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HERMITIAN FORMS AND INEQUALITIES FOR SEQUENCES
AND POWER SERIES OF OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. By the use of some inequalities for nonnegative Hermitian forms
various inequalities for sequences and power series of bounded linear operators
in complex Hilbert spaces are established. Applications for some fundamental
functions of interest are also given.

1. INTRODUCTION

Let K be the field of real or complex numbers, i.e., K = R or C and X be a linear
space over K.

Definition 1. A functional (-,-) : X x X — K is said to be a Hermitian form on
X if

(H1) (az+by,2z) =a(x,2)+b(y,z2) for a,b € K and z,y,z € X;

(H2) (z,y) = (y,z) for allz,y € X.

The functional (-,-) is said to be positive semi-definite on a subspace Y of X if

(H3) (y,y) >0 for every y € Y,

and positive definite on Y if it is positive semi-definite on Y and

(H4) (y,y) =0,y €Y implies y = 0.

The functional (-, -) is said to be definite on Y provided that either (-,-) or — (-, )
is positive semi-definite on Y.

When a Hermitian functional (-, -) is positive-definite on the whole space X, then,
as usual, we will call it an inner product on X and will denote it by (-,-).

We use the following notations related to a given Hermitian form (-,-) on X :

Xo:={zx € X|(z,2) =0}, K :={z e X|(z,z) <0}
and, for a given z € X,
X® :={zeX|(z,2) =0} and L(z):={azlacK}.
The following fundamental facts concerning Hermitian forms hold:

Theorem 1 (Kurepa, 1968 [27]). Let X and (-,-) be as above.
(1) If e € X is such that (e,e) # 0, then we have the decomposition

(1.1) X=L)@Px,

where @ denotes the direct sum of the linear subspaces X©) and L (e);
(2) If the functional (-,-) is positive semi-definite on X for at least one e € K,
then (-,-) is positive semi-definite on X for each f € K;
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(3) The functional (-,-) is positive semi-definite on X'©) with e € K if and only
if the inequality
(1.2) (@,9)* > (z,2) (y,9)
holds for all x € K and all y € X;
(4) The functional (-,-) is semi-definite on X if and only if the Schwarz’s in-
equality
(1.3) |(z.9)* < (z,2) (3,9)

holds for all x,y € X
(5) The case of equality holds in (1.8) for z,y € X and in (1.2), for x € K,
y € X, respectively; if and only if there exists a scalar a € K such that

y—az € Xéw) =X, N X®),

Let X be a linear space over the real or complex number field K and let us
denote by H (X) the class of all positive semi-definite Hermitian forms on X, or,
for simplicity, nonnegative forms on X.

If (-,-) € H(X), then the functional ||-|| = (-, -)% is a semi-norm on X and the
following equivalent versions of Schwarz’s inequality hold:
2, 12 2
(1.4) lzl*[lyll” = [(z, )" or lz| llyll = [(z,y)|

for any z,y € X.
Now, let us observe that H (X) is a convez cone in the linear space of all mappings
defined on X? with values in K, i.e.,

(e) (" ')1 ) ('7 ')2 €H (X) implies that (" ')1 + (" ')2 €H (X) )
(ee) a>0and (-,-) € H(X) implies that a(-,-) € H(X).
We can introduce on H (X) the following binary relation [22]:
(1.5) (v)y > (-,-); ifand only if |z|y > |lzf|; forall z e X.
We observe that the following properties hold:
() (), > () forall () € H(X);
(bb) ('7 ')3 2 ('7 ')2 and ('7 ')2 2 ('7')1 %mpl%es that ('7')3 2 ('7')1;
(bbb) () = (,-)y and (,-); = (), implies that (,-); = () ;
i.e., the binary relation defined by (1.5) is an order relation on H (X).
While (b) and (bb) are obvious from the definition, we should remark, for (bbb),
that if (-,-), > (+,-); and (-,-); > (-, )5, then obviously |z||, = ||z[|, for all z € X,
which implies, by the following well known identity:

1 2 2 . 2 2
(1.6) @)= [lo+ulk = o=yl +i o+l — o=yl
with z,y € X and k € {1,2}, that (z,y), = (z,y), for all z,y € X.

