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Abstract

Here we research the univariate quantitative approximation of real and
complex valued continuous functions on a compact interval or all the real
line by quasi-interpolation, Baskakov type and quadrature type neural
network operators. We perform also the related fractional approximation.
These approximations are derived by establishing Jackson type inequal-
ities involving the modulus of continuity of the engaged function or its
high order derivative or fractional derivatives. Our operators are defined
by using a density function induced by the error function. The approxi-
mations are pointwise and with respect to the uniform norm. The related
feed-forward neural networks are with one hidden layer.
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1 Introduction

The author in [2] and [3], see Chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-FEuvrard and ”Squashing” types,
by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
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"bell-shaped” and ”squashing” functions are assumed to be of compact sup-
port. Also in [3] he gives the Nth order asymptotic expansion for the error of
weak approximation of these two operators to a special natural class of smooth
functions, see Chapters 4-5 there.

The author inspired by [15], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [7], [9], [10], [11],
[12], by treating both the univariate and multivariate cases. He did also the
corresponding fractional case [13].

The author here performs univariate error function based neural network
approximations to continuous functions over compact intervals of the real line or
over the whole R, the he extends his results to complex valued functions. Finally
he treats completely the related fractional approximation. All convergences here
are with rates expressed via the modulus of continuity of the involved function
or its high order derivative, or fractional derivatives and given by very tight
Jackson type inequalities.

The author comes up with the ”right” precisely defined quasi-interpolation,
Baskakov type and quadrature neural networks operators, associated with the
error function and related to a compact interval or real line. Our compact
intervals are not necessarily symmetric to the origin. Some of our upper bounds
to error quantity are very flexible and general. In preparation to prove our
results we establish important properties of the basic density function defining
our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(x)zzcjo-(<aj'$>+bj)a ‘TGRSa SGN&
7=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental neural
network models, the activation function is the error. About neural networks in
general read [19], [20], [21].

2 Basics

We consider here the (Gauss) error special function ([1], [14])

erf (z) e, zeR, (1)
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which is a sigmoidal type function and a strictly increasing function.



It has the basic properties
erf (0) =0, erf(—z)=—erf(zx), erf(+o0)=1, erf(—o0)=-1, (2)

and
(erf (z)) = —=e ™, z€R, (3)

/erf (z)dz = werf (z) + &

F +C, (4)

where C' is a constant.
The error function is related to the cumulative probability distribution func-
tion of the standard normal distribution

& (z) = %Jr%erf <\%> .
We consider the activation function
X(a:):i(erf(w—l-l)—erf(x—l)), z €R, (5)
and we notice that

X (—z) = i (erf (—z+1) —erf(—x —1)) =

1(erf(—(ac—l))—erf(—(:n—f—l))):1(—el"f(9v—1)—|—erf(ac—|—1))zx(gc),

4 4
(6)
thus x is an even function.

Since z +1 >z — 1, then erf (z + 1) > erf (x — 1), and x (z) > 0, all z € R.
We see that

erf (1) N 0.843

x(0) = — —5 =0.4215. (7)

Let = > 0, we have

RN G e PRSI C I S ) L
X (@) =37 Nz -

1 1 1 1 [elr=D? — elatl)?
2 3 | = 3 2 <0, (8)
2ﬁ e(z+1) elz—1) 2\/77' e(z+1)? g(z—1)
proving x’ (z) < 0, for z > 0.
That is x is strictly decreasing on [0, 00) and is strictly increasing on (—oo, 0],
and x’ (0) = 0.

Clearly the z-axis is the horizontal asymptote on Y.
Conclusion, x is a bell symmetric function with maximum x (0) ~ 0.4215.

We further present



Theorem 1 We have that

oo

Z x(x—i)=1, adlzeR.
Proof. We notice
Z erf (x — i) —erf(x —1—14) =
o0 -1

S (erf(w—i)—erf(x—1—i)+ Y (erf(z—i)—erf(z—1—4)). (10)

=0 i=—00

Furthermore (A € Z™) (telescoping sum)

Z(erf(x—i)—erf(x—l—i)):

=0
A
Alln;o; (erf (z —d) —erf (x — 1 —14)) =
erf (z) — ler;oerf(x— 1-A)=1+erf(x).

Similarly we get
-1

Z (erf (z —i) —erf (z —1—1)) =

/\1111010 Z; (erf (x —i) —erf(x —1—1)) =

lim (erf (x + A\) —erf (z)) =1 —erf ().

A—00
Adding (11) and (12), we get
Z (erf (x —i) —erf (x —1—14)) =2, for any z € R.
Hence (13) is true for (z + 1), giving us

Z (erf (x+1—1) —erf(x—1i)) =2, foranyxe€R.

1=—00

Adding (13) and (14) we obtain

Z (erf(x+1—1i)—erf(x —1—14)) =4, foranyzx € R,

i=—00

(13)

(14)

(15)



proving (9). m
Thus

Zx(nx—i)zl, VneN, VzeR. (16)
Furthermore we get:
Since x is even it holds >~ x (i —x) =1, for any = € R.
Hence > x(i+2z)=1, VzeR,and >~ _x(xz+i)=1, VzeR.

Theorem 2 It holds

/ X (z)dz = 1. (17)
Proof. We notice that
o0 0o il oo 1
[ x@do= > [ x@di= Y [ @i
oo Py =00
1 [ oo 1
/ Z X (z+7) dm:/ ldx = 1.
o \; 0

[
So x (z) is a density function on R.

Theorem 3 Let 0 < a < 1, and n € N with n*=® > 3. It holds
> 1

3 X (nz — k) < NPT (18)

k= —o0
s na — k| > nt-e

Proof. Let x > 1. That is 0 < x — 1 < = + 1. Applying the mean value
theorem we get

X (@) = i (erf (2 4+ 1) — erf (z — 1)) = %e—fi (19)
where z —1 < ¢ <z +1.
Hence
e 1 20
_ > 1.
X (z) < = 02 (20)
Thus we have
> xme-k= Y x(me- k)<
k= —o00 k= —o00
s nx — k| > ntme s nx — k| > ntme



oo

1 2 1 2
§ —(lnx—k|—1) —(z—1) d (21)
— e — e i
e ﬁ/

nl-a—1
iy ( )
tnw — k| > ntme

IN

(see section 3.7.3 of [22])

= ﬁ (mm (ﬁ, M)) o (n1 o 2)"

(by n'=® —2 > 1, hence ——%— <1< /)

nl-a_2 =

1
< )
2/ (nl—a — 2) e(n'~>=2)?

