1 | |al=t Hlaj! j=1

(144)
asn — 00,0 <e<N.
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When N =1, or fz () =0, foralla:|a|=1=1,...,N — 1, then we derive

nN =D () () = f (2)] = 0,

asn — 00, 0 <e < N.

Proof. Set
91k (U:f(aﬂrA (t+n+pi‘x>)’ D<A <L

Then we have
l *
9( )k+>\i ()‘ ) =

n+p;

n —+ 7;+Pi
O]
N-19,~ i, (0)
ot k+ X\
”;,’” + Ry <t+ kA ,0),
1=0 : i
where
k+ X 1 ! N-1 (N)
t -0 ) = 1-6 s (0)d0.
R (1 ) = e [, 00" o @
Here we denote by
fa = gxg, Q= (al,...,ad), a; € ZJr, j=1,..,4d,

d
such that |a|= > a; =1,0<I < N.
=1

J
More precisely we can rewrite

k+ X\ _
f(tJrn‘f'Pi) ~ @)=

28
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(146)

(147)

(148)

(149)

(150)

(151)



(152)
where

> ﬁlaj! (ﬁ«tﬁ%i:)_“)m‘). e

a:=(a,...,0q), ajEZ+7

d
j=1,..., d, ‘al: E:laj:N
n+ p;

Zwi(n""Pi)d/ f(t—|— Tt >dt:
= 0

Thus it holds

154
=1 n+p; (154)
- d o (1)
N1 Z Wy (Tl + pz) fOner gt+ [ (O) dt
i=1 . ol N
=0 !
w; (n"‘Pl)d/ " Ry <t+ +70) dt.
i=1 0 n+ p;
Hence it holds
(K5 () (=) =
o r # , | -
ZLn:IF:LZT—Lllnﬂ'\ <Z W; (n + Pi)d On+m f (t 4 Ziﬁi)\:) dt) b (nl (m B 5))
i=1 :
V(z)
N-1 [nz+Tn] —a ) , L
1 b(n'~*(z— 1)) (Z a [T
- Z n w; (n+ p;) / g wix, (0)dt )| +
=0 ' k=[nz—=Tn*] v (117) =1 0 t+ n+tp;
(155)
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[ne+Tn]

>

k=[nz—Tn>]

So we see that

N—1 [ne+Tn)

1
i

" k=[nz—Tn]

=1

=R (LE) 5
where
R (z) =
[ne+Tn] 1—a
b (n (a: — = (Z
Z w; (n 4+ p;)
k=[nz—Tn]

By (115) we get that

k+ X\
‘ <<‘t+ +A
n+p;

And furthermore it holds

(N)
9, |kt
t+aror n+p;

00,[0,1]

1
d ["TPioa
i (n+p;) /0 gfijrAi

n+p;

k4 A

ﬁR t
/0 N +n+

N
- ) /5l Ra, v < 00
Iy

E+ X
Ry <t+ + ,0)‘ <
n+p;
N
HH_ BEAi _ g
P 1 max
NI ||fa||oo,Rd,N'
By (103) now we obtain
kE+ X
HH— Ao <
n+p; L

) N+ 1 ,
(PRt ) (o)
n+p; n+p;

and thus we have

E+ A

30

T*
nl—o ’

Ml )

. aN
(252
n+p;
_ N+ 1 ,
Kmxllw+ + )+<1+ Pi )

T 1N
nla:| :

i,O)dt .
Pi

(157)

(158)

(159)

(160)

(161)



Clearly now we can infer

* dN max
7 @) < (G Ml )
T N
‘ At 1 N\ T
— n+p; n+p; ) nt=e
dv max
(S Mtz )

; i+ 1 ‘
max Kmllmloﬁ i+ >+<1+ pi >
( all i = (i1, ...,4q) : ) n+p; n+p;

ij = ].,...,T'j; ] = ]., ,d

dN max

(57 sl )
, N1 N T Y

| (P 22 ) 4 (14 2) 2] -

i nt—on® n/ nt—¢

dN max
(%115 )
, N+ 1 , Ny
n

q ne n(lfa)N <

dN max
(57 el )

max [(p; 2] o + N + 1) + (14 p,) T

i

1 o D
n(l—a)N o n(l-—a)N"

That is we proved

. B 1
|R" ()] =0 (M)’

and
IR (z)] =0(1).
And, letting 0 < ¢ < N, we derive
‘R*l(xﬂ < D n(N—f—:)(l—a) — D -0,
(m) n(l—a)N ns(l—a)
as n — oo.
Le.