2. SUPERADDITIVITY AND MONOTONICITY OF SOME MAPPINGS

Let us consider the following mapping [22]:
o H(X) x X? - Ry, o(C,)s2) = [zl Iyl — [(z,9)],

which is closely related to Schwarz’s inequality (1.4).
The following simple properties of o are obvious:

(s) o(a();m,y) =ao((-);2,y);
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(ss) o (()39,2) =0 (();2,9);

=0
(sss) o ((-,+);x,y) > 0 (Schwarz’s inequality);

for any o > 0, (,) €H(X) and z,y € X.
The following result concerning the functional properties of ¢ as a function de-
pending on the nonnegative Hermitian form (-,-) has been obtained in [22]:

Theorem 2 (Dragomir & Mond, 1994 [22]). The mapping o satisfies the following
statements:

(i) For every (-,-), € H(X) (i = 1,2) one has the inequality
(2.1) o ()1 + )2 y) 2o ((50)s2,y) + o ()5 7,9) (2 0)

forall z,y € X, i.e., the mapping o (-;x,y) is superadditive on H (X);
(ii) For every (-,-), € H(X) (1=1,2) with (-,-)y > (-,-); one has

(22) U((?)Q’xay) ZJ((?)l’wvy) (Z 0)
forall z,y € X, i.e., the mapping o (-;z,y) is nondecreasing on H (X).
Remark 1. If we consider the related mapping [22]

or (()52,9) := [zl |yl — Re (z,y),
then we can show, as above, that o (-;x,y) is superadditive and nondecreasing
on H(X).
Moreover, if we introduce another mapping, namely, [22]
2 2
TIHX)x X2 =Ry, 7(()529) = (2l +lylD” = =+l
which is connected with the triangle inequality

(2.3) [z +yll <l +llyll -~ for any =,y € X

then we observe that

(2.4) T(("')5$’y) =20, (('a')§$7y)

forall (,-) € H(X) and z,y € X, therefore o (-;x,y) is in its turn a superadditive
and nondecreasing functional on H (X).

Now consider another mapping naturally associated to Schwarz’s inequality,
namely [22]

§:H(X)x X* =Ry, 6(();2,9) = |l2l* ly* = |(z,9).
It is obvious that the following properties are valid:
(i) d((-,*);x,y) > 0 (Schwarz’s inequality);
(lll) d (Oé ('7 ) 3 Ly y) = 0525 ((7 ) 3 Ly y)
forall z,y € X, @« >0and (-,-) € H(X).
The following theorem incorporates some further properties of this functional
[22]:

Theorem 3 (Dragomir & Mond, 1994 [22]). With the above assumptions, we have:
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(i) If (), € H(X) (i = 1,2), then
(25) d ((a ')1 + ('7 ')2 3 L, y) -0 ((a ')1 ;1’,@/) -0 ((7 ')2 ;%y)
2
iy Nyl D
> | det 1 1 >0);
> (aer [ ol ]) e
i.e., the mapping § (+;x,y) is strong superadditive on H (X).
(i) If (), e H(X) (i =1,2), with (-,-)y > (-,+);, then
(2.6) 6 (()g32y) =0 ((,0)y5,y)
o e TV
2 € 2 2 = U)3
(I3 = l212) " (w3 = i)
i.e., the mapping § (+;x,y) is strong nondecreasing on H (X).
Remark 2. If we consider the functional
6r () 52,9) = |2l lyl* — Re (1)),
then we can state similar properties for it. We omit the details.

Consider the functional 3 : H (X) x X? — R [23] defined by

(2.7) B(C,)3a,m) = (Il Iyl = Iz »)*)”

It is obvious that 5 ((-,");z,y) = [0 ((-,-) ;x,y)]% and thus it is monotonic nonde-
creasing on H (X).

For the subclass JP (X), of all inner products defined on X, of H(X) and
y # 0, we may define

Izl lyll* = 1 9)I* ()5 2.y)
Y ((7 ) y Ly ) = 2 = 2 .
Iyl 1yl
The following result may be stated (see also [23]):

Theorem 4 (Dragomir & Mond, 1995 [23]). The functional v (-;x,y) is superad-
ditive and monotonic nondecreasing on JP (X) for any z,y € X with y # 0.

Corollary 1. If (-,-), € JP(X) with (-,-)y > (-,-); and x,y € X are such that
x,y # 0, then:

2 2
(2.8) 5((+ )i y) > max{ lvlly ll=l; } 5((2 ) )

2 2
lylly lllly

(=3d((5)1579))

or equivalently, [23]
(2.9) 5 (()a32y) =6(( )1 52,y)

[ e
Zmax{ (el o il SR

2 2
lylly [

The following strong superadditivity property of ¢ (+; z,y) that is different from
the one above holds [23]:
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Corollary 2 (Dragomir & Mond, 1995 [23]). If (-,-), € TP (X) and x,y € X with
x,y # 0, then

(2.10) S(( )+ C)asmy) =0 ()1 52,y) =6 ((5 )57, 9)

o () e () 100

lelly \* sy el \?
() s+ (o) o )My)} 0).