(22)

proving the claim. m
Denote by |-] the integral part of the number and by [-] the ceiling of the
number.

Theorem 4 Let x € [a,b] C R and n € N so that [na] < |nb|. It holds

1 1
< ~4.019, V€ la,b)]. (23)
ZLZme] x(nz—k) x(1)

Proof. Let x € [a,b]. We see that

00 [nb|
1= Z x (nz —k) > Z X (nz —k) = (24)
k=—oc0 k=[na]

[nb]
Y x(inz —k|) > x(Inz — ko),

k=[na]

V ko € [[na], [nb]] NZ.
We can choose kg € [[na], [nb|] NZ such that |nx — ko| < 1.
Therefore

X (Inz — ko) > x (1) = i (erf (2) — exf (0)) =

erf (2)  0.99533

I = 0.2488325. (25)
Consequently we get
[nb]

> x(nw —k|) > x (1) ~ 0.2488325, (26)
k=[na]



and
1

St x(ne— k) x (1)

proving the claim. m

Remark 5 We also notice that

[nb] [nal—1 o
1- Z x(nb—k) = Z x (nb—k)+ Z x (nb—k)
k=[na] k=—o00 k=|nb]+1

> x (nb—|nb| — 1)
(calle :=nb—|nb|,0<e< 1)

=x(E-1)=x(1-¢z=x(1)>0. (28)
Therefore
[nb]
lim |1- Z x(nb—k) | >0.
n— 00 e
Similarly,
[nb] [nal—1 o
1- Z X (na —k) = Z X (na — k) + Z X (na — k)
k=[na] k=—o0 k=|nb]+1

> x (na — [nal +1)
(call n:= [na]l —na, 0<n<1)

=x(1-n) =x(1)>0.
Therefore again
[nb]
lim (1— > x(na—k)| >0 (29)
k=[na]

Hence we derive that
[nb]

lim Z X (nx —k) #1, (30)
e k=[na]

for at least some x € [a, b].
Note 6 For large enough n we always obtain [na] < [nb|. Also a < % <b, iff
[na] <k < |nb|. In general it holds (by (16)) that

Lnb]

> x(ne—k) <L (31)

k=[na]



We give
Definition 7 Let f € C ([a,b]) n € N. We set

o Z;Eibﬁm x (nz — k)

A, is a neural network operator.

. Vaelab], (32)

Definition 8 Let f € Cg (R), (continuous and bounded functions on R), n €
N. We introduce the quasi-interpolation operator

B, (fx)= > f(i)x(nm—k), vz eR, (33)

k=—o0

and the Kantorovich type operator

n

Co () = Z:<nﬂjﬂﬂﬁ>xmm—M,VxeR, (34)

k=—o00 n

B,,, C,, are neural network operators.
Also we give

Definition 9 Let f € Cg(R), n € N. Let 0 € N, w, > 0, Zf:o w,.=1, k€7,

and )
k
sur )= Yot (3475 (35)
We put
D, (f,x)= Z Ok (f)x(nz—k), VaeR. (36)
k=—oc0

D,, is a neural network operator of quadrature type.
We need

Definition 10 For f € C([a,b]), the first modulus of continuity is given by

wi(f,0):= sup [f(x)—f(y)l, d>0. (37)
z,y € [a,b]
|z —yl <o

We have that %ir%wl (f,0)=0.
Similarly wy (f, ) is defined for f € Cp (R).



We know that, f is uniformly continuous on R iff gir%wl (f,0)=0.
We make

Remark 11 We notice the following, that

nb nb
(52 Ziopuat £ () x (2 — k) = f (@) T, x (2 — )
[nb] '

An(fvx)if( ) Zk (na.lx(nl'—k)

(38)
using (23) we get,

[nb] [nb]
A (fo2) = f(2)] < (4.019)| > f( > (nz—k)— f(z) > x(nz—k).
k=[na] k=[na]
(39)
Again here 0 < a < 1 and n € N with n'=% > 3. Let the fized K, L > 0; for the

linear combination L& + L the dominant rate of convergence
n (n1*“72)e("’ -2)

to zero, as n — oo, is n~*. The closer a is to 1, we get faster and better rate
of convergence to zero.

In this article we study basic approximation properties of A,, B,,C,, D,
neural network operators. That is, the quantitative pointwise and uniform con-
vergence of these operators to the unit operator I.

3 Real Neural Network Approximations

Here we present a series of neural network approximations to a function given
with rates.
We give

Theorem 12 Let f € C([a,b]), 0 < a <1, z € [a,b], n € N with n'=* > 3,
|-l is the supremum norm. Then

1)

A (F) = £ @) < (4019) fon (£, ) + — (nl_a”_f2;°€(nl_a_2)2 = i
(10)

2
140 () = flle < pin (41)

We notice that lim A, (f) = f, pointwise and uniformly.

n—oo
Proof. Using (39) we get

[nb]

[An (f,2) = f (2)] < (4.019) | >

k=[na]




(4.019) > ‘f(ﬁ)f(x) X (nz — k) +
{ k= [na|
E_ gl < n%
nb)
S ]f (5) -7 @|xtma-n)| < (12)
{ k= [na]
% — x| > s
Lnb)
(4.019) [wl (f, nla) ( Z X (nx — k)) +
k=[na]
[nb) 8). (:
201f1l.. S xmeen || @)

1 (KA
(4019) |:(AJ1 <f, nO[) + \/E(nl_o‘ _ 2) e(nl—a_2)2 )

proving the claim. m
We continue with

Theorem 13 Let f € Cp(R),0<a <1,z € R, n € N withn'~* > 3. Then

1)
1Bo () — (2)] < (f, 1)+ Mo L (aa)
no \/’TT(’I”Ll a_2) e(n 2)
2)
1Ba () — fll.o < fiom. (45)

For f € (Cg (R)NC, (R)) (Cy (R) uniformly continuous functions on R) we
get im B, (f) = f, pointwise and uniformly.