. B 1
|IR" ()] =0 (n(NE)(lO‘)) .
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e

(163)

(164)

(165)

(166)

(167)

(168)



Clearly here we can rewrite (156), as

. - fa() < oy o
(K () > i\ IIC=2)™ | | =R @),

=1 | @=t | ] oy
j=1

Based on (168) and (169) we derive (143). m
We finish with

Theorem 15 Let f € ACY (RY) nCN"1(R?), d € N— {1}, N € N, with
||faHg;a§d N <00. Heren > max (Tj + |z;| ,T;E), wherez € R4, 0 < o <

je{1,...,d}
1, ne N, T; > 0. Then
(M, (f)) () = f (z) =

3 d
Z % M (H (-— Jjj)aj ,$) +o (n(N—el)(l—a)> . (170)
o |

j=1

where 0 < ¢ < N.
If N =1, the sum in (170) collapses.
The last (170) implies that

p(N—=e)(1-a)
N-1 f d

(M () (@) = f (2) - S| SR g (H(—xn%,x) —0,
1=1 | |&l=! H aj! j=1

(171)
asn — 00, 0 <e < N.
When N =1, or fz(z) =0, foralla:|a|=1=1,...,N — 1, then we derive

nN=IA=I DL (f)) (@) = f (2)] = 0, (172)
asn — 00, 0 <e < N.
Proof. Set
gﬁ,m(t)zf(xﬂ(zﬁ;—x)), 0<t<1. (173)

Then we have

o0 (EE ) 2) o (i)

Jj=
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[=0,..,N, and
g%JrL (O) =f ('T) .

nr

By Taylor’s formula, we get

where

Here we denote by

0% ~
o7 a = (., aq), aj €EZT, j=1,...d,

fa =

d
such that |a| = > o; =1, 0 <1 < N.
j=1

More precisely we can rewrite

where
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(175)

(176)

(177)

(178)

(179)

(180)



Thus

(M (1) (z) =

[nz+Tn)
Zk: [nz—Tn] (

> wif (

=1

L))o

n

S

V()

N-1

nrx+Tn®
Z %ng:ﬁw—]ln“] <Z wlgk+ i ) b
=0

Sy (S ity (5 .0) b o= £)

Therefore it holds

V (z)

(M, (f)) (a?) —f(z) -

E[nHTn“] b (nl—a (x

k=[nz—Tn>]

MZ
N‘H

= Vi)
where
[nz+Tn®] 1—a
. b(n
rw- oy U
k=[nz—Tn>]

By (115) we get that

| <
00,[0,1]

And furthermore it holds
o

k

n

N
gi)

{
— -z
nr

=4+ —,0
nr

ko i N
(115 + % ~=ll,)
N!
By (104) we obtain
ki <d<
n o nr I

and thus we have

E oo aN
— — < | — || f~

34

(z wig®,

nr

(S (3

N
) I fall
Iy
I

(181)

) =R (z), (182)

max

co,RI N < OO

IfallSera,n -
T 1
nl-o + n)’

T 1\"
RN |\ ioa T

Z,o)) . (183)

(184)

(185)

(186)

(187)



Clearly we get also that

* av max T 1 N
|R* (z)| < <N' f&”oo,Rd,N) (nl—a + ) =

nl—ana

dN max * 1 N 1
<N! ”fa”oo,Rd,N) <T + na> pi—aN <

ay max N 1
(Il ) @+ Y]
That is we find
1 E

* dN max s\ IV
7 @) < | (G Walen ) 0+ 9]~ = e

That is we proved

. B 1
|R* (z)] = O <H(1Q)N>a

and
|R* (z)| =o0(1).
And, letting 0 < e < N, we derive
\R*l(x)| < P weau-e - _E
(W) n(l-—a)N nel—a)
as n — o0o.
Le.

. B 1
|IR* (z)] =0 <n(1\;5)(1a)> .

Clearly here we can rewrite (182), as

N-1 Fats d
My () @)—F@)=-> | S | | vy (T2 e
=1 | &lal=t | [T a;! j=1
j=1

Based on (194) and (195) we derive (170). m
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