Remark 3. Obviously, all the inequalities above remain true if (-,-),, i = 1,2 are
nonnegative Hermitian forms for which we have ||z|; , ||y, # 0.

Finally, we may state the superadditivity result for the mapping 5 (see [23]):

Theorem 5 (Dragomir & Mond, 1995 [23]). The mapping B defined by (2.7) is
superadditive on H (X).

For various properties and results for nonnegative Hermitian forms, see the book
[12].

3. VECTOR INEQUALITIES FOR n-TUPLE OF OPERATORS

Let T = (Th,...,T,) € B(H) x ... x B(H) := B™ (H) be an n-tuple of bounded
linear operators on the Hilbert space (H;(-,-)) and p = (p1,...,pn) € RY" an n-
tuple of nonnegative weights not all of them equal to zero. For an x € H, x # 0 we
define

(3.1) (T, V), Zp] (Tjz, Vjz) < ZpJV T; x,x>

Jj=1
where T = (T3, ..., T;,), V = (Vi, ..., V,,) € B™ (H).
We need the following result:

Lemma 1. For anyx € H, x # 0 and p = (p1,...,pn) € RY" we have that (-,-), ,

is a nonnegative Hermitian form on B™ (H).

Proof. We have that

(3.2) (T,T),, = < > piTyT; xm> = < > i 1Ty l‘z> >0,
j=1 j=1

for any T = (T,...,T,) € B"™ (H), where the operator modulus is defined by
AP = A*A, A € B(H)
Vi

The functional ( is linear in the first variable and

(3.3) (V,T). T), z”: > = <x, En:pjT;Vj :v>
j=1 j=1
= Zp z,x> = < ijVj*Tj x,x> = <T,V>p7$

for any T = (T4, ...,T,),V = (Vi, ..., V,,) € B™ (H). O
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Remark 4. By the Schwarz inequality we have
2

(3.4) < > opiViT; $v$> §< > o ITyf 5E7$>< > i Vil $,5E>
j=1 j=1 j=1

while from the triangle inequality we have

1/2
(3.5) < ij ‘Tj + VJ|2 .%‘,.%‘>
J=1

1/2

S< > op Tl $$> +< ij|v| wx>
j=1

for any p = (p1,...,pn) € R T = (T1,..,T,),V = (W1,...,V,)) € B (H) and
reH.

For T = (T1,...,T,),V = (Vi,...,V,,) € B™ (H)\ {0} and € H, © # 0 we
define the function of weights o (-; T, V,z) : R — [0,00) by

(36)  o(pT, V)= (T,T)2 (V,V)/2 ‘ T, V),

1/2 1/2

2 2
< > p; |7l x,x> <ZP;'|VJ'| $73€>
j=1 j=1
- < ijVj*Tj :c,:v> .
j=1

We can also define ¢ (-; T, V,z) : RY" — [0,00) by

(3.7) 5 (piT, V) i= (T,T), , (V, V) — ‘(T,V>w ’

2 - 2
= < > v Ty $7$> < > i1Vl $7$>
j=1 j=1

. 2
— < ijVj*TJ x,x>
j=1
and (T, V,z): RY" — [0,00) by
(3.8) B(+T,Vaz)=I[5(p;T, V)%

Utilising the results from the above section we then have the following vector
operator inequalities:

Theorem 6. Let T = (T1,...,T,),V = (V4, ..
(i) For any p,q €RY" we have

Vi) € B™ (H)\ {0} and = € H.

(3.9) cp+q;T, V) >0(p;T,Vz)+0(q;T,V,z)(>0),
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1/2 1/2 2
2<th (T,1),/2 <v,v>p,xD -

(T.T)7 (V.V)
B+aT,V.z)>p(p; T, Vo) + 8 (q; T, V,2) (> 0);
showing that the functionals o (-;T,V,x), 0 (T, V,z) and 8 (-; T, V,x) are super-
additive as functions of weights.
(ii) If p,q €RY* with p > q, i.e. p; > q; for alli € {1,...,n}, then

and

(3.11) o(p;T,V,z) >0 (q;T,V,z)(>0)
and

1/2 1/2 2
<T’ T>p7q,a¢ <V’ V>p7q,w (> 0) .
(T.T)gs V.V o

> (det

showing that the functionals o (-;T,V,z) and §(;T,V,x) are nondecreasing as
functions of weights.

Similar inequalities may be stated by the use of the rest of the inequalities for
Hermitian forms from the above section, namely (2.8)-(2.10). However the details
are not presented here.