Proof. We see that

oo

> (1(2)-1@)xtma-n

k=—0o0

|Bn (f, :]3) — f(l')| (by (16), (33))

10



k:i:w‘f (D — f(z)|x(nz —k) <
N k
kz 'f<n)_f($)x(nx_k)+
{ E_gl<L
i ‘f (S) — f(@)| x (nx—k) < (46)
{ Zk—x;nl
. <f’ 1“) i x (nz—k) | +
(T
211 53 X (nx — k) (by (19), 08 r

k= —o0
|nz — k| > nt=@

1 [/l
W1 <f’ na) + \/7?(%170‘ ~ 2) 6(”17Q72)2 .

We continue with

Theorem 14 Let f € Cp(R),0<a <1, x € R, n € N with n*~% > 3. Then
1)

1 /1]

= oo _ A

)t T g = e (9

Co (f,3) — £ (2)] < w1 (f,jﬁ

2)
1Cn (f) = flloo < ti3p- (49)
For f € (Csg (R)NCy (R)) we get lim C, (f) = f, pointwise and uniformly.
Proof. We notice that

k+1
n

.A, f@dﬁ:Aif<ﬁ+s>ﬁ_ (50)

11



Cn(f,as)ki n/oif<t+§>dt>x(nxk). (51)

k= —o00
|nz — k| > nl=@

I <
V7 (nl=a —2)en'~*=2)* —

12



11 -
or (£5+ ) > xmeh (55)
k= —o0
|nz — k| <nt=e
1/l

+ 11—« 2 —
V7 (nime —2)en'=*=2)
1.1 /1l so

wi (f T na) T e — 9) e 2

proving the claim. m
We give next

Theorem 15 Let f € Cx(R),0<a <1,z € R, n € N withn'=* > 3. Then
1)
Dy (f,2) = [ (2)] < gy, (56)
and
2)
1Dn (f) = flloo < H3ns (57)

where ps,, as in (48).
For f € (Cg (R)NC, (R)) we get lim D, (f) = f, pointwise and uniformly.

Proof. We see that

Dy (f,z) — f ()] " L
wef | —+ — — f(z) (nz — k)| =
k;oo ((g <n n@) X
we ([ f| =+ — )~ f() (nx — k)| < (58)
k;oo <; < (n n9> > X
we|fl =4+ —= ] —f(z) (ne — k) <
k;oo ;::0 (n n0> X

) X (nz — k) + (59)

13



2[[fllow > X (|nz — k[) <
= -0
|nz — k| > nl=@

(see that 5 < 1)

n

9] (2 1 1
Z (ZwTwl <f,a—|—>>x(n:n—k’)+
— n n
k=—o00 =
wo < ae
/1]
o _ 60
VT (ni=e —2)eln!™=2)" = (60)
11 [/l oo _
w1 <.f7 ne + ’I’L> + \/77'('(']7,170‘ — 2) e(nl_a72)2 = H3ns

proving the claim. m
In the next we discuss high order of approximation by using the smoothness

of f.

Theorem 16 Let f € CV ([a,b]), n,N e N, n!™* >3, 0<a < 1, z € [a,b].
Then

i)
[An (fo) = f(2)] < (4.019) - (61)
N j .
|f(3) (x)| 1 (b_a)_]

N
(o LY 1 oo
! "n® ) NN NI/x (nl—e —2) e ~*—2)

i) assume further f9) (zo) =0, j = 1,...,N, for some xq € [a,b], it holds

[An (f, 20) = f (z0)| < (4.019)- (62)

lwl (f(N)’ L ) 1 + ||f(N)Hoo(b_a)N ] ;

n® ) neNNUT NI/7 (nl=e — 2) e(n!—o=2)?

notice here the extremely high rate of convergence at n—(N+Da
iii)
[An (f) = fllo < (4.019) - (63)
sl [ 1 (b—ay
=0 [0 2vE(nie - 2)elt

14



(N) —a)V
IR TS i NOSARERN
"ne ) neNN NI/ (nle — 2) e(n! e =2)?

Proof. We use (39).

Call
[nb]

0= 3 1 (5w n),
k=[na]
that is A (f.)
An (f.2) = =g
S x (= k)

Next we apply Taylor’s formula with integral remainder.
We have (here £,z € [a,b])

p ( 5) _ i f(j;!(x)

k )N—l

<: - ) T / (N @) - 1 (@) (%N_fl)!dt-

Then
k - ) (a) . Eij
7() e 0 =35 B (E-o)+
' (9"
X (n@ — k)/z (f(N) (t) = f™ (@) Wdt-
Hence ) ]
> (St - @) ¥ xin- b -
k=[na] k=[na]
N i [nb] j
1 () nT — k -z ’
2, 2 Xk (-e) -
[nb] E kN1
> xme—b) [T (90 - 1 @) (?Nf)l),dt.
k=[na] z ’
Thus
L) NG (g ,
Az<f,x>—f<x>< > X(nm—k)> -S> (- w) < 20,
k=[na] j=1 '
where
[nb] 3 K\ N-1
Au(x) = D x(nz—k) / (1™ @ =™ (@) (’ng)l),dt (65)
k=[na] z )

15



We assume that b —a > n%, which is always the case for large enough n € N,

that is when n > [(b - a)fi—‘
Thus ’%—x‘ gn%or ’%—x’ >n%.
As in [3], pp. 72-73 for

7= / ' (1™ 1)~ ) (@) (’EN_D,_dt, (66)

in case of |% — x| < n%, we find that

1 1
< (N) _—
|’)/| S W (f 7na> noN NI

(for x < & or x> E).
n n
Notice also for z < % that

/f (f(N) (t) — f™V (@) Mdt <
/j FN (@) — f ™ (m)‘wdté
Lk _ Nt k_ N v
2 Hf(N)Hoo/x (%Ni)mdt =2 Hf(N)HOO (ZT) <2 Hf““HOO %

Next assume % < z, then

k k —t)N_l

[ (@ =5 @) (’(LN_l)!dt -

& _t)N—l

/ﬁ (£ (@) - £ (@) (?det

<

/. [ @) - 509 @) mdt <

- N-1 N N
A e e e P
Thus

(b—a)"

| =9
<2/

in all two cases.

