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Abstract

Here we examine further the quasi-interpolation error function based
neural network operators of one hidden layer. Based on fractional calculus
theory we derive a fractional Voronovskaya type asymptotic expansion for
the error of approximation of these operators the unit operator studying
the univariate case. We treat also analogously the multivariate case.
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1 Background

We consider here the (Gauss) error special function ([1], [17])

erf (z) = \/2%/0 edt, zeR, (1)

which is a sigmoidal type function and a strictly increasing function.
It has the basic properties

erf (0) =0, erf(—z)=—erf(x), erf(+o0)=1, erf(—oc0)=-1.

We consider the activation function ([15])

X(sc):i(erf(w—l—l)—erf(m—l)), any z € R, (2)
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which is an even positive function.

Next we follow [15] on x. We got there x (0) ~ 0.4215, and that x is strictly
decreasing on [0,00) and strictly increasing on (—oo,0], and the z-axis is the
horizontal asymptote on x, i.e. x is a bell symmetric function.

Theorem 1 (/15]) We have that

oo

Zx(x—z')zl, all z € R, (3)
Zx(naz—i):l, allz € R, neN, (4)

and

| xwam =1, (5)

— 00

that is x (x) is a density function on R.
We need the important

Theorem 2 ([15]) Let 0 < a < 1, and n € N with n'=% > 3. It holds

oo

1
nr —k) < . 6

T e e O
= -0

{: Inz — k| > nl™®

Denote by |-] the integral part of the number and by [-] the ceiling of the
number.

Theorem 3 ([15]) Let © € [a,b] CR and n € N so that [na] < |nb|. It holds

1 1
< ~4.019, V€ a,b)]. (7)
Z,Einna] x(nz—k) x(1)

Also from [15] we get

Lnb]
lim Z X (nx — k) #1, (8)

n—0oo

k=[na]

at least for some z € [a, b].
For large enough n we always obtain [na] < |nb]. Also a < £ < b, iff
[na] < k < |nb]. In general it holds by (4) that

Lnb]

> x(z-k) <L 9)

k=[na]

We need the univariate neural network operator



Definition 4 (/15]) Let f € C ([a,b]), n € N. We set

A (f JJ) — Zl&ib%na'\ f (%) x(nz — k)
T T e — )

A, is a univariate neural network operator.

, V€ lalb], (10)

Notice here 0 < o < 1 and n € N with n!=® > 3. Let the fixed K, L > 0; for

the linear combination £ + L —7,
n (n1*a72)e(" —2)

to zero, as m — oo, is n~%. The closer « is to 1, we get faster and better rate of
convergence to zero.

We mention from [16] the following:

We define

the dominant rate of convergence

Z(x1,.yxn) = Z (x) :znx(axi), = (z1,...,ay) €ERY, NeN. (11)

It has the properties:
(i) Z(z) >0, Vz e RV,
(i)

o Z@-k)= > > .Y Zwi—ki ..y —ky) =1,

k=—o0 ki=—00 kg=—00 kny=—00

where k := (k1,....,k,) € ZN, ¥V 2 € RV,

hence

(iii)

o0

Z Z(nx —k) =

k=—o0

Z Z Z Z(nacl - kl, e NN — kN) = ]., (13)

ki=—oco ka=—oc0 ky=—o00
VzeRY; neN,
and
(iv)
/ Z (z)dz =1, (14)
RN

that is Z is a multivariate density function.



Here ||z||, = max{|z1],...,|zn|}, z € RY, also set co := (o0, ...,00),
—00 := (—00,...,—00) upon the multivariate context, and

[nal : = ([nai], ..., [nan]), (15)
|nb] : = (|nb1], ..., [nbn]),

where a := (ay, ...,an), b:= (b1,...,bn) .
We obviously see that

[nb] [nb] N
> 2w 3 ([Tut ) -

k=[na] k=[na]

[nb ] [nbn | N [nb; ]
Z Z (Hx nT; — Z) H Z X (nx; —k;) | . (16)

ki=[na1]l kn=[nan] 1=1 \ki=[na;]
For 0 < 8 <1andn €N, afixed z € RY, we have that

Lnb]

S X —k) =

k=[na]

[nb] [nb]
Z X (nz — k) + Z x(nz—k). (17)

(T (T

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition ||% — SCHOO > # implies that there exists at least one % — xr’ > %,
where 7 € {1,..., N}.

From [16] we need

(v)

[nb]

0< < T ~ (4.019)", (19)



and

(vii)

> 1
k Z Z =k < 27 (n!=8 — 2) e(n'=7=2)%" (20)

= —00
{ 1% =2l > 55

O<,3<1,n€N:n1_ﬁ23,336(Hil[ai,bi]).

Also we get that

[nb)
lim " Z(nx—k)#1, (21)
k=[na]

for at least some z € (Hiil [a;, b2]> .
Let feC (sz\; [ai,bi]> and n € N such that [na;] < [nb;],i=1,...,N.

We mention from [16] the multivariate positive linear neural network oper-

ator (z := (z1,...,oN) € (Hfil [aiabi]>)

nb|
nb
z,g ) a1 Z (02— k)

[nb1] [nb2] [nb k k N
- Zlﬂ:l[nal] ZkQZZI'naQ'l ZkN N[naN] ( nl [ARA] T]L\]) (HiZI X (n$i - ki))
o N nb; )
Ty (4 b X (ns = k)

For large enough n we always obtain [na;] < |nb;],i=1,...,N. Also a; < % <
bi, iff |—'Ila,-| < k‘l < Lnle, 1= 1, ...,N.
Let fixed j € N, 0 < 8 < 1, and A, B > 0. For large enough n € N: n'=# >
B
(n17572)6(711_ﬁ72)2
convergence, as n — 00, is n~7. The closer 3 is to 1 we get faster and better

rate of convergence to zero.
N
By AC™ <H [a;, b1]> , m, N € N, we denote the space of functions such that
i=1
all partial derivatives of order (m — 1) are coordinatewise absolutely continuous

N
functions, also f € C™~1 <H [ai,bi]> .

i=1

Hn (fvxh 7xN) = Hn (fax) =

(22)

3, in the linear combination n% + , the dominant rate of

N
Let f € AC™ <H [a,-,bi]), m, N € N. Here f, denotes a partial derivative
i=1
' N
of f, @ := (a1,...,an), a; € Z¥, i = 1,..,N, and |a| := > a; = I, were
i=1
[=0,1,...,m. We write also f, := gaa and we say it is order [.




‘We denote
I falln = max {1 ol 23)

where ||-|| is the supremum norm.
max

We assume here that || foll5;,, < oo
We need

Definition 5 Let v > 0, n = [v]| ([-] is the ceiling of the number), f €
AC™ ([a,b]) (space of functions f with f"~1) € AC ([a,b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [21], pp. 49-52)
the function

Dy, f () = S /I (@ =" ) () dt, (24)

I'(n—v)
Yz € [a,b], where T is the gamma functionT (v) = [ e~ "t*~dt, v > 0. Notice
DY f € Ly ([a,b]) and D, f exists a.e.on [a,b].
We set D°,f (x) = f (z), V z € [a,b].

Definition 6 (see also [{], [22], [23]). Let f € AC™ ([a,b]), m = [a], a > 0.
The right Caputo fractional derivative of order a > 0 is given by

="

b
) —x m—a—1 p¢(m)
o [ €T e, (25)

Dy_f(z) =

V x € [a,b]. We set DY_f(x) = f(z). Notice D{ f € Ly ([a,b]) and D _f
exists a.e.on [a,b] .

Convention 7 We assume that

kalxof(aj) = 07 fO?” T < Zo, (26)
and
Dy f(xz) =0, for x> xo, (27)

for all z,zy € (a,b)].
We mention

Proposition 8 (by [6]) Let f € C™ ([a,b]), n = [v], v > 0. Then D%, f (x) is
continuous in x € [a,b].

Also we have

Proposition 9 (by [6]) Let f € C™ ([a,b]), m = [a], & > 0. Then Df f(z)
is continuous in x € |a,b].



Theorem 10 ([6]) Let f € C™ ([a,b]), m = [a], a > 0, x,20 € [a,b]. Then
L . . . 2 .
D¢, f(x), Dg _f(x) are jointly continuous functions in (x, o) from [a,b]” into

R.

We mention the left Caputo fractional Taylor formula with integral remain-
der.

Theorem 11 (/21], p. 54) Let f € AC™ ([a,b]), [a,b] C R, m = [a], o > 0.
Then

€T

m—1 (k) z .
fo)=3 W(gg_%)ur(la) [ @-n oz, gy 2s)

|
= k! )
Y x> x; x,20 € [a,b].
Also we mention the right Caputo fractional Taylor formula.

Theorem 12 ([/]) Let f € AC™ ([a, b)), [a,b] CR, m = [a], a > 0. Then

m—1 (k) z o L
Fo) =3 T o) s [0 D ) (29)

J:
YV <zy; x,20 € [a,b].

For more on fractional calculus related to this work see [3], [5] and [8].

Next we follow [9], pp. 284-286.

About Taylor formula -Multivariate Case and Estimates

Let @ be a compact convex subset of RY; N > 2; z := (z1,...,2n), To 1=
(.7201, ...,QSQN) €Q.

Let f : @ — R be such that all partial derivatives of order (m — 1) are
coordinatewise absolutely continuous functions, m € N. Also f € C™ 1 (Q).
That is f € AC™ (Q). Each m'" order partial derivative is denoted by f, :=
g;f, where a = (a1,...,an), a; € Z1, i =1,..,N and |af := vazl a; = m.

Consider g, (t) := f (zo +t (2 —x0)), t > 0. Then

N j
- 0
ggj) (t) = (72_; (Zi_$0i) 8%) f (l‘01+t(21 —$01),...,$0N+t(2’]\[—JTON)),

(30)
forall j =0,1,2,...,m.

Example 13 Let m = N = 2. Then

gz (t) = f(xo1 +t (21 — @o1), To2 +t (22 — x02)), tER,



and

0.0 = (31— a01) g o0+ = 20) + (22 = 02) o (0 +1 (= = 0)

81’2
(31)
Setting
() = (wo1 +t (21 — To1) , o2 + 1 (22 — 202)) = (zo + 1 (2 — x0)),
we get
2 0f? af?
gz (t) = (21 — 201 pre () + (21 = 201) (22 = w00) 5 = () +
af? af?
(Zl — 1'01) (22 — xog) 8331];,7;2 (*) + (22 — .’202)2 8% (*) . (32)
Similarly, we have the general case of m, N € N for ggm) (t).
We mention the following multivariate Taylor theorem.
Theorem 14 ([9]) Under the above assumptions we have
m—1(j7)
27 (0
frmim) =00 = 3 S 4 R 0, (33)
=0 7
where
1 t tm—1
Ry (2,0) := / (/ (/ gtm (tm)dtm) ) dti, (34)
0 0 0
or )
1 —1
=—— [ 1—gmtgm .
R (20) = oty [ =0y g 0) a0 (3)
Notice that g, (0) = f (z0) .
We make
Remark 15 Assume here that
||fa||2?g,m = ‘gllii; ||fa||oo,Q < 0.
Then
N 9 m
<m>H _ S _ <
9z oo.[0.1] H [(i_l (zi — 0s) Bxl-) f (o +1t(z—x0)) . (36)

N m
(Z |Zi—$0i|> 1 fallong.m

i=1

oo



that s

Hence we get by (35) that

0 oy < 2= 2ol fal m < oo (37)

(m)
9z 0,[0,1]
R (2,0)] < =20 < o0

And it holds ( )m
HZ - onl max
(B (2,0)] < S (39)
V z,x9 € Q.
Inequality (39) will be an important tool in proving our multivariate main
result.

In this article first we find fractional Voronskaya type asymptotic expansion

for A, (f,z), x € [a,b], then we find multivariate Voronskaya type asymptotic
N

expansion for H, (f,z), x € (H (@i, bi]); n e N.
i=1

Our considered neural networks here are of one hidden layer.
For other neural networks related work, see [2], [7], [10], [11], [12], [13], [14],
[18], [19], [20]. For neural networks in general, read [24], [25] and [26].

2 Main Results

We present our first univariate main result

Theorem 16 Let « > 0, N € N, N = [a], f € ACY ([a,b]), 0 < 8 < 1,
x € [a,b], n € N large enough and n*=" > 3. Assume that HDgLfHOO

D% fll 1y < M, M > 0. Then o
N—-1 .
9 (x) . 1
=@ = 3 5, (=)@ +0(smumg ). (0

where 0 < e < a.
If N =1, the sum in (40) collapses.
The last (40) implies that

N=L4() (2 4
nBla—2) A, (f7 {,13) _ f(.’L') _ Z / j|< )An (( _ :,C)J) (.’L‘) — 0, (41)

asn — 00,0 <e<a.



When N =1, or f\@) (2)=0,j=1,..,N —1, then we derive that
n O (A, (f2) — f (2)] = 0
asmn — 00, 0 <e < a. Of great interest is the case of « = %

Proof. From [21], p. 54; (28), we get by the left Caputo fractional Taylor
formula that

/ (5) = Ni f(j;;(x) <S - z)j ) ’ (ﬁ - J)a_l D2 f (J)d, (42)

(5)-x1 B (£- x)j T / (o- Da_l DS (J)dJ, (43)

forallagggx.

We call
[nb]

W)= Y x(nz—k). (44)

k=[na]

L O) () y (nw — I
FG)xtnz = k) 5~ 9 (@) x(na — k) (k )+ (46)

for all a < % <, iff [na] <k < [nz].
We have that [nz] < |[nz] + 1.
Therefore it holds
nb — . nb
LZJ £ (5) x (nz — k) :Nzlf“) () LZJ X (nz — k) (&
(2) W (z)

4!

k=|nz|+1 Jj=0 k=|nz|+1

10



—p = 19 (z Lnz] nr—k) [k J
)z% j!() X(W(x))(x) +(8)

n
k=[na]

( x ne —k /: (J_D“ngf(J)dJ).

Adding the last two equalities (47) and (48) we obtain

|nb]
-3 (Bt (19)
k=[na]
N-1 Lnb) j
f(J x(nz—Fk) (k !
> 523 N <n> !
j=0 k=[na]
|na) . a1
r k
X (nx — k) <J—) Dy _f(J)dJ+
{k [na] /fl "

Lnb]

kzmzmlxm_k)/f (5 - J>a1 <D:;f<J>>dJ}.

So we have derived

[nb] k

+ ) x(mx—k /In(fLJ>alDfrf(J)dJ}. (51)

k=|nz|+1
We set

nz) ot
Oin @) = (Z’“ f”;}/ﬁ) ) / (J— 7’2) Do f(J)dJ), (52)

11




L (S ax k) R e
I'(a) W (z) / (n—J> DEf(J)dJ |, (53)

- 0 (2) = 0, () + 0 (). (54)

We assume b — a > #, 0 < B8 < 1, which is always the case for large enough

n € N, that is when n > [(b - a)fﬂ . It is always true that either ‘% — x| < n%
or |E—z| > L.
For k = [na], ..., |[nx], we consider

/: (‘] - 712)&1 Dg_f(J)dJ
/f (‘] i)al Dy f ()| dT

n

Yik = < (55)

o (1‘ — %)0‘ o (x — a‘)a
< ||D1’—f||oo,[a,a:] T < HDOC—fHoo,[a;c] a (56)
That is o
Y1k < ||D§—f||oo7[a,a:] %’ (57)
for k = [na], ..., |nz].
Also we have in case of ‘% - x‘ < n% that
T k a—1
s [[(7-5) oz rolas (58)
-5, i
< HDS*fHoo,[a,z] a < HDg*fHoo,[a,x] neBa’
So that, when (m — %) < n%, we get
o 1
Y1k < ||szf||oo,[a,x] anaﬁ' (59)
Therefore
[na]
. 1 25 fnay X (nz —F) 1

12



Lna) _k [z ok
> k= [na] X (nz — k) > k= [nal X (nz — k)
He -l < Ha o>
bl X (ne — k)
{ k = [na)
1 Sk x’ < % 1
< n n Da -
T W (@) 192 o 001 e+
1 L] o Lipe (z—a)” | v (@ )
W(ZE) Z X(nl‘— ) H x—fHoo,[a,w] a -
{ k= [na]
Eol> b
(60)
1D2_f|.. 1 1
z Ja,x] o
_— T — 4.019 — .
F (a + 1) { (Xﬁ + ( ) 2\/%(77,176 . 2) 6(,”417@72)2 (x a) }
Therefore we proved
D5 1] 1 2.0095
* T 00,[a,z] . a
<L —— — . (61
5 @) < e S+ g o (6

But for large enough n € N we get

2 HDgffHoo,[a,x]

] < 62
|91n ($)| =T (Ol + 1) nag ( )
Similarly we have
% k a—1
= [ (n - J) Def ()| <
% k a—1
/ ( - J) D2, f ()] d] <
. n
E_2)” (b—z)"
That is 0 )a
-
Y2k < ||DngHoo,[:c,b] T’ (64)

13



for k= [nz|+1,...,|nb].
Also we have in case of ‘ — m‘ < -7 that

IIDi‘xflloo,[w,b]

Yok = anaB

Consequently it holds

[nb] K
85, (2)] < F(l | (Z’“ a1 X (7 )m) -

! W (z)

[nb) —k
Z{ = na| 41 X (nz — k)
1 ’%—ﬂf?ﬁ D% fll [z,b]+
I' () W (z) an®?
[nb] le'
1 (b —x)
— D2, A
{ k=|nz|+1
: % — x| > niﬁ
1D flloo 1 2.0095 o
—_— = — — s(b—2x)" 5.
[(a+ 1) nef /x(ni=8 —2) e "-2)
That is
1D%flloo oy [ 1 2.0095
* < [ - — @ .
05, o)) € e { e )"

But for large enough n € N we get

DL f
83, (@) < AD%S oty
I'(a+1)nos
Since HDgLfHOO ||D*mf|| (wp) S M, M >0, we derive
) ) . (by (62), (65) 40
107, ()] <167, ()] + 163, ()] <

- I'(a+1)nes’
That is for large enough n € N we get

o= 16 @) = (g ) (757

14

(65)

(67)

(69)



resulting to

1
0(2)] = O <W> , -
and
0 (z)] =0(1). )
And, letting 0 < ¢ < «, we derive
|0 ($)| 4M 1
< - e
(7rm=s) ~ \I'(@+1)/) \nf* 0, (73)
as n — oo.
ILe.
1
bl =o (s ). -

proving the claim. m
We present our second main result which is a multivariate one.

Theorem 17 Let0< <1,z € Hfil [ai, bi], n € N large enough and n'=P >
3, f e AC™ (Hf;l [ai,bi]), m, N € N. Assume further that || foll3,, < oo
Then

Hy, (fvx)*f(l') =

m_1 o lx al o 1
> () m (oo o) ) +o(m). - 0

=1 \|al=j i=1 i i=1

where 0 < e < m.
If m =1, the sum in (75) collapses.
The last (75) implies that

nﬁ(mfs) H, (f,l’)ff(l’)* .7 Z (r[f]%/(‘x)> H, <H (~l‘i)ai’m>

— 0, asn—o00, 0 <e<m.
Whenm =1, or fo () =0, for |a] =7, 5 =1,...,m—1, then we derive that
nBm—e) [H, (f,z) — f (z)] = 0,
asn — 00, 0 <e<m.
Proof. Counsider g, (t) := f(xo+t(z —xg)), t > 0; xg,2 € Hf\il [a;, b;].
Then
N P J
g (t) = (Z (2i — woi) 8:75) fl (@or +t (21 — z01) , ..., Ton + T (28 — ToN))
i=1 v

(77)

15



forall j =0,1,....m
By (33) we have the multivariate Taylor’s formula

m—1 (]) 1
z z — — gz (O) 1 _ m—1 _(m)
oo =000 = 3 55 oy [ -0 e @) an

Notice g, (0) = f (zg). Also for j =0,1,...,m — 1, we have

. N
g (0) = > <HJ'>([[ i — 2oi) )ﬁﬂﬂﬂ (79)

a_(al LAN), O €Z+
L....N, |af: El 1 Qi=]

Furthermore

m! N
_— — X005 a \To 0 2 — o
5 (HN )(H - )f< 00—,

a:=(ai,...,an), o €ZT,
i=1,..,N, |a|:=>N  a;=m

(80)
0<6H<1.
So we treat f € AC™ (va 1 [aiabi]) with ||fa\|max < 0.

Thus, by (78) we have for £,z € (Hl 1 [az,bl]) that

f(hwwkN)—f@0=

j=1 a:=(ay,...,an), a; €ZT,
i=1,...,N, \a|::2i\’:1 ;=7

! m—1 1
wion [0 .- (i)

(f_v[l <]:L ) x)“) Jo <x o (k - x)) 0. (82)

By (39) we obtain
k

(= £1,)"
] < S | fa25, (83)

16



Notice here that

k 1

%

1
Tl <= e ogl<—,i=1,..,N. (84)
n o n nb
So, if H% —:L’HOO < i we get that ||x — 7”[ < ]\;7 and
RI< (55)
Also we see that
N

<> (bi—ai) =lb—all,,

i=1

i,k

therefore in general it holds

l1

(11t - Illl)

|R| < [ falloam - (86)
Call
[nb]
V(z):= Z Z (nx — k)
k=[na]

Hence we have

. k=[na] _
[nd] [nb]
Z{ k= [na] Z (nx—k)R Z{ k= [na] Z(nx—k)R
15 2l < 55 LUl el > g
V() V(z
Consequently we obtain
[nb] -
Z{ k= [nal Z (nx — k)
||%_$||oo§n% nm max
U (&) < = (s Mol ) +
|nb] m
1 [b—all, max (¥ (19), (18)
V(i[,’) Z Z(nm—k) g“.ﬁl” >
{ k= [na)
15 ==l > 55

17



1 (||b_ a”ll)

max 4 1 N N max )
i el 4 (000)" e e T L
(88)
Therefore we have found
[ falloom [ N™ 1 m
—_— 4.01 b— .
U (o)) < = L 010)" et (=l
(89)

For large enough n € N we get

U ()] < ( ”f“”m! ) <n:15> (90)

That is 1
02 @1 =0 (). (o1)
and
[Un (z)] = 0(1). (92)
And, letting 0 < ¢ < m, we derive
2 " max
(ﬁ) m! nbe
as n — oo.
Le. )
[Un (z)] =0 <n5(mg)> : (94)

By (81) we observe that

Zlgrnb[Jmﬂ (k) Z (TL(E - k)

V (z) —fl2)=
— fa (2) (Zk fa) £ (nx — k) (sz\; (b — xl)a>)
j=1 <(§;j <qu\;1 az')) V (z) + (95)

nb
Z,E Hm] (nx — k)R

V (z)

The proof of the theorem is complete.
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