For other inequalities in inner product spaces and operators on Hilbert spaces
see [4]-[25] and the references therein.

4. APPLICATIONS FOR FUNCTIONS OF NORMAL OPERATORS

The following result holds:

Theorem 7. Let f(z) := Z;’io p;jz’ a power series with monnegative coefficients
and convergent on the open disk D (0,R), R > 0. If T and V are two normal and
commuting operators with ||T||*,||V||> < R, then we have the inequalities

(a.1) e a) < (5 (12F) a2) " (r (VE) )

and
@) (r (1T)wa) + (VD 22y 4 (f (VT 2) + (£ (V) )|
() 5 (vE) )
for any x € H.
Proof. If we use the inequality (3.4) for powers of operators we have
2
(4.3) <iijjzj,x> < <ipj |Tj|2x,:r> <ipj ‘(V*)j‘zx,x>
Jj=0 j=0 j=0

for any m > 1 and x € H.
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‘ , 2 ,
Since V and T are normal we have |T9|2 = |T* and ‘(V*)j‘ = VI for any
j € {0,...,m} and by the commutativity of V and T we also have VIT/ = (VT)’
for any j € {0,...,m}.

Therefore we can state that

(4.4) <ij (VT)j x,x> < <ij |T|2j :E,:r> <ij |V|2j x,x>
3=0 3=0

=0

for any m > 1 and = € H.

Since all the series whose partial sums are involved in the inequality (4.4) are
convergent then by letting m — oo in (4.4) we get (4.1).

By the normality and commutativity of V and T" we have

m

>_pi
§=0

Then from (4.2) we have

. 42 : : . .
10+ (| = [T Ty 4 Ty v
=0

m 1/2
(4.5) <ij (717 + (VT + (7T + V7] :rx>
§j=0
1/2 1/2

§< ij T :c,:c> +< ij|V|2j :c,:c>
=0 =0

for any m > 1 and x € H.
Since all the series whose partial sums are involved in the inequality (4.5) are
convergent then by letting m — oo in (4.5) we get (4.2). |

By utilizing Theorem 6 and a similar argument to the one from Theorem 7 we
also have:

Theorem 8. Let f(z) := 372, p;jz’ and g(z) == o q;z% be two power series
with nonnegative coefficients and convergent on the open disk D (0,R), R > 0. If
T and V are two normal and commuting operators with | T||*, |V ||> < R and if we
define the functionals

o (V) = (1 (1T0) 2a) " (s (V) wx) ™~ 17 (VD) 2,29,

6 (1T V)= (f (1T1) 2.2 (f (IVF) 2o} = [ (VD) 2, 2)
and

g vy = [(£ (TF) ) (£ (VP) e = [ VD) 2]

where x € H, then

(4.6) o(f+g:T.V.x) >0 (f;T\V.x)+o(g:T,V,x) (20),



HERMITIAN FORMS AND INEQUALITIES

(4.7) 0(f+g;T,Vx)—0(f;T,V,x)—9(g;T,V,x)

N <f(|T|2)x,x>11//22 <f(V|2)x,x>11//:
S S A 7

(= 0)

and
(4.8) B(f+g:T,Va)>B(f;T,Va)+p6(g;T,V,x)(>0)

for any x € H.
Moreover, if pj > q; for all j € N, then we have

(4.9) o(f;T,V)>o(g;T,V,x) (=0),
and

(4.10) 6(f;T,V,x)—06(9;T,V,x)

N[ G0 2) ()2

(= 0)
(-0 (e (-0 (vF)eury” |) ©

for any x € H.

Some important examples of power series with nonnegative coefficients are

1 o0
4.11 — = " D(0,1);
(4.11) Y TLZ:%A,Ae (0,1);
In L *il/\” AeD(0,1);
1_A7n=1n ? Y ?

=1
exp(A) =Y EA”, \ e C;
n=0

oo

. _ 1 2n+1 .
Slnh)\—Zm)\ 7)\6@,

n=0

= 1 2n
cosh/\zzm)\ ., AeC.
n=0
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Other important examples of functions as power series representations with non-
negative coefficients are:

1 1+ =1
(4.12) ;I <JA) => T 1)\2”_1, Ae D(0,1);
n=1
Zf2n+ )\2"+1 Ae D(0,1);

1
tanh ™ ()\):227171)\2" L XeD(0,1);
n=1

P+ )T (n+B)T(y)
2F1(0"5’7’A)_§ N ONONCET)
Ae D(0,1)

where I' is Gamma function.
If T and V are two normal and commuting operators with |7, ||V < 1, then
we have the inequalities