16
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Therefore

[nd] [nb]
An(@)= > xmz—k)y+ Y. xme—kn.
k=[na] k=[na]
woo<ax woa>
Hence
N
@l 3 xioa-n (o0 (4.5 ) e ) +

Eal<h

[nb]

b—a
> x| 2] L0 <
(oo} .
k=[na]
[5ef> e
1 1 b—a) 1
.2) s+ | |
w1 (f ’ 7’LO‘> NpNa + f 00 N! \/E(nlfa — 2) e(nl—a72)2
Consequently we have
1 1 1™ b=a)™
A, ()] < N, — o0 .
[An (@) < w1 (f e ) et * NI/7 (nl= — 2)e(n' =" =2) (68)

We further see that

4 Lnb] k J
A (=27 = 3 xta-n) (% -0)
k=[na]
Therefore
, [nb] k J
‘AZ((-—Q?)J))S Z x(nm—k)’n—x =
k=[na]
[nb] k j |nb] k j
— B |E = —K|2 -z <
Z X (nx k:)’n x| + Z X (nx k)‘n x| <
k= [na] = [na]
Eoal< & E_g)> L
. [nb] | [nb)
a7 Z X (nz — k) + (b—a)’ - Z X (n@ — k)
k= [na] k= [na]
E_gl< L |k — nz| > n'~
1 1
4 (b—a) .
- nod ( CL) 2ﬁ (’l’Ll a _ 2) e(nt=—«=2)



Hence

: 1 (b—a)’
A (=) <
4 (=)< e+ 2/ (nl—a —2) g 27 (69)
for j =1,...,N.
Putting things together we have proved
[nb]
As(fom) = f(z) Y x(nz—k)| <

k=[na]
N9 (2 1 b—a)
3 M e 17((1 a) |+ (70)
= 7 n 2w (nt—o —2)e

[wl(f(m S [l NCETON ]

" na | paN Ny N!ﬁ(nl—a —2) e(nl—o—2)?

that is establishing theorem. m

4 Fractional Neural Network Approximation

We need

Definition 17 Let v > 0, n = [v]| ([-] is the ceiling of the number), f €
AC™ ([a,b]) (space of functions f with f"~1) € AC ([a,b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [16], pp. 49-52,
[18], [25]) the function

DY f ()= = ) /m(w—t)"_”_lf(")(t)dt, (71)

F'(n—v

V z € [a,b], where T is the gamma function T' (v) = [ e~'t""1dt, v > 0.
Notice D%, f € Ly ([a,b]) and DY

v.| exists a.e.on [a,b].

We set DO, f (z) = f (z), V = € [a,b].

Lemma 18 (/6]) Let v > 0, v ¢ N, n = [v], f € C"([a,b]) and f™) €
L ([a,b]). Then D%, f (a) = 0.

Definition 19 (see also [4], [17], [18]). Let f € AC™ ([a,b]), m = [a], a > 0.

The right Caputo fractional derivative of order a > 0 is given by

J— m b
DY @) = Fay [ (€= 1 Qe (72)

V z € [a,b]. We set DY _f(xz) = f(x). Notice Dy f € L; ([a,b]) and D§_f
exists a.e.on [a,b].

18



Lemma 20 (/6]) Let f € C™ ! ([a,b]), f™) € Lo ([a,b]), m = [a], a > 0.
Then D¢ f (b) = 0.

Convention 21 We assume that
Dg. [ (x) =0, forx < x, (73)

and
Dz, _f(x) =0, for x > xo, (74)

for all z,zy € (a,b].
We mention

Proposition 22 ([6]) Let f € C" ([a,b]), n = [v], v > 0. Then DY, f () is
continuous in x € [a,b].

Also we have

Proposition 23 (/6]) Let f € C™ ([a,b]), m = [a], a > 0. Then Dy_f(x) is
continuous in x € [a,b].

We further mention

Proposition 24 ([6]) Let f € C™ ' ([a,b]), f'™ € Ly ([a,b]), m = [a],
a>0 and

D2, f(2) = % / T e ) (1), (75)

m—a) /.,

for all z,xy € [a,b] : x > xp.
Then DS, f (x) is continuous in xg.

Proposition 25 (/6]) Let f € C™ ' ([a,b]), f € Lo ([a,b]), m = [a],
a >0 and
I R / Y cmam T i e, (76)

T'(m—a)

for all x,x0 € [a,b] : x < xg.
Then Dy _ f () is continuous in xo.

Proposition 26 ([6]) Let f € C™ ([a,b]), m = [a], a >0, z,z0 € [a,b]. Then

D¢, f(x), Dg. _f (x) are jointly continuous functions in (x, o) from |a, b]? into

R.

We recall
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Theorem 27 ([6]) Let f : [a,b]* — R be jointly continuous. Consider
G(l‘) = w1 (f (',1’)7(5, [va])v (77)

0>0,z€lab].
Then G is continuous in x € [a,b].

Also it holds
Theorem 28 ([6]) Let f : [a,b]° — R be jointly continuous. Then
H(z) =wi(f(-2),90,a,2]), (78)
z € [a,b], is continuous in x € [a,b], § > 0.
We need

Remark 29 (/6]) Let f € C" ' ([a,D]), f™ € Ly ([a,b]), n = [v], v > 0,
v ¢ N. Then we have

(n)
2,1 ) < s

= m (x—a)"", Yaxelab]. (79)

Thus we observe

w1 (DY, f,0) = sup |Di.f(z) — DI, f(y)l

z,y€la,b]
lo—y|<6
= e (F(n—u+1) (@—a)"  + 1y W9
lz—y|<6
2[| £ .
S Tm_orn ™%
Consequently
w (DV f 5) < M (bia)nﬂ/ (80)
1 *aJ ) =T (n o+ 1) .

Similarly, let f € C™ ' ([a,b]), f™) € Lo ([a,b]), m = [a], a >0, a ¢ N,

then (m)
m
_ 2l

< m (b— a)m_a . (81)

w1 (Dl?_ f, 5)

So for f € C™ 1 ([a,b]), f"™ € Ly ([a,b]), m = [a], @ >0, a ¢ N, we find

9| £(m)
sup_wi (D%, £,0) I

W Weo (p _ gymer 82
zo€la,b] [zo,0] = I (m — o+ 1) ( ) ( )
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and
2l

sup w o/ <
co€[ab] 1( )amo] I‘( *Oé+]_)

By Proposition 15.114, p. 388 of [5], we get here that DS, f € C([zo,b]),
and by [8] we obtain that Dy _f € C([a,0]).