An7a’6”y>07

(4.13) ‘<(1H v m>(

< <(1H B |T|2)_1 z,;p>1/2 <(1H B |V|2)_1 x,g:>1/2
and
(4.14) ‘<ln(1H vy xx>(

< <1n (IH - |T|2)71 m,:z:>1/2 <ln (1H - \V\2)71 x,m>1/2

for any z € H, = # 0.
For any T and V normal and commuting operators we have

(4.15) [{exp (VT) z,z)| < <exp (|T|2) m,m>1/2 <exp (\V\Q) x,x>1/2 ,
(4.16) \(sinh (VT) 2, z)| < <sinh (|T|2> m>l/2 <sinh (|V|2> x,x>1/2
and

(4.17) \{cosh (VT) z, z)| < <cosh <|T|2) x,x>1/2 <cosh (|V|2) x,:c>1/2

for any z € H.
Now, observe that if we take

. o 1 2n+1
= h = _—_—
f(A\) =sinh A nE:O ont 1)!/\
and

g(A) =cosh A\ = 2(2#
n=0

then f(A\) 4+ g (A) =expA for any A € C.



HERMITIAN FORMS AND INEQUALITIES 11

If we use the superadditivity properties from (4.6)-(4.8) we have for any 7" and
V normal and commuting operators

(4.18) <exp (|T| ) , T <exp (|V|2> x, x>1/2 — {exp (VT) x, )|
<smh (|T\ ) x x>1/2 <sinh (|V|2> x,x>1/2 — |(sinh (VT) 2, z)]|
+ <cosh (|T\ ) :E,x>1/2 <cosh (|V|2) :E,z>1/2 ~ {cosh (VT) z, 2| (> 0),

(4.19) <eXp (|T|2) x,x> <eXp (|V|2> > (exp (VT) z, z)|”
- <sinh (|T|2> x, x> <sinh (| | ) x m> + |(sinh (VT) , )|
. <cosh (|T|2) ><c05h (\V\ )a: a:> T f(VT) 2, z)?

(e[ e (2]

and

420 [(exp (17) 2.) (ex0 (V) ) = lfexp (VD) )]

> [<sinh (|T\2) acx> <sinh ( )
+ [ (cosh (1717) 2, (cosh (JVP) 22 [ (eosh (V) 2 2)?] 7 (2 0)

x> |(sinh (VT) z, x) }1/2

for any z € H.

Now, consider the series X5 =37 (A", A€ D (0,1) and In 15 =377 | L™,
A€ D(0,1) and define p, =1, n >0, g0 =0, ¢, = %, n > 1 then we observe that
for any n > 0 we have p,, > gy.

Making use of the monotonicity properties from (4.9) and (4.10) we can state
that

(4.21) <(1H - |T|2>_1z,z>1/2 <<1H - |V|2)_1x,:c>
N i

1/2
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and

(4.22) <(1H - |T|2)_1 acx> <(1H - |V|2)_1 mx>

- ‘<(1H fVT)flx,:c>‘2

2\ * 2\ !
> <ln <1H — |7 ) x,x> <ln (lH — V] ) x,x>
- ‘<ln(1H —VT) zz>' (> 0)
for any T and V two normal and commuting operators with ||T||,||[V|| < 1 and
xc H.

5. APPLICATIONS FOR ONE AND TwO OPERATORS

If we write the inequality (3.4) for p; =1, j € {1,...,n} then we have

2
(5.1) < ZVj*Tj x,x> << Z\Tj|2 x,x>< Z|VJ|2 x,x>
j=1

j=1 j=1

for any z € H.
If we take in this n = 2 we get

(52 HVT+VT) 2o < (TP +1TP) 2 o) (WP + Vel 2.2)

for any T, To, V1, Vo € B(H) and any = € H.
If we take T = (A,B) and V = (B*,£A*) in (5.2), where A,B € B(H), then
we have

(5.3)  [{(BA£AB)z,2))? < <(|A|2 + |B|2) xm> <(|A*|2 + |B*|2) xm>

for any z € H.
In particular, for B = A* in (5.3) we get

(5.4) (A" A — AA*) 2, 2| < <(|A|2 + |A*\2) xm>

for any z € H.
If we take in (5.2) T = (C,I) and V = (I,£D*) where C,D € B(H), then we
get

(5.5) {(C £ D)z,2)* < <(\C\2 +1) xac> <(|D*|2 +I) m>

for any x € H, and by taking in this inequality C = BA and D = AB where
A,B € B(H), then we get

(5.6) (BA+ AB)z,z)]* < <(\BA|2 + 1) wm> <(|B*A*|2 + 1) mx>
for any x € H. In particular, if B = A*, then
(5.7) ((A*A £ AA*) z,2)? < <(|A|4 + I) z, m> <(|A*\4 + I) z, x>

for any =z € H.
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Moreover, if we choose T'= (B,I) and V = (A*,(AB)") in (5.2), where A, B €
B (H), then we get

) B + I |A*)> + |(AB)*|?

for any z € H.
Since

|A*[* + | (AB)"

P AA* + ABB*A* = A (1 n |B*|2) A*

then we have

(5.8) {ABz, z)|* < <<|B|22+I> :c,x> <<A <I+|23*2> A*) x,x>

for any =z € H.
Moreover, if we take in (5.8) A = I, then we get

) B> +1 I+ B
(5.9) |(Bx,z)|” < <<2> x,x> <<2> x,x>

for any B € B(H) and for any = € H.
Also, if we choose A = B in (5.8), then we get

) 1/2 ) 1/2
9 |B|" 4+ I I+ |B*| .
(5.10) ‘<B x,x>‘ < <(2> a:,x> <B <2> B m,x>

while for A = B* we get

B> + 1 V2 I+|B*? e
(5.11) | Bz|* < <<2> m:z:> <B* <2> B:z:,x>

for any B € B(H) and for any = € H.
Let C = A+1iB be the Cartesian decomposition of the operator C'. Then A and
B are selfadjoint and

1
A4 B? = 2 (C°C+CC) = (\C|2 + \C*|2) .

DN | =

Moreover
C‘ZC —:ReC and B = C;C =:ImC.
)

If we apply the inequality (5.2) for T'= (A,il),V = (I, B) then we get

A=

(5.12) (Ca.2)| < ((1Re € +1) a. x>1/2 ((Imop +1) x,x>1/2 ,

for any C' € B(H) and for any x € H.

6. OTHER INEQUALITIES FOR SUMS

On utilizing the inequality for two operators above we can obtain other inequal-
ities for sums as follows:
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Theorem 9. For any (p1,...,pn) € RY", (A1,..,An), (B,....By) € B™ (H) and
x € H we have the inequality

(6.1) < ijA B; >

(50 (%5 ) (0 () ) )
(

Proof. Applying the inequality (5.8) we have

1/2 12 1/2
(6.2) |[(A;jBjz,x)| < <<BJ|Z+I> x,x> <(Aj <H|2BJ|> A;) x,x>

for any x € H and j € {1,...,n}.
Using the generalized triangle inequality for modulus, the inequality (6.2) and
the weighted Cauchy-Bunyakowsky-Schwarz inequality we have

(63) < zn:ijij .13,.73>

(5 {5

97 1/2

<2

IN

N 1/2
, B> +1 -
j:1pj B )

2 1/2
I+ |B; i
j=1
n B2 +1 n I+ B
Jj=1 j=1

for any x € H and the inequality (6.1) is proved. O

X
NE
3

Corollary 3. For any (p1,...,pn) € RY", (B1,...,By) € B™ (H) and 2 € H we
have the inequality

(6.4) < S 0B, m>
j=1

(o () 2

2

)
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g (e ,>
(2

2
< p;|Blj | z,2
j=1
" (B +1 " L (I+|B;
(50 (%)) (B (o () )=
Jj= j=1
< ( > |
< D \ReB| +I>I z> <ij (|ImBj|2+I)x,:r>.
J j=1
7. INEQUALITIES FOR NUMERICAL RADIUS
The numerical radius w (T') of an operator T on H is given by [26, p. 8]:

(7.1) w(T) = sup {|Al, A € W(T)} = sup{[(T, z)], [|l=|| = 1} .

It is well known that w (-) is a norm on the Banach algebra B (H) of all bounded
linear operators T': H — H. This norm is equivalent with the operator norm. In
fact, the following more precise result holds [26, p. 9]:

2

3
—-
N o~

<.
Il
_

M:

1

Theorem 10 (Equivalent norm). For any T € B (H) one has
(7.2) w(T) <||T| <2w(T).

We recall also that if T is normal operator, then w (T') = ||| .

For a survey of recent inequalities for numerical radius, see [20] and the references
therein.