(b—a)™ . (83)

Here comes our main fractional result

Theorem 30 Let a > 0, N = [a], a ¢ N, f € ACY ([a,b]), with fN) ¢
Lo ([a,0]),0< B <1, x€[a,b], n €N, n'=F >3. Then

)
N_ P20 g ((—2) @) - )| < (5)
worgy | (o @) e (D2r ) )
T(a+1) noB +
1

27 (n1=8 — 2) e(n'=7-2) .
(D2l oy (& = @)+ 1Dl gy (b= 2)°)
i) if f9)(z)=0, forj=1,..,N — 1, we have

(4.019)
4 A2V
n(fax) ( )|_F(a+1) (85)
o 1 o
(Wl (Dx—f7 o ) [a,2] + wq (D*va ”5)[m,b]>
nos i
1
27 (n1=8 — 2) e(n'~#-2)
(HDa fll [am] —a) + | D% fll o (o (O x)a>}’
when a > 1 notice here the extremely high rate of convergence at n~(@+1)8,
iii)
A, (f,2) — f (2)] < (4.019) - (86)
NV @) ()] (1 : 1
) u {nﬁj +(b-a) 2 1=6 _ 9) g(n'=7-2)? } i
= 4! VT (n'=F —2)e

21



o ¢ 1 of, L
1 ((UI (Dm—f’ ﬁ)[a,z] +wi (D*$f7 nﬁ)[x,b]) +
T(a+1) ne?

1
2./r (=8 — 2) ent 727

(1D Al oy & = O+ 1D2 S o oy 0= )7)

Yz € la,b],
and
i)
[Anf = fllo < (4.019) -
+(b— +
g {nﬁﬂ (b~ 27 (n!1=8 — 2) e(n'~7-2)? }
sup wy (DY_f, n%)[a ;) T Sup wi (szfa ,%)
1 z€a,b] ' z€a,b] B/ [a,b] s

T(a+1) nes

1
2/ (n1—8 — 2) e(n'P-2)”

(b—a)a<zup | Dg f|| Jaa) T 51[1p D% fl ,[mb>}}'

Above, when N =1 the sum Z;\;l -=0.
As we see here we obtain fractionally type pointwise and uniform convergence
with rates of A, — I the unit operator, as n — oc.

Proof. Let z € [a,b]. We have that D_ f (z) = D2, f () = 0.
From [16], p. 54, we get by the left Caputo fractional Taylor formula that

GECY -

=/ ; (fj - J)al (D2, f (J) = D2, f (x)) dJ,

forallxﬁ%ﬁb.
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Also from [4], using the right Caputo fractional Taylor formula we get

@-ELEE e

j=0 ‘7!

ﬁ / (J - fL)al (D2 f ()~ D2_f(x))dJ,

forallagggx.
Hence we have

f (:) X (nz — k) = Ng f(j;!(x)x(nm—k) (fL —x)j—i— (90)

X(nz—k) [ EONT e
I'(a) /L n J> (DL f (J) = DI f (2)) dJ,

for all z < % < b, iff [nz] < k < |nb], and
) ( i
f (:) Z f ’ — k) (fl —x) + (91)

for all a < % <, iff [na] <k < |nx|.
We have that [nx] < |[nz] + 1.
Therefore it holds

[nb] N-1 () [nb] .
P> F(E) x-S e-n (Eoa) s
[nz]+1 Jj=0 k=[nz|+1 (92)
1 [nb] k L a—1
r X xeen [T(Eea)wmro) - pns@)
(Oé) k=|nz|+1 z "
and
|na] N-1 r(5) [na] j
Z f< ) (nz—k) = > fjjl(x) Z X (nx — k) (:—x)j-l- (93)
k=[na) j=0 k=[na]
[nz] x a—1
p(la)g;ﬂx(m"“) J. (7-%) @erw-prsw)as



Adding the last two equalities (92) and (93) we obtain

Lnb]

Ar (f,x) k%a]f< ) nr — k) = (94)

N-1

f(J)( ) % N <fl_$>j+

J=0 ' k=[na]
1 |na| z N ) )
m {k_z“;a]X(nx—k)/ﬁ (J—n> (Dx—f(J)—Dw_f(x))dJ+
S >/5(‘“ )( ) f())d}
=k n ! De&f(J) =D f(x)d] o
k=|nz|+1 x n

So we have derived

[nb)
& (f,2) — f (@) ( S x(na - k)) - (95)
k=[na]
N-1 @) ( ,
P (=) @)+ 0, o),
where
1 [nx] T k a—1 . .
00 ()= i {k_% xoa—h [ (1-1) (Drr) D)
[nd] k a—1
£ Y xtaen [C(Eog) waro- D:;f(w))dJ} )
k=|nz]+1 v
We set
1 [nz] T k a—1 N N
o @)= 7 & xlne=b / (7-5) 0 s -pr sy
(97)
and
1 [nb] % k a—1 N N
b= gy, 3, X o[ (E-a) s b >>dJ,)
(98
- 0n () = 01, (x) + 02, () . (99)
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1

We assume b —a > =5,
n

0 < B < 1, which is always the case for large enough
n € N, that is when n > [(b - a)_ﬂ . It is always true that either ‘% - m‘ <L

0r|%fm|>n%.

For k = [na]l, ..., |[nx], we consider

[i (J - i>_ (Dg_f (J) = DE_f () dJ

/ (v- i)a_lDi’f(J)dJ < / (- ﬁ)a_l D2 f ()] d
2)" (x—a)o‘. (101)

(=5 _ jpe
T S HDw—fHoo,[ll’w] T

(100)

Yik =

< HDg—fHoo,[a,z]

That is ( o
o Tr—a
Vik < ||Df*f||oo,[a,w] T’ (102)
for k = [na], ..., |nx| .
Also we have in case of ’% - m| < # that

T ]i} a—1
s [ (7-8) s -pss@lar o
T ]{) a—1
§/ <J> w1 (Dg‘_f,|sz|)[ ]dJ
E n a,r
k @ kN
§w1<Dg‘_f,:E) / <J> dJ
" a,a) S "
o 5 1 (z—%)" o« ;1 1
<wg <Dm—f7 nﬁ> — <wi <Dm—f7 n@> poerR (104)
[a,] [a,]
That is when |% — x| < %, then
w1 (Dgffa LB)
’Ylk‘ § anaﬂn [CL,&K] . (105)
Consequently we obtain
1 [nx]
1 ()] < = S X (12— K) 0, =
(a) 4
k=[na]
(o) Z X (nx — k) vy + Z X (nz — k) vy,
k= [na] k = [na]
el -al>
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) [nz] w1 (Dg,f, 'r%ﬁ)[a,z]

T (a) k:z[na} vt an®P +
{: % —el <%
[nx| —a,)a
> W D, S s o)
{ k= [na]
Eal>

ORI Tt 120 IR CI S ety

k=—c
:nz — k| > nt=P
1 {wl (Dg—f’ n%)[a,m]

I'(a+1) neB +

1 o o
N e L }

So we have proved that

+ (108)

1 w1 (Dg—f}%)[a x]
, < -
0 @ < F o7 { noB

1 o o
s g 15 T =)

Next when k = |nx| + 1, ..., |nb] we consider

k

/j (k - J)al (DE,f (J) = D&, f (2)) dJ| <

Yok = n

k

LA a—1
[ (E-a) imio)- D@l -

n o=l kE_
[ (E-0) pmronw il < am
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o (b—az)”
HD*szoo,[m,b] P

Therefore when k = |nz| + 1, ..., [nb] we get that

o b—xz)*
Yor < ”D*szoo,['L,b] !

In case of |% —a:| < n%, we get

k a—1
s [T (50) s by <

n
k a—1
RGO
b Jx n

«

k
w1 (Dnga‘n_w

x

1 (£ — ) 1 1
pef—) WY o (pef—) —.
w1 ( *a;f7 nB)[be] o S W ( *a:f7 nﬁ) [I’b] omaﬁ

So when ‘% - a:| < # we derived that

w1 (Df:xf, #) [@,b]

<
Yok = anaB
Similarly we have that
. [nb]
on ()] < =< | D (@ —k)ya | =
I (a)
k=|nz|+1
1 |nb] [nb|
I (a) Z x (nx — k) vy + Z x (nz —
{kz[nacj—i—l {k:LnxJ—i—l
£ o< b JE—a]> &
1 Lib‘j (nz — k) w1 (D2, 5)
I'(«) XAne ano?
k=|nz]+1
w el <5
[nb] a
(b—z)
k= |nx]+1
nal> 5
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[,b] +

1 fwi(D%f55)
I'(a+1) neb

o | (18
> x (= k) | I1D%fllo fap (0—2)7 0 < (117)

%%} Da?xf)% -
1 { ( ﬂ)[4,,b]+

I'(a+1) nof
1
2/ 7 —2)

So we have proved that

T D% e ="}

1 w1 (Dgﬂ?f’ n%) x,b
|02n, ()| < o+l { 7 [z, ]+ (118)
: 102, Fll o oy (5= )°
2 /7 (n1—F — 2y eni =27 el lloe [a) (070 g
Therefore
|0 ()] < (015 (2)] + |02 (2)] < (119)
@ 1 « 1
1 w1 (Dﬂiff’ nT)[a,x] twi (D*wf’ W)[x,b] + (120)
I'(a+1) neb
1

2(/7 (n1=5 — 2) e(n'~#~2)° (HDg—f”oomJ (@ = )" + 1D flloc ey (0= wf) } '

As in (69) we get that

; 1 ; 1
* Y < _ 4\
4 (-2 @] < 5+ 00 N o A
forj=1,...N—1,Vaz¢€lab].
Putting things together, we have established
[nb]
AL (fx) = f@) | DD x(ma—k) || < (122)
k=[na]
N=ZL1e() (g 1 . 1
|f.'()||:ﬁ__~_(b_a)J — 2:|+
ot J! nbJ 27 (n1=F — 2)e(n'=7-2)
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1 (wl (D?—f’ #)[a,z] twi (ngf’ niﬁ)[z,b])
T(at1) naP *

1
2/7 (n1=F — 2) e =2
(D2l oy @ = @ + 1D fll oy b= 2)*) } = T (@) (123)

As a result, see (39), we derive

[An (f,2) = f ()] < (4.019) T,y (2), (124)
V€ la,b)].
We further have that
5 190 ' L
Tl < 32 i =) e |+ 09)

z€la,b]
I'(a+1) nob

1
T VE (1 —2) el 2P

{(wsup (||D Al [ax])+ sup (||D Sl ))}}: 5.

Hence it holds

(b—a)*-

JAuf ~ Fllo < (4.019) B, (126)

Since f € ACN ([a,0]), N = [a], @ >0, a ¢ N, fN) € Lo ([a,b]), = € [a,b],
then we get that f € ACYN ([a,z]), f™V) € Lo ([a,2]) and f € ACN ([z,b]),
FAN) € Lo ([, 0]).

We have
D)) = p s [ s
YV y € [a,z] and
(D3 f) ()] (/y (] -y 1dJ) (Al I—GE
- P(Nl— a) (x( Hf(N H -
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R ) LHJ"N)H

'(N—a+1) N—-a+1
That is
a (bi N)
121 = i Hf I 129)
and
o ]
DS < 1
20 102 Ao < mv ey L (130)
Similarly we have
1 v .
(D& f) (y) = m/ (y— )" W (1) dt, (131)
Vyé€[zb].
Thus we get
DL ) < poy—r ([ =07 a) [[r]|_ <
= “T(N-a) \ /. o T
o2 bl rr S 1
I'(N-a) (N- ~T'(N
Hence
b—a
D8l o < F((NMHf(N L. (12
and
(b—a) ()
D <—v——- 1
20 102 e < Ty —a ) =) (133)
From (82) and (83) we get
1 2[| N-a
sup w Dg_f,) <———2_(b—a) , (134)
z€Ja,b] 1( np [a,z] F(N—O[-l—].)
" 15
1 2\|f N-a
Sup w Dfxﬁ) < ———=>=—-(b—a . 135
z€[a,b] ' ( nf [z,b] F(N—O[—Fl)( ) ( )

So that F,, < oco.
We finally notice that

f(j) (—2)) (2) - f(z) = A (f, )
Z ( ))( )= [ () (Z,Lcnb[Jna]X(mﬁ—k))




(S x = 8))

f(J) , Lnb)
A, (f.2) (2 45 ((=ay) <x>> - ( > x(nw—k))f(w)]-

k=[na]

(136)

Therefore we get

< (4.019) -

N— 1f ]
An (o) = 30 A (= 2)) (@) = f (@)

)

N=12(G) (o . Lrb)
A (f2) - (Z s (- a7) <x>> - ( > x(nka)) £ (@)

j=1 k=[na]

(137)
Ve lab.
The proof of the theorem is now complete. m
Next we apply Theorem 30 for N = 1.

Corollary 31 Let 0 < o, < 1, n'=# >3, f € AC ([a,}]), f' € Lo ([a,b]),
n € N. Then

(4 019)
A, A — 138
sup wi (Dg‘_f, n%) + sup wq ( Iy T%)
z€[a,b] [a,2] z€[a,b] B/ [w,b]
nob +
1
b—a)®
2y/7 (n1=8 — 2) (=7 =2)* ( )
( sup HD fH Jaa) T sup D% fll oo zb])}
z€la
Remark 32 Let 0 < a < 1, then by (130), we get
(b )1 [e3%
sup ||DZ_f <l 139
veab] H Hoo,[a,.t 1“( ) H H ( )
and by (133), we obtain
U a)
sup DYl oo ra 77 Il s 140
S | [ T2—a) 11 (140)

given that f € AC ([a,b]) and f' € Lo ([a,D]) .
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Next we specialize to o = %

Corollary 33 Let 0 < g < 1, '~ > 3, f € AC([a,D]), [ € L ([a,b]),
n € N. Then

(8.038)

NG

[Anf = flloo <

1 1
sup wi (fof, n%) + sup wq (Dfxf, ,%5)
z€[a,b] [a.7]  zela,b] [=,b]
B +

nz2

1
Vb — a
2/ (n1=F — 2) e(n' 7 -2)* “
sup HD%*fH + sup HDicf ‘ , (141)
z€[a,b] 00,[a,x] z€[a,b] 00, [,b]

Remark 34 (to Corollary 33) Assume that

1 1 K
o (Dhp) <3k (142)
)i T M
and
na [2,b] n

YV x € [a,b], VneN, where Ky, K> > 0.
Then for large enough n € N, by (141), we obtain

1Anf — fll, < (144)

Y
for some M > 0.

The speed of convergence in (144) is much higher than the corresponding
speeds achieved in (40), which were there niﬁ.

5 Complex Neural Network Approximations
We make

Remark 35 Let X := [a,b], R and f : X — C with real and imaginary parts
fi,fo i f = fi+ifs, i = /—=1. Clearly f is continuous iff fi and fo are

continuous.
Also it holds

F9O (@) = 9 (@) +if{ (@), (145)
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forall j =1,...,N, given that fi, fo € CN (X), N € N.
We denote by Cp (R, C) the space of continuous and bounded functions f :
R — C. Clearly f is bounded, iff both f1, fo are bounded from R into R, where

f=fi+ifs.

Here we define
Ap (fax) = A, (,fl?x)+iA7l (fQ,LE), (146)

and
B, (f,x):= B, (f1,z) +iBy (f2,2) . (147)

We observe here that
[An (f,2) = f(2)] < [An (fr,2) — f1 (@) + [An (f2,2) — fo (2)], (148)

and

[An (f) = fllso < 1[An (f1) = filloo + 14n (f2) = f2ll o - (149)
Similarly we get
[Bn (f,2) = [ (@)] < |Bn (f1,2) = f1 (@) + [Bn (f2,2) — fa ()|, (150)

and

1Bn (f) = flloe < 1B (f1) = filloo + [|1Bn (f2) = f2llo - (151)
We present

Theorem 36 Let f € C ([a,b],C), f=fi+ifs, 0<a<1l,neN, nl=*>3,
x € [a,b]. Then

i)
(A, (f.2) = f ()] < (4.019)- (152)
1 1 1
(o1 (5 ) +onr (For e ) ) + (i + 1200 e P
= wla
and
[An (f) = flloo < 1 (153)
Proof. Based on Remark 35 and Theorem 12. m
We give

Theorem 37 Let f € Cg (R,C), f = fi +ifs, 0 <a<1l,neN,n=>3
x € R. Then
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|Bn (f,z) — f ()] < <w1 (fl,nla) +w <f2, T;)) + (154)

1
(ilae +12)e) == o = o

ii)
1B () = flloo < %2 (155)

Proof. Based on Remark 35 and Theorem 13. =

Next we present a result of high order complex neural network approxima-
tion.

Theorem 38 Let f : [a,b] — C, [a,b] C R, such that f = f1 + ifs. Assume
fi,f2€ CV([a,b]),n,N €N, nl=* >3 0<a <1, z¢€[a,b]. Then

i)

[An (f,2) = [ (2)] < (4.019) - (156)
N @)+ [ @) T b ay
j; J! [W + 27 (nt=o — 2) e(nt~*~2)° +

noeN N! +

U]+ 7] ) 0=
NI/7 (nl=o — 2) e(n'~*=2)* ’
i1) assume further fl(j) (zg) = fQ(j) (z9)=0,j=1,...,N, for some zg € [a,b],
it holds

[wl (1, 3) + e (147, 3)

|Ar (f,20) — f (z0)] < (4.019) - (157)
(A7) o (2.2
noN N +

U]~ 1], =
NIVA (ni=e — 2) el =22 :

notice here the extremely high rate of convergence at n~(N+the
iii)
[An (f) = fll < (4.019)- (158)

N .
(1. +H ) by
; l"“j 2R (i — 2y

+
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(o (A 55) v (17 ))

noN N
U]+ 7)) o= o

N7 (nl=o — 2) e(n' =" =2)?

+

Proof. Based on Remark 35 and Theorem 16. m
We continue with high order complex fractional neural network approxima-
tion.

Theorem 39 Let f : [a,b] — C, [a,b] C R, such that f = f1 +ifs; a > 0,
N = Ja], o ¢ N, 0<6<1 xe[a,] n € N, n'=# > 3. Assume fi, fo €
ACN ([a,b)), with i, ;i) € L Hm]) Then
i) assume further fl(J) () = (:c) 1,..., N — 1, we have
M
A0 ()~ F @I < s

1 1 1
— || wi | Do_f1,— +wi | DL f1,— +
nes 15 ) (a1 n8 ) 1)
L1 L1
<w1 (Dx_fm 5) + w1 <D*xf27 ﬁ> )
"/ (a,a] "7 )

1
2/ (nt=8 — 2) e(n'~7=2) .

[(HDQ le [am] —a)" +|IDS, fill o $b](b_$)a)_|_
(HD“ Foll oo oy (@ = @)+ IDZ ol (o7 (b x)a)}}7 (159)

when o > 1 notice here the extremely high rate of convergence at n~(*+18

i)

_|_

Nlﬂﬂ)\+v 7))

Jj=1

| A, (f,x) — f (z)] < (4.019) {

R (b—a) N
nbBi 2\/77(n1*5 —2) e(n1=F—2)?

1 1 1 1
- - - D¢ N D< N
F(a+1) {naﬁ [<w1 ( x—flvnﬁ>[a)$]+wl < *xf13n6>[$)b]> +
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+

1 1
wy | DS_fa, — +wi | DI fo, —
7/ (0] ) e

1
27 (=8 — 2) e(n'=7-2)? .

[(HD _fil [M] —a)* + D f1ll o oy (0 z)a>+
(105 1ol oy &= @) + U0 ol oy =)} (160)

and
ii1)
| An (f) — fHoo < (4.019) - (158)
N-1 f(j) + f(‘ o
> (2 Hooj! 1] ) {nlﬁﬁ 2ﬁ(n1(ﬂb—;))e(n1—52)2}+

1 1 1 1
7, 1\ 7 sSup wi D;;lffh ) + sup wi (Df::cf a> +
r (a + 1) { nes { |ﬁc€[a,b] < nf la,z] z€[a,b] ! nf [z,b]

1 1
sup wi <D;"_f2, ,8) + sup wq (Dfxfg, B) } +
z€[a,b] n la,z]  z€[a,b] n [@,b]
(b—a)"
2/ (=8 — 2) e(n'~7-2)?

K sup [|Dg_fif| 0 T SUP ||D>?mf1||oo,[:c,b]>+
z€la,b]

z€la,b]

<sup HDC“ f2H gt sup DS, foll o ’[xb>]} (161)

€l

Above, when N =1 the sum Zj:_ll -=0.
As we see here we obtain fractionally type pointwise and uniform convergence
with rates of complexr A, — I the unit operator, as n — oc.

Proof. Using Theorem 30 and Remark 35. m
We need

Definition 40 Let f € C (R,C), with f = fi1 +ifs. We define

Cﬂ(f’x):zcn(flvx)—i_icn (fg,l‘),
D, (f,x): =Dy (f1,2) +iDy (f2,2), VzeER, neN. (162)

‘We finish with
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Theorem 41 Let f € Cp (R,C), f=fi+if2, 0<a<1,neN, nl=® >3,
z € R. Then

0)
(400 = o) (33)

U f1lloe + 11 f2lloo)

T \/77—(”1704 _ 2) e(nlfa,2)2 =i M3n (f17 f2) 5 (163)
and
{ HIC)Z % _ J;c|||°° < iz (f15 f2) - (164)

Proof. By Theorems 14, 15, also see (162). m

References

[1] M. Abramowitz, I.A. Stegun, eds., Handbook of Mathematical Functions
with Formulas, Graphs, and Mathematical Tables, New York, Dover Publi-
cations, 1972.

[2] G.A. Anastassiou, Rate of convergence of some neural network operators
to the unit-univariate case, J. Math. Anal. Appli. 212 (1997), 237-262.

[3] G.A. Anastassiou, Quantitative Approzimations, Chapman&Hall/CRC,
Boca Raton, New York, 2001.

[4] G.A. Anastassiou, On Right Fractional Calculus, Chaos, solitons and frac-
tals, 42 (2009), 365-376.

[5] G.A. Anastassiou, Fractional Differentiation Inequalities, Springer, New
York, 2009.

[6] G.A. Anastassiou, Fractional Korovkin theory, Chaos, Solitons & Fractals,
Vol. 42, No. 4 (2009), 2080-2094.

[7] G.A. Anastassiou, Inteligent Systems: Approximation by Artificial Neural
Networks, Intelligent Systems Reference Library, Vol. 19, Springer, Heidel-
berg, 2011.

[8] G.A. Anastassiou, Fractional representation formulae and right fractional
inequalities, Mathematical and Computer Modelling, Vol. 54, no. 11-12
(2011), 3098-3115.

37



[9]

[18]

[19]

[20]

[21]
22]

[23]

G.A. Anastassiou, Univariate hyperbolic tangent neural network approxi-
mation, Mathematics and Computer Modelling, 53(2011), 1111-1132.

G.A. Anastassiou, Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics 61(2011), 809-821.

G.A. Anastassiou, Multivariate sigmoidal neural network approzimation,
Neural Networks 24(2011), 378-386.

G.A. Anastassiou, Univariate sigmoidal neural network approximation, J.
of Computational Analysis and Applications, Vol. 14, No. 4, 2012, 659-690.

G.A. Anastassiou, Fractional neural network approrimation, Computers
and Mathematics with Applications, 64 (2012), 1655-1676.

L.C. Andrews, Special Functions of Mathematics for Engineers, Second
edition, Mc Graw-Hill, New York, 1992.

Z. Chen and F. Cao, The approximation operators with sigmoidal functions,
Computers and Mathematics with Applications, 58 (2009), 758-765.

K. Diethelm, The Analysis of Fractional Differential Equations, Lecture
Notes in Mathematics 2004, Springer-Verlag, Berlin, Heidelberg, 2010.

A.M.A. El-Sayed and M. Gaber, On the finite Caputo and finite Riesz
derivatives, Electronic Journal of Theoretical Physics, Vol. 3, No. 12 (2006),
81-95.

G.S. Frederico and D.F.M. Torres, Fractional Optimal Control in the sense
of Caputo and the fractional Noether’s theorem, International Mathematical
Forum, Vol. 3, No. 10 (2008), 479-493.

S. Haykin, Neural Networks: A Comprehensive Foundation (2 ed.), Pren-
tice Hall, New York, 1998.

W. McCulloch and W. Pitts, A logical calculus of the ideas immanent in
nervous activity, Bulletin of Mathematical Biophysics, 7 (1943), 115-133.

T.M. Mitchell, Machine Learning, WCB-McGraw-Hill, New York, 1997.

D.S. Mitrinovic, Analytical Inequalities, Springer-Verlag, New York, Hei-
delberg, 1970.

S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Deriv-
atives, Theory and Applications, (Gordon and Breach, Amsterdam, 1993)
[English translation from the Russian, Integrals and Derivatives of Frac-
tional Order and Some of Their Applications (Nauka i Tekhnika, Minsk,
1987)].

38