We have the following result:

Theorem 11. For any (p1,...,pn) € RY, (V1,..,V,),(Th, ..., T) € B™ (H) we
have the inequalities

* 2 2
(7.3) w | Y Vi | < Do 1T (Do e 1Vl
j=1 j=1 j=1
and
1 _1
n n 11—«
* 2
(74) W | pViT | < e | D pi Ty (1—a) Zp]\w
j=1 j=1
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Proof. Taking the supremum over ||z|| = 1 in (3.4) we have

2
(7.5) sup ijVj*Tj x, T
[lz]|=1 j=1
_Hbtulp <ZPJ|T| zfﬂ>< > vVl $,$>
z||=1 ;
Jj=1
sup ij|T| ZT,T ) sup ij|Vj|2 T,T ).
HIH 1 l=l=1 \ \ j=1
Since
2 n
sup S piViT | wa )| =w? [ > piAB; |,
llzll=1 j=1 j=1
n n
2 2
sup (| Y pi [T | wom ) = |[Dws |Ty]
[lz][=1 j=1 j=1
and

n n

2 2

Sup< > pilVil x7x>— > p 1Vl
j=1 j=1

llzll=1

then by (7.5) we deduce the desired result (7.3).
If p € (0,1), then we have the following inequality for positive operators P > 0

(PPz,x) < (Pz,x)! for any x € H, |z| = 1.

Therefore, if o € (0,1) then

(e}

2 2
< > p T $$> = < > i |7y $$>
j=1 Jj=1

[e3

s< S, 17 >
j=1

and
r 1 ql-a
n n 1=
2 2
< ij |Vl x,:c> = < ij |Vl l‘,$>
j=1 j=1
) 1 1-a
n 11—«
2
<((Snmr) as)
=1

for any x € H, ||z|| = 1.
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If we multiply these two inequalities and use the weighted arithmetic mean-
geometric mean inequality, we have

(7.6) < > o T I,$>< > oIVl 95,I>
j=1 j=1

«@ 1 11—«

< Z |T| 1’,$> < ij“/}‘ﬁ $v$>
j=1 j=1

1 1
o fers
a< ij\Tj|2 z,x> (1-a) < ij\V| x,z>

Q=

1 1
@

1—a
j=1

for any z € H, ||z| = 1.
From (3.4) and (7.6) we have

2

(7.7) < ijVj*Tj x,x>
j=1

1

11—«
(1-a) ZpJ|V| x,m>

a

n

2

s< o (S im)
j=1

for any x € H, ||z|| = 1.
Taking the supremum over ||z|| =1 in (7.7) we get (7.4). O

In a similar way, by utilizing (6.1) we can prove the following result as well:

Theorem 12. For any (p1,...,pn) € RY, (A1, ..., Ay), (B, ..., By) € B™ (H) we
have the inequality

(7.8) w? | Y pjA;B;
j=1

n B2 +1\ ||| 1+[B:]*\ .
[ () [ (o ()
j=1 =1

In particular, we have

(7.9) W’ ijBj Z <| s ) > v <H|2Bj) ;

j=1
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(7.10) w? ijBJQ-
j=1
2
e 4B
<|D_wi | —5 dopi | Bi|l —5 | B ||
j=1 j=1
2
2
(7.11) > pj|Bl;
j=1
“ (1B | & (1+|B;]
<[> (P50 o (o (ZL )
j=1 j=1
and
(7.12) w? ijBj < ij(\RijF—i—I) ij(|ImBj|2+I>
j=1 j=1 j=1

Utilising the above results we can state various inequalities for power series of
normal operators. However the details are not presented here.

(1]
2]

REFERENCES

N. G. de Bruijn, Problem 12, Wisk. Opgaven, 21 (1960), 12-14.

M. L. Buzano Generalizzazione della diseguaglianza di Cauchy-Schwarz. (Italian), Rend. Sem.
Mat. Univ. e Politech. Torino, 31 (1971/73), 405-409 (1974).

S. S. Dragomir, Some refinements of Schwartz inequality, Simpozionul de Matematici si Apli-
catii, Timigoara, Romania, 1-2 Noiembrie 1985, 13-16.

S. S. Dragomir, Griiss inequality in inner product spaces, The Australian Math Soc. Gazette,
26 (1999), No. 2, 66-70.

S. S. Dragomir, A generalization of Griiss’ inequality in inner product spaces and applications,
J. Math. Anal. Appl., 237 (1999), 74-82.

S. S. Dragomir, Some Griiss type inequalities in inner product spaces, J. Inequal. Pure &
Appl. Math., 4(2) (2003), Article 42. (Online http://jipam.vu.edu.au/article.php?sid=280).
S. S. Dragomir, Reverses of Schwarz, triangle and Bessel inequalities in inner prod-
uct spaces, J. Inequal. Pure & Appl. Math., 5(3) (2004), Article 76. (Online
http://jipam.vu.edu.au/article.php?sid=432).

S. S. Dragomir, New reverses of Schwarz, triangle and Bessel inequalities in inner
product spaces, Austral. J. Math. Anal. & Applics., 1(1) (2004), Article 1. (Online:
http://ajmaa.org/cgi-bin/paper.pl?string=nrstbiips.tex ).

S. S. Dragomir, On Bessel and Griiss inequalities for orthornormal families in inner product
spaces, Bull. Austral. Math. Soc., 69(2) (2004), 327-340.

S. S. Dragomir, Advances in Inequalities of the Schwarz, Griss and Bessel Type in Inner
Product Spaces, Nova Science Publishers Inc, New York, 2005, x+249 p.

S. S. Dragomir, Reverses of the Schwarz inequality in inner product spaces generalising a
Klamkin-McLenaghan result, Bull. Austral. Math. Soc. 73(1)(2006), 69-78.

S. S. Dragomir, Advances in Inequalities of the Schwarz, Triangle and Heisenberg Type in
Inner Product Spaces. Nova Science Publishers, Inc., New York, 2007. xii+243 pp. ISBN: 978-
1-59454-903-8; 1-59454-903-6 (Preprint http://rgmia.org/monographs/advancees2.htm)

S. S. Dragomir, Some new Griiss’ type inequalities for functions of selfadjoint operators in
Hilbert spaces, RGMIA Res. Rep. Coll., 11(e) (2008), Art. 12.

S. S. Dragomir, Inequalities for the Cebysev functional of two functions of selfadjoint operators
in Hilbert spaces, RGMIA Res. Rep. Coll., 11(e) (2008), Art. 17.



[15]
[16]

[17]

ME

HERMITIAN FORMS AND INEQUALITIES 19

S. S. Dragomir, Some inequalities for the Cebysev functional of two functions of selfadjoint
operators in Hilbert spaces, RGMIA Res. Rep. Coll., 11(e) (2008), Art. 8.

S. S. Dragomir, Inequalities for the Cebysev functional of two functions of selfadjoint operators
in Hilbert spaces , Aust. J. Math. Anal. & Appl. 6(2009), Issue 1, Article 7, pp. 1-58.

S. S. Dragomir, Some inequalities for power series of selfadjoint operators in Hilbert spaces
via reverses of the Schwarz inequality. Integral Transforms Spec. Funct. 20 (2009), no. 9-10,
T57-767.

S. S. Dragomir, Operator Inequalities of the Jensen, Cebysev and Griiss Type. Springer Briefs
in Mathematics. Springer, New York, 2012. xii+121 pp. ISBN: 978-1-4614-1520-6.

S. S. Dragomir, Operator Inequalities of Ostrowski and Trapezoidal Type. Springer Briefs in
Mathematics. Springer, New York, 2012. x+112 pp. ISBN: 978-1-4614-1778-1.

S. S. Dragomir, Inequalities for the Numerical Radius of Linear Operators in Hilbert Spaces.
Springer Briefs in Mathematics. Springer, 2013. x+120 pp. ISBN: 978-3-319-01447-0; 978-3-
319-01448-7.

S. S. Dragomir, M. V. Boldea and C. Buse, Norm inequalities of Cebysev type for power
series in Banach algebras, Preprint RGMIA Res. Rep. Coll., 16 (2013), Art. 73.

S. S. Dragomir and B. Mond, On the superadditivity and monotonicity of Schwarz’s inequality
in inner product spaces, Contributions, Macedonian Acad. of Sci and Arts, 15(2) (1994), 5-
22.

S. S. Dragomir and B. Mond, Some inequalities for Fourier coefficients in inner product spaces,
Periodica Math. Hungarica, 32 (3) (1995), 167-172.

S. S. Dragomir, J. Pecari¢ and J. Séndor, The Chebyshev inequality in pre-Hilbertian spaces.
II. Proceedings of the Third Symposium of Mathematics and its Applications (Timisoara,
1989), 75-78, Rom. Acad., Timigoara, 1990. MR1266442 (94m:46033)

S. S. Dragomir and J. Séndor, The Chebyshev inequality in pre-Hilbertian spaces. I. Pro-
ceedings of the Second Symposium of Mathematics and its Applications (Timisoara, 1987),
61-64, Res. Centre, Acad. SR Romania, Timigoara, 1988. MR1006000 (90k:46048).

K. E. Gustafson and D. K. M. Rao, Numerical Range, Springer-Verlag, New York, Inc., 1997.
S. Kurepa, Note on inequalities associated with Hermitian functionals, Glasnik Matematéki,
3(23) (1968), 196-205.

IMATHEMATICS, SCHOOL OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
LBOURNE CI1TY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

28cHO0L OF COMPUTATIONAL & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-

SRAND, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA



