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Abstract. In this paper we survey some discrete inequalities for the f -divergence
measure in Infromation Theory by the use of recent reverses of the celebrated
Jensen�s inequality. Applications in connection with Hölder�s inequality and
for particular measures such as Kullback-Leibler divergence measure, Hellinger
discrimination, �2-distance and variation distance are provided as well.

1. Introduction

Given a convex function f : R+ ! R+; the f -divergence functional, or f -
divergence measure

(1.1) If (p; q) :=

nX
i=1

qif

�
pi
qi

�
was introduced by Csiszár in [13], [14] as a generalized measure of information, a
�distance function�on the set of probability distributions Pn.
The restriction to discrete distributions is only for convenience, similar results

hold for more general distributions.
The de�nition (1.1) can be extended for nonconvex function, however in this

case the positivity property of If (p; q) is not always assured.
As in Csiszár [14], we interpret the following, otherwise unde�ned expressions,

as indicated:

f (0) = lim
t!0+

f (t) ; 0f

�
0

0

�
= 0,

0f
�a
0

�
= lim

"!0+
f
�a
"

�
= a lim

t!1

f (t)

t
; a > 0:

The immediately following results were essentially given by Csiszár and Körner [15].

Theorem 1 (Csiszár & Körner, 1981 [15]). If f : R+ ! R is convex, then If (p; q)
is jointly convex in p and q.

The following lower bound for the f -divergence functional also holds.

Theorem 2 (Csiszár & Körner, 1981 [15]). Let f : R+ ! R+ be convex, then for
every p; q 2 Rn+, we have the inequality:

(1.2) If (p; q) �
nX
i=1

qif

�Pn
i=1 piPn
i=1 qi

�
:

Key words and phrases. Convex functions, Jensen�s inequality, Reverse of Jensen�s inequal-
ity, Reverse of Hölder�s inequality, f -divergence measure, Kullback-Leibler divergence measure,
Hellinger discrimination, �2-distance, Variation distance, Grüss�type inequality.
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If f is strictly convex, equality holds in (1.2) i¤

(1.3)
p1
q1
=
p2
q2
= � � � = pn

qn
:

Corollary 1. Let f : R+ ! R be convex and normalized, i.e.,

(1.4) f (1) = 0;

then, for any p; q 2 Rn+ with

(1.5)
nX
i=1

pi =
nX
i=1

qi;

we have the inequality,

(1.6) If (p; q) � 0:

If f is strictly convex, equality holds in (1.6) i¤ pi = qi for all i 2 f1; : : : ; ng.

In particular, if p; q are probability vectors, then (1.5) is assured. Corollary 1
then shows that, for strictly convex and normalized f : R+ ! R,

(1.7) If (p; q) � 0 for all p; q 2 Pn:

The equality holds in (1.7) i¤ p = q.
These are �distance properties�, however, If is not a metric since it violates the

triangle inequality, and is asymmetric, i.e, for general p; q 2 Rn+; If (p; q) 6= If (q; p).

2. Some Examples

In the examples below we obtain, for suitable choices of the kernel f , some of
the best known distance functions If used in mathematical statistics, information
theory and signal processing, see [1]-[12], [16], [52]-[60] and [65]-[92].

Example 1. (Kullback-Leibler) For

(2.1) f (t) := t log t; t > 0

the f-divergence is

(2.2) If (p; q) = KL (p; q) =
nX
i=1

pi log

�
pi
qi

�
;

called the Kullback-Leibler distance [63]-[64].

Example 2. (Hellinger) Let

(2.3) f (t) =
1

2

�
1�

p
t
�2
; t > 0:

Then If gives the Hellinger distance [70]

(2.4) If (p; q) = h
2 (p; q) =

1

2

nX
i=1

(
p
pi �

p
qi)

2
;

which is symmetric.
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Example 3. (Renyi) For � > 1; let

(2.5) f (t) = t�; t > 0:

Then

(2.6) If (p; q) = D� (p; q) =
nX
i=1

p�i q
1��
i ;

which is the �-order entropy [80].

Example 4. (�2-distance) Let

(2.7) f (t) = (t� 1)2 ; t > 0:
Then

If (p; q) = D�2 (p; q) =
nX
i=1

(pi � qi)2

qi
(2.8)

=

nX
i=1

p2i
qi
� 2Pn +Qn 

=
nX
i=1

p2i � q2i
qi

if Pn = Qn

!
is the �2-distance between p and q, where Pn =

Pn
i=1 pi and Qn =

Pn
i=1 qi:

Finally, we have

Example 5. (Variation distance). Let f (t) = jt� 1j ; t > 0. The corresponding
f-divergence, called the variation distance, is symmetric,

V (p; q) =

nX
i=1

jpi � qij :

For other examples of divergence measures, see the paper [61] by J. N. Kapur,
where further references are given.
For other examples of divergence measures and further references, see [61] and

[85].
In this paper we survey some discrete inequalities for the f -divergence measure

in Infromation Theory by the use of recent reverses of the celebrated Jensen�s
inequality. Applications in connection with Hölder�s inequality and for particular
measures such as Kullback-Leibler divergence measure, Hellinger discrimination,
�2-distance and variation distance are provided as well.

3. A Reverse Inequality Due to Dragomir & Ionescu

If xi; yi 2 R and wi � 0 (i = 1; : : : ; n) with Wn :=
Pn

i=1 wi = 1 then we may
consider the µCeby�ev functional

(3.1) Tw (x; y) :=
nX
i=1

wixiyi �
nX
i=1

wixi

nX
i=1

wiyi:

The following result is known in the literature as the Grüss inequality

(3.2) jTw (x; y)j �
1

4
(�� 
) (�� �) ;
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provided

(3.3) �1 < 
 � xi � � <1; �1 < � � yi � � <1
for i = 1; : : : ; n:
The constant 1

4 is sharp in the sense that it cannot be replaced by a smaller
constant.
If we assume that �1 < 
 � xi � � < 1 for i = 1; : : : ; n; then by the Grüss

inequality for yi = xi and by the Schwarz�s discrete inequality, we have

(3.4)
nX
i=1

wi

������xi �
nX
j=1

wjxj

������ �
264 nX
i=1

wix
2
i �

0@ nX
j=1

wjxj

1A2
375

1
2

� 1

2
(�� 
) :

In order to provide a reverse of the celebrated Jensen�s inequality for convex
functions, S.S. Dragomir obtained in 2002 [28] the following result:

Theorem 3. Let f : [m;M ]! R be a di¤erentiable convex function on (m;M) : If
xi 2 [m;M ] and wi � 0 (i = 1; : : : ; n) with Wn :=

Pn
i=1 wi = 1; then one has the

counterpart of Jensen�s weighted discrete inequality:

0 �
nX
i=1

wif (xi)� f
 

nX
i=1

wixi

!
(3.5)

�
nX
i=1

wif
0 (xi)xi �

nX
i=1

wif
0 (xi)

nX
i=1

wixi

� 1

2
[f 0 (M)� f 0 (m)]

nX
i=1

wi

������xi �
nX
j=1

wjxj

������ :
Remark 1. We notice that the inequality between the �rst and the second term in
(3.5) was proved in 1994 by Dragomir & Ionescu, see [45].

On making use of (3.4), we can state the following string of reverse inequalities

0 �
nX
i=1

wif (xi)� f
 

nX
i=1

wixi

!
(3.6)

�
nX
i=1

wif
0 (xi)xi �

nX
i=1

wif
0 (xi)

nX
i=1

wixi

� 1

2
[f 0 (M)� f 0 (m)]

nX
i=1

wi

������xi �
nX
j=1

wjxj

������
� 1

2
[f 0 (M)� f 0 (m)]

264 nX
i=1

wix
2
i �

0@ nX
j=1

wjxj

1A2
375

1
2

� 1

4
[f 0 (M)� f 0 (m)] (M �m) ;

provided that f : [m;M ] � R! R is a di¤erentiable convex function on (m;M),
xi 2 [m;M ] and wi � 0 (i = 1; : : : ; n) with Wn :=

Pn
i=1 wi = 1:
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Remark 2. We notice that the inequality between the �rst, second and last term
from (3.6) was proved in the general case of positive linear functionals in 2001 by
S. S. Dragomir in [24].

For various Jensen�s type inequalities see [17]-[51].

4. Further Reverse Inequalities

The following reverse of the Jensen�s inequality holds:

Theorem 4 (Dragomir, 2013 [43]). Let f : I ! R be a continuous convex function
on the interval of real numbers I and m;M 2 R, m < M with [m;M ] � �I, �I is the
interior of I: If xi 2 [m;M ] and wi � 0 (i = 1; : : : ; n) with Wn :=

Pn
i=1 wi = 1,

then

0 �
nX
i=1

wif (xi)� f
 

nX
i=1

wixi

!
(4.1)

� (M �
Pn

i=1 wixi) (
Pn

i=1 wixi �m)
M �m 	f

 
nX
i=1

wixi;m;M

!

� (M �
Pn

i=1 wixi) (
Pn

i=1 wixi �m)
M �m sup

t2(m;M)

	f (t;m;M)

�
 
M �

nX
i=1

wixi

! 
nX
i=1

wixi �m
!
f 0� (M)� f 0+ (m)

M �m

� 1

4
(M �m)

�
f 0� (M)� f 0+ (m)

�
;

where 	f (�;m;M) : (m;M)! R is de�ned by

	f (t;m;M) =
f (M)� f (t)

M � t � f (t)� f (m)
t�m :

We also have the inequality

0 �
nX
i=1

wif (xi)� f
 

nX
i=1

wixi

!
(4.2)

� (M �
Pn

i=1 wixi) (
Pn

i=1 wixi �m)
M �m 	f

 
nX
i=1

wixi;m;M

!

� 1

4
(M �m)	f

 
nX
i=1

wixi;m;M

!

� 1

4
(M �m) sup

t2(m;M)

	f (t;m;M)

� 1

4
(M �m)

�
f 0� (M)� f 0+ (m)

�
;

provided that
Pn

i=1 wixi 2 (m;M) :
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Proof. By the convexity of f we have that

nX
i=1

wif (xi)� f
 

nX
i=1

wixi

!
(4.3)

=
nX
i=1

wif

�
m (M � xi) +M (xi �m)

M �m

�

� f
 

nX
i=1

wi

�
m (M � xi) +M (xi �m)

M �m

�!

�
nX
i=1

wi
(M � xi) f (m) + (xi �m) f (M)

M �m

� f
�
m (M �

Pn
i=1 wixi) +M (

Pn
i=1 wixi �m)

M �m

�
=
(M �

Pn
i=1 wixi) f (m) + (

Pn
i=1 wixi �m) f (M)

M �m

� f
�
m (M �

Pn
i=1 wixi) +M (

Pn
i=1 wixi �m)

M �m

�
:= B:

By denoting

�f (t;m;M) :=
(t�m) f (M) + (M � t) f (m)

M �m � f (t) ; t 2 [m;M ]

we have

�f (t;m;M) =
(t�m) f (M) + (M � t) f (m)� (M �m) f (t)

M �m(4.4)

=
(t�m) f (M) + (M � t) f (m)� (M � t+ t�m) f (t)

M �m

=
(t�m) [f (M)� f (t)]� (M � t) [f (t)� f (m)]

M �m

=
(M � t) (t�m)

M �m 	f (t;m;M)

for any t 2 (m;M) :
Therefore we have the equality

(4.5) B =
(M �

Pn
i=1 wixi) (

Pn
i=1 wixi �m)

M �m 	f

 
nX
i=1

wixi;m;M

!

provided that
Pn

i=1 wixi 2 (m;M) :
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For
Pn

i=1 wixi = m or
Pn

i=1 wixi = M the inequality (4.1) is obvious. IfPn
i=1 wixi 2 (m;M), then

	f

 
nX
i=1

wixi;m;M

!
� sup

t2(m;M)

	f (t;m;M)

= sup
t2(m;M)

�
f (M)� f (t)

M � t � f (t)� f (m)
t�m

�
� sup

t2(m;M)

�
f (M)� f (t)

M � t

�
+ sup
t2(m;M)

�
�f (t)� f (m)

t�m

�
= sup

t2(m;M)

�
f (M)� f (t)

M � t

�
� inf
t2(m;M)

�
f (t)� f (m)

t�m

�
= f 0� (M)� f 0+ (m)

which by (4.3) and (4.5) produces the desired result (4.1).
Since, obviously

(M �
Pn

i=1 wixi) (
Pn

i=1 wixi �m)
M �m � 1

4
(M �m) ;

then by (4.3) and (4.5) we deduce the second inequality (4.2). The last part is
clear. �

Corollary 2. Let f : I ! R be a continuous convex function on the interval of real
numbers I and m;M 2 R, m < M with [m;M ] � �I. If xi 2 [m;M ], then we have
the inequalities

0 � 1

n

nX
i=1

f (xi)� f
 
1

n

nX
i=1

xi

!
(4.6)

�
�
M � 1

n

Pn
i=1 xi

� �
1
n

Pn
i=1 xi �m

�
M �m 	f

 
1

n

nX
i=1

xi;m;M

!

�
�
M � 1

n

Pn
i=1 xi

� �
1
n

Pn
i=1 xi �m

�
M �m sup

t2(m;M)

	f (t;m;M)

�
 
M � 1

n

nX
i=1

xi

! 
1

n

nX
i=1

xi �m
!
f 0� (M)� f 0+ (m)

M �m

� 1

4
(M �m)

�
f 0� (M)� f 0+ (m)

�
;
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and

0 � 1

n

nX
i=1

f (xi)� f
 
1

n

nX
i=1

xi

!
(4.7)

�
M � 1

n

Pn
i=1 xi

� �
1
n

Pn
i=1 xi �m

�
M �m 	f

 
1

n

nX
i=1

xi;m;M

!

� 1

4
(M �m)	f

 
1

n

nX
i=1

xi;m;M

!

� 1

4
(M �m) sup

t2(m;M)

	f (t;m;M)

� 1

4
(M �m)

�
f 0� (M)� f 0+ (m)

�
;

where 1
n

Pn
i=1 xi 2 (m;M) :

Remark 3. De�ne the weighted arithmetic mean of the positive n-tuple x =
(x1; :::; xn) with the nonnegative weights w = (w1; :::; wn) by

An (w; x) :=
1

Wn

nX
i=1

wixi

where Wn :=
Pn

i=1 wi > 0 and the weighted geometric mean of the same n-tuple,
by

Gn (w; x) :=

 
nY
i=1

xwii

!1=Wn

:

It is well know that the following arithmetic mean-geometric mean inequality holds
true

An (w; x) � Gn (w; x) :
Applying the inequality between the �rst and third term in (4.6) for the convex
function f (t) = � ln t; t > 0 we have

1 � An (w; x)

Gn (w; x)
� exp

�
1

Mm
(M �An (w; x)) (An (w; x)�m)

�
(4.8)

� exp
"
1

4

(M �m)2

mM

#
;

provided that 0 < m � xi �M <1 for i 2 f1; :::; ng :
Also, if we apply the inequality (4.7) for the same function f we get that

1 � An (w; x)

Gn (w; x)
(4.9)

�
"�

M

An (w; x)

�M�An(w;x)� m

An (w; x)

�An(w;x)�m
#� 1

4 (M�m)

� exp
"
1

4

(M �m)2

mM

#
:

The following result also holds:
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Theorem 5 (Dragomir, 2013 [43]). With the assumptions of Theorem 4, we have
the inequalities

0 �
nX
i=1

wif (xi)� f
 

nX
i=1

wixi

!
(4.10)

� 2max
�
M �

Pn
i=1 wixi

M �m ;

Pn
i=1 wixi �m
M �m

�
�
�
f (m) + f (M)

2
� f

�
m+M

2

��
� 1

2
max

(
M �

nX
i=1

wixi;
nX
i=1

wixi �m
)�
f 0� (M)� f 0+ (m)

�
:

Proof. First of all, we recall the following result obtained by the author in [36] that
provides a re�nement and a reverse for the weighted Jensen�s discrete inequality:

n min
i2f1;:::;ng

fpig
"
1

n

nX
i=1

f (xi)� f
 
1

n

nX
i=1

xi

!#
(4.11)

� 1

Pn

nX
i=1

pif (xi)� f
 
1

Pn

nX
i=1

pixi

!

n max
i2f1;:::;ng

fpig
"
1

n

nX
i=1

f (xi)� f
 
1

n

nX
i=1

xi

!#
;

where f : C ! R is a convex function de�ned on the convex subset C of the linear
space X; fxigi2f1;:::;ng � C are vectors and fpigi2f1;:::;ng are nonnegative numbers
with Pn :=

Pn
i=1 pi > 0:

For n = 2 we deduce from (4.11) that

2min ft; 1� tg
�
f (x) + f (y)

2
� f

�
x+ y

2

��
(4.12)

� tf (x) + (1� t) f (y)� f (tx+ (1� t) y)

� 2max ft; 1� tg
�
f (x) + f (y)

2
� f

�
x+ y

2

��
for any x; y 2 C and t 2 [0; 1] :
If we use the second inequality in (4.12) for the convex function f : I ! R and

m;M 2 R, m < M with [m;M ] � �I; we have for t = M�
Pn

i=1 wixi
M�m that

(M �
Pn

i=1 wixi) f (m) + (
Pn

i=1 wixi �m) f (M)
M �m(4.13)

� f
�
m (M �

Pn
i=1 wixi) +M (

Pn
i=1 wixi �m)

M �m

�
� 2max

�
M �

Pn
i=1 wixi

M �m ;

Pn
i=1 wixi �m
M �m

�
�
�
f (m) + f (M)

2
� f

�
m+M

2

��
:

Utilizing the inequality (4.3) and (4.13) we deduce the �rst inequality in (4.10).
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Since
f(m)+f(M)

2 � f
�
m+M
2

�
M �m

=
1

4

"
f (M)� f

�
m+M
2

�
M � m+M

2

�
f
�
m+M
2

�
� f (m)

m+M
2 �m

#
and, by the gradient inequality, we have that

f (M)� f
�
m+M
2

�
M � m+M

2

� f 0� (M)

and
f
�
m+M
2

�
� f (m)

m+M
2 �m

� f 0+ (m) ;

then we get

(4.14)
f(m)+f(M)

2 � f
�
m+M
2

�
M �m � 1

4

�
f 0� (M)� f 0+ (m)

�
:

On making use of (4.13) and (4.14) we deduce the last part of (4.10). �

Corollary 3. With the assumptions in Corollary 2, we have the inequalities

0 � 1

n

nX
i=1

f (xi)� f
 
1

n

nX
i=1

xi

!
(4.15)

� 2max
�
M � 1

n

Pn
i=1 xi

M �m ;
1
n

Pn
i=1 xi �m
M �m

�
�
�
f (m) + f (M)

2
� f

�
m+M

2

��
(4.16)

� 1

2
max

(
M � 1

n

nX
i=1

xi;
1

n

nX
i=1

xi �m
)�
f 0� (M)� f 0+ (m)

�
:

Remark 4. Since, obviously,

M �
Pn

i=1 wixi
M �m ;

Pn
i=1 wixi �m
M �m � 1;

then we obtain from the �rst inequality in (4.10) the simpler, however coarser in-
equality, namely

0 �
nX
i=1

wif (xi)� f
 

nX
i=1

wixi

!
(4.17)

� 2
�
f (m) + f (M)

2
� f

�
m+M

2

��
:

This inequality was obtained in 2008 by S. Simic in [83].

Remark 5. With the assumptions in Remark 3 we have the following reverse of
the arithmetic mean-geometric mean inequality

(4.18) 1 � An (w; x)

Gn (w; x)
�
�
A (m;M)

G (m;M)

�2maxfM�An(w;x)
M�m ;

An(w;x)�m
M�m g

;
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where A (m;M) is the arithmetic mean while G (m;M) is the geometric mean of
the positive numbers m and M .

5. Applications for the Hölder Inequality

If xi; yi � 0 for i 2 f1; :::; ng ; then the Hölder inequality holds true

nX
i=1

xiyi �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
;

where p > 1; 1p +
1
q = 1:

Assume that p > 1: If zi 2 R for i 2 f1; :::; ng, satis�es the bounds

0 < m � zi �M <1 for i 2 f1; :::; ng

and wi � 0 (i = 1; : : : ; n) with Wn :=
Pn

i=1 wi > 0; then from (4.1) we have

0 �
Pn

i=1 wiz
p
i

Wn
�
�Pn

i=1 wizi
Wn

�p
(5.1)

�

�
M �

Pn
i=1 wizi
Wn

��Pn
i=1 wizi
Wn

�m
�

M �m Bp (m;M)

� pM
p�1 �mp�1

M �m

�
M �

Pn
i=1 wizi
Wn

��Pn
i=1 wizi
Wn

�m
�

� 1

4
p (M �m)

�
Mp�1 �mp�1� ;

where 	p (�;m;M) : (m;M)! R is de�ned by

	p (t;m;M) =
Mp � tp
M � t � t

p �mp

t�m

while

(5.2) Bp (m;M) := sup
t2(m;M)

	p (t;m;M) :

From (4.2) we also have the inequality

0 �
Pn

i=1 wiz
p
i

Wn
�
�Pn

i=1 wizi
Wn

�p
(5.3)

� 1

4
(M �m)	p

�Pn
i=1 wizi
Wn

;m;M

�
� 1

4
p (M �m)

�
Mp�1 �mp�1� :

Proposition 1 (Dragomir, 2013 [43]). If xi � 0; yi > 0 for i 2 f1; :::; ng, p >
1; 1p +

1
q = 1 and there exists the constants 
;� > 0 and such that


 � xi

yq�1i

� � for i 2 f1; :::; ng ;
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then we have

0 �
Pn

i=1 x
p
iPn

i=1 y
q
i

�
�Pn

i=1 xiyiPn
i=1 y

q
i

�p
(5.4)

� Bp (
;�)

�� 


�
��

Pn
i=1 xiyiPn
i=1 y

q
i

��Pn
i=1 xiyiPn
i=1 y

q
i

� 

�

� p�
p�1 � 
p�1
�� 


�
��

Pn
i=1 xiyiPn
i=1 y

q
i

��Pn
i=1 xiyiPn
i=1 y

q
i

� 

�

� 1

4
p (�� 
)

�
�p�1 � 
p�1

�
;

and

0 �
Pn

i=1 x
p
iPn

i=1 y
q
i

�
�Pn

i=1 xiyiPn
i=1 y

q
i

�p
(5.5)

� 1

4
(�� 
)	p

�Pn
i=1 xiyiPn
i=1 y

q
i

; 
;�

�
� 1

4
p (�� 
)

�
�p�1 � 
p�1

�
;

where Bp (�; �) and 	p (�; �; �) are de�ned above.

Proof. The inequalities (5.4) and (5.5) follow from (5.1) and (5.3) by choosing

zi =
xi

yq�1i

and wi = y
q
i :

The details are omitted. �

Remark 6. We observe that for p = q = 2 we have 	2 (t; 
;�) = ��
 = B2 (
;�)
and then from the �rst inequality in (5.4) we get the following reverse of the Cauchy-
Bunyakovsky-Schwarz inequality:

nX
i=1

x2i

nX
i=1

y2i �
 

nX
i=1

xiyi

!2
(5.6)

�
�
��

Pn
i=1 xiyiPn
i=1 y

2
i

��Pn
i=1 xiyiPn
i=1 y

2
i

� 

� nX

i=1

y2i

!2

provided that xi � 0; yi > 0 for i 2 f1; :::; ng and there exists the constants 
;� > 0
such that


 � xi
yi
� � for i 2 f1; :::; ng :
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Corollary 4 (Dragomir, 2013 [43]). With the assumptions of Proposition 1 we
have the following additive reverses of the Hölder inequality

0 �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
�

nX
i=1

xiyi(5.7)

�
�
Bp (
;�)

�� 


�1=p�
��

Pn
i=1 xiyiPn
i=1 y

q
i

�1=p�Pn
i=1 xiyiPn
i=1 y

q
i

� 

�1=p

�
nX
i=1

yqi

� p1=p
�
�p�1 � 
p�1
�� 


�1=p�
��

Pn
i=1 xiyiPn
i=1 y

q
i

�1=p�Pn
i=1 xiyiPn
i=1 y

q
i

� 

�1=p

�
nX
i=1

yqi

� 1

41=p
p1=p (�� 
)1=p

�
�p�1 � 
p�1

�1=p nX
i=1

yqi

and

0 �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
�

nX
i=1

xiyi(5.8)

� 1

41=p
(�� 
)1=p	1=pp

�Pn
i=1 xiyiPn
i=1 y

q
i

;m;M

� nX
i=1

yqi

� 1

41=p
p1=p (�� 
)1=p

�
�p�1 � 
p�1

�1=p nX
i=1

yqi

where p > 1 and 1
p +

1
q = 1:

Proof. By multiplying in (5.4) with (
Pn

i=1 y
q
i )
p we have

nX
i=1

xpi

 
nX
i=1

yqi

!p�1
�
 

nX
i=1

xiyi

!p

� Bp (
;�)

�� 


�
��

Pn
i=1 xiyiPn
i=1 y

q
i

��Pn
i=1 xiyiPn
i=1 y

q
i

� 

� nX

i=1

yqi

!p

� p�
p�1 � 
p�1
�� 


�
��

Pn
i=1 xiyiPn
i=1 y

q
i

��Pn
i=1 xiyiPn
i=1 y

q
i

� 

� nX

i=1

yqi

!p

� 1

4
p (�� 
)

�
�p�1 � 
p�1

� nX
i=1

yqi

!p
;
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which is equivalent to

nX
i=1

xpi

 
nX
i=1

yqi

!p�1
(5.9)

�
 

nX
i=1

xiyi

!p
+
Bp (
;�)

�� 


�
��

Pn
i=1 xiyiPn
i=1 y

q
i

��Pn
i=1 xiyiPn
i=1 y

q
i

� 

�

�
 

nX
i=1

yqi

!p

�
 

nX
i=1

xiyi

!p
+ p

�
��

Pn
i=1 xiyiPn
i=1 y

q
i

��Pn
i=1 xiyiPn
i=1 y

q
i

� 

�

�
 

nX
i=1

yqi

!p
�p�1 � 
p�1
�� 


�
 

nX
i=1

xiyi

!p
+
1

4
p (�� 
)

�
�p�1 � 
p�1

� nX
i=1

yqi

!p
:

Taking the power 1=p with p > 1 and employing the following elementary inequality
that state that for p > 1 and �; � > 0;

(�+ �)
1=p � �1=p + �1=p

we have from the �rst part of (5.9) that

 
nX
i=1

xiyi

!1=p nX
i=1

yqi

!1� 1
p

(5.10)

�
nX
i=1

xiyi +

�
Bp (
;�)

�� 


�1=p�
��

Pn
i=1 xiyiPn
i=1 y

q
i

�1=p�Pn
i=1 xiyiPn
i=1 y

q
i

� 

�1=p

�
nX
i=1

yqi

and since 1 � 1
p =

1
q we get from (5.10) the �rst inequality in (5.7). The rest is

obvious.
The inequality (5.8) can be proved in a similar manner, however the details are

omitted. �

If zi 2 R for i 2 f1; :::; ng, satis�es the bounds

0 < m � zi �M <1 for i 2 f1; :::; ng
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and wi � 0 (i = 1; : : : ; n) with Wn :=
Pn

i=1 wi > 0; then from (4.10) we also have
the inequality

0 �
Pn

i=1 wiz
p
i

Wn
�
�Pn

i=1 wizi
Wn

�p
(5.11)

� 2
�
mp +Mp

2
�
�
m+M

2

�p�
�max

(
M �

Pn
i=1 wizi
Wn

M �m ;

Pn
i=1 wizi
Wn

�m
M �m

)

� 1

2
p
�
Mp�1 �mp�1�max�M �

Pn
i=1 wizi
Wn

;

Pn
i=1 wizi
Wn

�m
�
:

From the inequality (5.11) we can state:

Proposition 2 (Dragomir, 2013 [43]). With the assumptions of Proposition 1 we
have

0 �
Pn

i=1 x
p
iPn

i=1 y
q
i

�
�Pn

i=1 xiyiPn
i=1 y

q
i

�p
(5.12)

� 2 �

p+�p

2 �
�

+�
2

�p
�� 
 max

�
��

Pn
i=1 xiyiPn
i=1 y

q
i

;

Pn
i=1 xiyiPn
i=1 y

q
i

� 

�

� 1

2
p
�
�p�1 � 
p�1

�
max

�
��

Pn
i=1 xiyiPn
i=1 y

q
i

;

Pn
i=1 xiyiPn
i=1 y

q
i

� 

�
:

Finally, the following additive reverse of the Hölder inequality can be stated as
well:

Corollary 5 (Dragomir, 2013 [43]). With the assumptions of Proposition 1 we
have

0 �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
�

nX
i=1

xiyi(5.13)

� 21=p �

0@ 
p+�p

2 �
�

+�
2

�p
�� 


1A1=p

�max
(�

��
Pn

i=1 xiyiPn
i=1 y

q
i

�1=p
;

�Pn
i=1 xiyiPn
i=1 y

q
i

� 

�1=p) nX

i=1

yqi

� 1

21=p
p1=pmax

(�
��

Pn
i=1 xiyiPn
i=1 y

q
i

�1=p
;

�Pn
i=1 xiyiPn
i=1 y

q
i

� 

�1=p)

�
�
�p�1 � 
p�1

�1=p nX
i=1

yqi :
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Remark 7. As a simpler, however coarser inequality we have the following result:

0 �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
�

nX
i=1

xiyi(5.14)

� 21=p �
�

p + �p

2
�
�

 + �

2

�p�1=p nX
i=1

yqi ;

where xi and yi are as above.

6. Applications for f-Divergence

Consider the f -divergence

(6.1) If (p; q) :=
nX
i=1

qif

�
pi
qi

�
de�ned on the set of probability distributions p; q 2 Pn, where f is convex on (0;1).
It is assumed that f (u) is zero and strictly convex at u = 1. By appropriately
de�ning this convex function, various divergences are derived.
The following result holds:

Proposition 3 (Dragomir, 2013 [43]). Let f : (0;1)! R be a convex function with
the property that f (1) = 0: Assume that p; q 2 Pn and there exists the constants
0 < r < 1 < R <1 such that

(6.2) r � pi
qi
� R for i 2 f1; :::; ng :

Then we have the inequalities

0 � If (p; q) �
(R� 1) (1� r)

R� r sup
t2(r;R)

	f (t; r;R)(6.3)

� (R� 1) (1� r)
f 0� (R)� f 0+ (r)

R� r

� 1

4
(R� r)

�
f 0� (R)� f 0+ (r)

�
;

and 	f (�; r;R) : (r;R)! R is de�ned by

	f (t; r;R) =
f (R)� f (t)

R� t � f (t)� f (r)
t� r :

We also have the inequality

If (p; q) �
1

4
(R� r) f (R) (1� r) + f (r) (R� 1)

(R� 1) (1� r)(6.4)

� 1

4
(R� r)

�
f 0� (R)� f 0+ (r)

�
:

The proof follows by Theorem 4 by choosing wi = qi; xi =
pi
qi
; m = r andM = R

and performing the required calculations. The details are omitted.
Utilising the same approach and Theorem 5 we can also state that:
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Proposition 4 (Dragomir, 2013 [43]). With the assumptions of Proposition 3 we
have

0 � If (p; q) � 2max
�
R� 1
R� r ;

1� r
R� r

�
(6.5)

�
�
f (r) + f (R)

2
� f

�
r +R

2

��
� 1

2
max fR� 1; 1� rg

�
f 0� (R)� f 0+ (r)

�
:

The above results can be utilized to obtain various inequalities for the divergence
measures in Information Theory that are particular instances of f -divergence.
Consider the Kullback-Leibler divergence

KL (p; q) =
nX
i=1

pi log

�
pi
qi

�
; p; q 2 Pn:

For the convex function f : (0;1)! R, f (t) = � ln t we have

If (p; q) :=
nX
i=1

qif

�
pi
qi

�
= �

nX
i=1

qi ln

�
pi
qi

�
=

nX
i=1

qi ln

�
qi
pi

�
= KL (q; p)

If p; q 2 Pn such that there exists the constants 0 < r < 1 < R <1 with

(6.6) r � pi
qi
� R for i 2 f1; :::; ng ;

then we get from the second inequality in (6.3) that

(6.7) 0 � KL (q; p) � (R� 1) (1� r)
rR

;

from the �rst inequality in (6.4) that

0 � KL (q; p) � 1

4
(R� r) ln

h
R�

1
R�1 r�

1
1�r

i
and from the �rst inequality in (6.5) that

(6.8) 0 � KL (q; p) � 2max
�
R� 1
R� r ;

1� r
R� r

�
ln

�
A (r;R)

G (r;R)

�
where A (r;R) is the arithmetic mean and G (r;R) is the geometric mean of the
positive numbers r and R:
For the convex function f : (0;1)! R, f (t) = t ln t we have

If (p; q) :=
nX
i=1

qif

�
pi
qi

�
= KL (p; q) :

If p; q 2 Pn such that there exists the constants 0 < r < 1 < R < 1 with the
property (6.6), then we get from the second inequality in (6.3) that

(6.9) 0 � KL (p; q) � (R� 1) (1� r)
L (r;R)

;

where L (r;R) is the Logarithmic mean of r; R; namely

L (r;R) =
R� r

lnR� ln r :
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From the �rst inequality in (6.4) we also have:

(6.10) 0 � KL (p; q) � 1

4
(R� r)

R� r + ln
�
R1�rrR�1

�
(R� 1) (1� r) :

Finally, by the �rst inequality in (6.5) we have

(6.11) 0 � KL (p; q) � 2max
�
R� 1
R� r ;

1� r
R� r

�
ln

"
G
�
rr; RR

�
[A (r;R)]

A(r;R)

#
:

7. More Reverse Inequalities

For the Lebesgue measurable function g : [�; �] ! R we introduce the Lebesgue
p-norms de�ned as

kgk[�;�];p :=
 Z �

�

jg (t)jp dt
!1=p

if g 2 Lp [�; �] ;

for p � 1 and
kgk[�;�];1 := ess sup

t2[�;�]
jg (t)j if g 2 L1 [�; �] ;

for p =1:
The following result also holds:

Theorem 6 (Dragomir, 2013 [44]). Let � : I ! R be a continuous convex function
on the interval of real numbers I and m;M 2 R, m < M with [m;M ] � �I, �I is
the interior of I: If xi 2 I and wi � 0 for i 2 f1; :::; ng with

Pn
i=1 wi = 1, denote

�xw :=
Pn

i=1 wixi 2 I; then we have the inequality

0 �
nX
i=1

wi� (xi)� � (�xw)(7.1)

�
(M � �xw)

R �xw
m
j�0 (t)j dt+ (�xw �m)

RM
�xw
j�0 (t)j dt

M �m := �� (�xw;m;M) ;

where �� (�xw;m;M) satis�es the bounds

�� (�xw;m;M)(7.2)

�

8>>><>>>:
�
1
2 +

j�xw�m+M
2 j

M�m

� RM
m
j�0 (t)j dt

h
1
2

RM
m
j�0 (t)j dt+ 1

2

���RM�xw j�0 (t)j dt� R �xwm j�0 (t)j dt
���i ;

�� (�xw;m;M)(7.3)

� (�xw �m) (M � �xw)
M �m

h
k�0k[�xw;M ];1 + k�0k[m;�xw];1

i
� 1

2
(M �m)

k�0k[ �wp;M ];1 + k�0k[m; �wp];1
2

� 1

2
(M �m) k�0k[m;M ];1
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and

�� (�xw;m;M)(7.4)

� 1

M �m

h
(�xw �m) (M � �xw)1=q k�0k[�xw;M ];p

+(M � �xw) (�xw �m)1=q k�0k[m;�xw];p
i

� 1

M �m [(�xw �m)q (M � �xw) + (M � �xw)q (�xw �m)]
1=q k�0k[m;M ];p

where p > 1; 1p +
1
q = 1:

Proof. By the convexity of � we have that

nX
i=1

wi� (xi)� � (�xw)(7.5)

=
nX
i=1

wi�

�
m (M � xi) +M (xi �m)

M �m

�
� � (�xw)

�
nX
i=1

wi
(M � xi) � (m) + (xi �m) � (M)

M �m � � (�xw)

=
(M � �xw) � (m) + (�xw �m) � (M)

M �m � � (�xw) = B:

By denoting

�� (t;m;M) :=
(t�m) � (M) + (M � t) � (m)

M �m � � (t) ; t 2 [m;M ]

we have

�� (t;m;M) =
(t�m) � (M) + (M � t)� (m)

M �m � � (t)(7.6)

=
(t�m) � (M) + (M � t)� (m)� (M �m) � (t)

M �m

=
(t�m) � (M) + (M � t)� (m)� (M � t+ t�m) � (t)

M �m

=
(t�m) [� (M)� � (t)]� (M � t) [� (t)� � (m)]

M �m

for any t 2 [m;M ] : Also

B = �� (�xw;m;M) :

Taking the modulus on (7.6) and, noticing that, by the convexity of � we have

�� (t;m;M)

=
(t�m) � (M) + (M � t) � (m)

M �m � �
�
(t�m)M + (M � t)m

M �m

�
� 0
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for any t 2 [m;M ] ; then we have

�� (t;m;M) �
(t�m) j� (M)� � (t)j+ (M � t) j� (t)� � (m)j

M �m(7.7)

=
(t�m)

���RMt �0 (s) ds
���+ (M � t)

���R tm�0 (s) ds���
M �m

�
(t�m)

RM
t
j�0 (s)j ds+ (M � t)

R t
m
j�0 (s)j ds

M �m
for any t 2 [m;M ] :
Finally, if we write the inequality (7.7) for t = �xw 2 [m;M ] and utilize the

inequality (7.5), we deduce the desired result (7.1).
Now, we observe that

(t�m)
RM
t
j�0 (s)j ds+ (M � t)

R t
m
j�0 (s)j ds

M �m(7.8)

�

8><>:
max ft�m;M � tg

RM
m
j�0 (t)j dt

max
nRM

t
j�0 (s)j ds;

R t
m
j�0 (s)j ds

o
(M �m)

=

8><>:
�
1
2 (M �m) +

��t� m+M
2

��� RM
m
j�0 (t)j dth

1
2

RM
m
j�0 (s)j ds+ 1

2

���RMt j�0 (s)j ds�
R t
m
j�0 (s)j ds

���i (M �m)

for any t 2 [m;M ] : This proves the inequality (7.2).
By the Hölder�s inequality we have

Z M

t

j�0 (s)j ds �

8><>:
(M � t) k�0k[t;M ];1

(M � t)1=q k�0k[t;M ];p if p > 1; 1p +
1
q = 1

and Z t

m

j�0 (s)j ds �

8><>:
(t�m) k�0k[m;t];1

(t�m)1=q k�0k[m;t];p if p > 1; 1p +
1
q = 1;

which give that

(t�m)
RM
t
j�0 (s)j ds+ (M � t)

R t
m
j�0 (s)j ds

M �m(7.9)

�
(t�m) (M � t) k�0k[t;M ];1 + (M � t) (t�m) k�0k[m;t];1

M �m

=
(t�m) (M � t)

M �m

h
k�0k[t;M ];1 + k�0k[m;t];1

i
� 1

2
(M �m)

k�0k[t;M ];1 + k�0k[m;t];1
2

� 1

2
(M �m)max

n
k�0k[t;M ];1 ; k�

0k[m;t];1
o
=
1

2
(M �m) k�0k[m;M ];1



A SURVEY OF REVERSE INEQUALITIES FOR f -DIVERGENCE MEASURE 21

and

(t�m)
RM
t
j�0 (s)j ds+ (M � t)

R t
m
j�0 (s)j ds

M �m(7.10)

�
(t�m) (M � t)1=q k�0k[t;M ];p + (M � t) (t�m)1=q k�0k[m;t];p

M �m

� 1

M �m

h�
(t�m) (M � t)1=q

�q
+
�
(M � t) (t�m)1=q

�qi1=q
�
h
k�0kp[t;M ];p + k�

0kp[m;t];p
i1=p

=
1

M �m [(t�m)q (M � t) + (M � t)q (t�m)]1=q k�0k[m;M ];p

for any t 2 [m;M ] :
These prove the desired inequalities (7.3) and (7.4). �

Remark 8. De�ne the weighted arithmetic mean of the positive n-tuple x =
(x1; :::; xn) with the nonnegative weights w = (w1; :::; wn) by

An (w; x) :=
1

Wn

nX
i=1

wixi

where Wn :=
Pn

i=1 wi > 0 and the weighted geometric mean of the same n-tuple,
by

Gn (w; x) :=

 
nY
i=1

xwii

!1=Wn

:

It is well know that the following arithmetic mean-geometric mean inequality holds
true

An (w; x) � Gn (w; x) :

On applying the inequality (7.1) for the convex function � (t) = � ln t; we have the
following reverse of the arithmetic mean-geometric mean inequality

(7.11) 1 � An (w; x)

Gn (w; x)
�
�
An (w; x)

m

�M�An(w;x)� M

An (w; x)

�An(w;x)�m
:

8. Applications for the Hölder Inequality

If xi; yi � 0 for i 2 f1; :::; ng ; then the Hölder inequality holds true

nX
i=1

xiyi �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
;

where p > 1; 1p +
1
q = 1:

Assume that p > 1: If zi 2 R for i 2 f1; :::; ng, satis�es the bounds

0 < m � zi �M <1 for i 2 f1; :::; ng
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and wi � 0 (i = 1; : : : ; n) with Wn :=
Pn

i=1 wi > 0; then from Theorem 6 we have
amongst other the following inequality

0 �
Pn

i=1 wiz
p
i

Wn
�
�Pn

i=1 wizi
Wn

�p
(8.1)

� (Mp �mp)

�
1

2
+

1

M �m

����Pn
i=1 wizi
Wn

� m+M
2

����� :
From this inequality we can state that:

Proposition 5 (Dragomir, 2013 [44]). If xi � 0; yi > 0 for i 2 f1; :::; ng, p >
1; 1p +

1
q = 1 and there exists the constants 
;� > 0 and such that


 � xi

yq�1i

� � for i 2 f1; :::; ng ;

then we have

0 �
Pn

i=1 x
p
iPn

i=1 y
q
i

�
�Pn

i=1 xiyiPn
i=1 y

q
i

�p
(8.2)

� (�p � 
p)
�
1

2
+

1

�� 


����Pn
i=1 xiyiPn
i=1 y

q
i

� 
 + �
2

����� :
Finally, the following additive reverse of the Hölder inequality can be stated as

well:

Corollary 6 (Dragomir, 2013 [44]). With the assumptions of Proposition 5 we
have

0 �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
�

nX
i=1

xiyi(8.3)

� (�p � 
p)1=p
�
1

2
+

1

�� 


����Pn
i=1 xiyiPn
i=1 y

q
i

� 
 + �
2

�����1=p nX
i=1

yqi :

Remark 9. We observe that for p = q = 2 we have from the �rst inequality in
(8.2) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

nX
i=1

x2i

nX
i=1

y2i �
 

nX
i=1

xiyi

!2
(8.4)

�
�
�2 � 
2

� �1
2
+

1

�� 


����Pn
i=1 xiyiPn
i=1 y

2
i

� 
 + �
2

�����
 

nX
i=1

y2i

!2
provided that xi � 0; yi > 0 for i 2 f1; :::; ng and there exists the constants 
;� > 0
such that


 � xi
yi
� � for i 2 f1; :::; ng :

9. Applications for f-Divergence

Consider the f -divergence

(9.1) If (p; q) :=
nX
i=1

qif

�
pi
qi

�
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de�ned on the set of probability distributions p; q 2 Pn, where f is convex on (0;1).
It is assumed that f (u) is zero and strictly convex at u = 1. By appropriately
de�ning this convex function, various divergences are derived.

Proposition 6 (Dragomir, 2013 [44]). Let f : (0;1)! R be a convex function with
the property that f (1) = 0: Assume that p; q 2 Pn and there exists the constants
0 < r < 1 < R <1 such that

(9.2) r � pi
qi
� R for i 2 f1; :::; ng :

Then we have the inequalities

(9.3) 0 � If (p; q) � Bf (r;R)

where

(9.4) Bf (r;R) :=
(R� 1)

R 1
r
jf 0 (t)j dt+ (1� r)

R R
1
jf 0 (t)j dt

R� r :

Moreover, we have the following bounds for Bf (r;R)

Bf (r;R)(9.5)

�

8>>><>>>:
�
1
2 +

j1� r+R
2 j

R�r

� R R
r
jf 0 (t)j dt

h
1
2

R R
r
jf 0 (t)j dt+ 1

2

���R R1 jf 0 (t)j dt� R 1r jf 0 (t)j dt���i ;
and

Bf (r;R)(9.6)

� (1� r) (R� 1)
R� r

h
kf 0k[1;R];1 + kf 0k[r;1];1

i
� 1

2
(R� r)

kf 0k[1;R];1 + kf 0k[r;1];1
2

� 1

2
(R� r) kf 0k[r;R];1

and

Bf (r;R)(9.7)

� 1

R� r

h
(1� r) (R� 1)1=q kf 0k[1;R];p + (R� 1) (1� r)

1=q kf 0k[r;1];p
i

� 1

R� r [(1� r)
q
(R� 1) + (R� 1)q (1� r)]1=q kf 0k[r;R];p

where p > 1; 1p +
1
q = 1:

The proof follows by Theorem 6 by choosing wi = qi; xi =
pi
qi
; m = r andM = R

and performing the required calculations. The details are omitted.
The above results can be utilized to obtain various inequalities for the divergence

measures in information theory that are particular instances of f -divergence.
Consider the Kullback-Leibler divergence

KL (p; q) =
nX
i=1

pi log

�
pi
qi

�
; p; q 2 Pn:
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For the convex function f : (0;1)! R, f (t) = � ln t we have

If (p; q) :=
nX
i=1

qif

�
pi
qi

�
= �

nX
i=1

qi ln

�
pi
qi

�
=

nX
i=1

qi ln

�
qi
pi

�
= KL (q; p)

If p; q 2 Pn such that there exists the constants 0 < r < 1 < R <1 with

(9.8) r � pi
qi
� R for i 2 f1; :::; ng ;

then we get from the inequality (9.4)

(9.9) 0 � KL (q; p) � ln
�
R1�r

rR�1

� 1
R�r

:

For � > 1; let
f (t) = t�; t > 0:

Then

If (p; q) = D� (p; q) =
nX
i=1

p�i q
1��
i ;

which is the �-order entropy.
If p; q 2 Pn such that (9.8) holds true, then by (9.4) we have

0 � D� (p; q) �
(R� 1) (1� r�) + (1� r) (R� � 1)

R� r :

10. A Refinement and Another Reverse

For a real function g : [m;M ] ! R and two distinct points �; � 2 [m;M ] we
recall that the divided di¤erence of g in these points is de�ned by

[�; �; g] :=
g (�)� g (�)
� � � :

Theorem 7 (Dragomir, 2011 [41]). Let f : I ! R be a continuous convex function
on the interval of real numbers I and m;M 2 R; m < M with [m;M ] � �I, �I the
interior of I: Let �a = (a1; : : : ; an) ; �p = (p1; : : : ; pn) be n�tuples of real numbers
with pi � 0 (i 2 f1; : : : ; ng) and

Pn
i=1 pi = 1: If m � ai �M; i 2 f1; : : : ; ng ; withPn

i=1 piai 6= m;M; then

������
nX
i=1

pi

������f (ai)� f
0@ nX
j=1

pjaj

1A������ sgn
0@ai � nX

j=1

pjaj

1A������
(10.1)

�
nX
i=1

pif (ai)� f
 

nX
i=1

piai

!

� 1

2

 "
nX
i=1

piai;M ; f

#
�
"
m;

nX
i=1

piai; f

#!
nX
i=1

pi

������ai �
nX
j=1

pjaj

������
� 1

2

 "
nX
i=1

piai;M ; f

#
�
"
m;

nX
i=1

piai; f

#!264 nX
i=1

pia
2
i �

0@ nX
j=1

pjaj

1A2
375
1=2

:
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If the lateral derivatives f 0+ (m) and f
0
� (M) are �nite, then we also have the in-

equalities

0 �
nX
i=1

pif (ai)� f
 

nX
i=1

piai

!
(10.2)

� 1

2

 "
nX
i=1

piai;M ; f

#
�
"
m;

nX
i=1

piai; f

#!
nX
i=1

pi

������ai �
nX
j=1

pjaj

������
� 1

2

�
f 0� (M)� f 0+ (m)

� nX
i=1

pi

������ai �
nX
j=1

pjaj

������
� 1

2

�
f 0� (M)� f 0+ (m)

� 264 nX
i=1

pia
2
i �

0@ nX
j=1

pjaj

1A2
375
1=2

:

Proof. We recall that if f : I ! R is a continuous convex function on the interval
of real numbers I and � 2 I then the divided di¤erence function f� : I n f�g ! R,

f� (t) := [�; t; f ] :=
f (t)� f (�)

t� �
is monotonic nondecreasing on I n f�g :
For �ap :=

Pn
j=1 pjaj 2 (m;M), we consider now the sequence

f�ap (i) :=
f (ai)� f (�ap)

ai � �ap
:

We will show that f�ap (i) and hi := ai � �ap, 2 f1; : : : ; ng are synchronous:
Let i; j 2 f1; : : : ; ng with ai; aj 6= �ap: Assume that ai � aj ; then by the

monotonicity of f� we have

f�ap (i) =
f (ai)� f (�ap)

ai � �ap
(10.3)

� f (aj)� f (�ap)
aj � �ap

= f�ap (j)

and

(10.4) hi � hj
which shows that

(10.5)
�
f�ap (i)� f�ap (j)

�
(hi � hj) � 0:

If ai < aj ; then the inequalities (10.3) and (10.4) reverse but the inequality (10.5)
still holds true.
Utilising the continuity property of the modulus we have�����f�ap (i)��� ��f�ap (j)��� (hi � hj)�� � ���f�ap (i)� f�ap (j)� (hi � hj)��

=
�
f�ap (i)� f�ap (j)

�
(hi � hj)

for any i; j 2 f1; : : : ; ng :
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Multiplying with pi; pj � 0 and summing over i and j from 1 to n we have������
nX
i=1

nX
j=1

pipj
���f�ap (i)��� ��f�ap (j)��� (hi � hj)

������(10.6)

�
nX
i=1

nX
j=1

pipj
�
f�ap (i)� f�ap (j)

�
(hi � hj) :

A simple calculation shows that

1

2

nX
i=1

nX
j=1

pipj
���f�ap (i)��� ��f�ap (j)��� (hi � hj)(10.7)

=
nX
i=1

pi
��f�ap (i)��hi � nX

i=1

pi
��f�ap (i)�� nX

i=1

pihi

=
nX
i=1

pi

����f (ai)� f (�ap)ai � �ap

���� (ai � �ap)
�

nX
i=1

pi

����f (ai)� f (�ap)ai � �ap

���� nX
i=1

pi (ai � �ap)

=
nX
i=1

pi

����f (ai)� f (�ap)ai � �ap

���� (ai � �ap)
=

nX
i=1

pi jf (ai)� f (�ap)j sgn (ai � �ap)

and

1

2

nX
i=1

nX
j=1

pipj
�
f�ap (i)� f�ap (j)

�
(hi � hj)(10.8)

=
nX
i=1

pif�ap (i)hi �
nX
i=1

pif�ap (i)
nX
i=1

pihi

=
nX
i=1

pi

�
f (ai)� f (�ap)

ai � �ap

�
(ai � �ap)

�
nX
i=1

pi

�
f (ai)� f (�ap)

ai � �ap

� nX
i=1

pi (ai � �ap)

=
nX
i=1

pi

�
f (ai)� f (�ap)

ai � �ap

�
(ai � �ap)

=
nX
i=1

pif (ai)� f
 

nX
i=1

piai

!
:

On making use of the identities (10.7) and (10.8) we obtain from (10.6) the �rst
inequality in (10.1).
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Now, since �ap :=
Pn

j=1 pjaj 2 (m;M) then we have by the monotonicity of
f�ap (i) that

[m; �ap; f ] =
f (�ap)� f (m)

�ap �m
� f�ap (i)(10.9)

� f (M)� f (�ap)
M � �ap

= [�ap;M ; f ]

for any i 2 f1; : : : ; ng :
Applying now the Grüss�type inequality obtained by Cerone & Dragomir in [9]�����

nX
i=1

wixiyi �
nX
i=1

wixi

nX
i=1

wiyi

����� � 1

2
(�� 
)

nX
i=1

wi

������xi �
nX
j=1

wjxj

������
provided

(10.10) �1 < � � yi � � <1
for i = 1; : : : ; n; we have that

nX
i=1

pif (ai)� f
 

nX
i=1

piai

!

� 1

2
([�ap;M ; f ]� [m; �ap; f ])

nX
i=1

pi

������ai �
nX
j=1

pjaj

������ ;
which proves the second inequality in (10.1).
The last bound in (10.1) is obvious by Cauchy-Bunyakovsky-Schwarz discrete

inequality.
If the lateral derivatives f 0+ (m) and f

0
� (M) are �nite, then by the convexity of

f we have the gradient inequalities

f (M)� f (�ap)
M � �ap

� f 0� (M)

and
f (�ap)� f (m)

�ap �m
� f 0+ (m) ;

where �ap 2 (m;M) : These imply that
[�ap;M ; f ]� [m; �ap; f ] � f 0� (M)� f 0+ (m)

and the proof of the third inequality in (10.2) is concluded.
The rest is obvious. �

Remark 10. De�ne the weighted arithmetic mean of the positive n-tuple x =
(x1; :::; xn) with the nonnegative weights w = (w1; :::; wn) by

An (w; x) :=
1

Wn

nX
i=1

wixi

where Wn :=
Pn

i=1 wi > 0 and the weighted geometric mean of the same n-tuple,
by

Gn (w; x) :=

 
nY
i=1

xwii

!1=Wn

:
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It is well know that the following arithmetic mean-geometric mean inequality holds

An (w; x) � Gn (w; x) :
Applying the inequality (10.2) for the convex function f (t) = � ln t; t > 0 we have
the following reverse of the arithmetic mean-geometric mean inequality

1 � An (w; x)

Gn (w; x)
(10.11)

�

264
�
An(w;x)

m

�An(w;x)�m

�
M

An(w;x)

�M�An(w;x)

375
1
2An(w;jx�An(w;x)j)

� exp
�
1

2

M �m
mM

An (w; jx�An (w; x)j)
�
;

provided that 0 < m � xi �M <1 for i 2 f1; :::; ng :

11. Applications for the Hölder Inequality

If xi; yi � 0 for i 2 f1; :::; ng ; then the Hölder inequality holds true
nX
i=1

xiyi �
 

nX
i=1

xpi

!1=p nX
i=1

yqi

!1=q
;

where p > 1; 1p +
1
q = 1:

Assume that p > 1: If zi 2 R for i 2 f1; :::; ng, satis�es the bounds
0 < m � zi �M <1 for i 2 f1; :::; ng

and wi � 0 (i = 1; : : : ; n) with Wn :=
Pn

i=1 wi > 0; then from Theorem 7 we have
amongst other the following inequality����� 1Wn

nX
i=1

����zpi � �Pn
i=1 wizi
Wn

�p����wisgn �zi � Pn
i=1 wizi
Wn

�
d�

�����(11.1)

�
Pn

i=1 wiz
p
i

Wn
�
�Pn

i=1 wizi
Wn

�p
� 1

2

��Pn
i=1 wizi
Wn

;M ; (�)p
�
�
�
m;

Pn
i=1 wizi
Wn

; (�)p
��

~Dw (z)

� 1

2

��Pn
i=1 wizi
Wn

;M ; (�)p
�
�
�
m;

Pn
i=1 wizi
Wn

; (�)p
��

~Dw;2 (z)

� 1

4

��Pn
i=1 wizi
Wn

;M ; (�)p
�
�
�
m;

Pn
i=1 wizi
Wn

; (�)p
��
(M �m) ;

where
Pn

i=1 wizi
Wn

2 (m;M) and

~Dw (z) :=
1

Wn

nX
i=1

wi

�����zi �
Pn

j=1 wjzj

Wn

�����
while

~Dw;2 (z) =

"Pn
i=1 wiz

2
i

Wn
�
�Pn

i=1 wizi
Wn

�2# 1
2

:
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The following result related to the Hölder inequality holds:

Proposition 7 (Dragomir, 2011 [41]). If xi � 0; yi > 0 for i 2 f1; :::; ng, p >
1; 1p +

1
q = 1 and there exists the constants 
;� > 0 and such that


 � xi

yq�1i

� � for i 2 f1; :::; ng ;

then we have

�����
nX
i=1

�����xpiyqi �
 Pn

j=1 xjyjPn
j=1 y

q
j

!p����� yqi sgn
"
xi

yq�1i

�
Pn

j=1 xjyjPn
j=1 y

q
j

#�����(11.2)

�
Pn

i=1 x
p
iPn

i=1 y
q
i

�
�Pn

i=1 xiyiPn
i=1 y

q
i

�p
� 1

2

��Pn
i=1 xiyiPn
i=1 y

q
i

;�; (�)p
�
�
�

;

Pn
i=1 xiyiPn
i=1 y

q
i

; (�)p
��

~Dyq

�
x

yq�1

�
� 1

2

��Pn
i=1 xiyiPn
i=1 y

q
i

;�; (�)p
�
�
�

;

Pn
i=1 xiyiPn
i=1 y

q
i

; (�)p
��

~Dyq;2

�
x

yq�1

�
� 1

4

��Pn
i=1 xiyiPn
i=1 y

q
i

;�; (�)p
�
�
�

;

Pn
i=1 xiyiPn
i=1 y

q
i

; (�)p
��
(�� 
) ;

where

~Dyq

�
x

yq�1

�
=

1Pn
i=1 y

q
i

nX
i=1

yqi

����� xiyq�1i

�
Pn

j=1 xjyjPn
j=1 y

q
j

�����
and

~Dyq;2

�
x

yq�1

�
=

24 1Pn
i=1 y

q
i

nX
i=1

x2i
yq�2i

�
 Pn

j=1 xjyjPn
j=1 y

q
j

!235 1
2

:

Proof. The inequalities (11.3) follow from (11.1) by choosing

zi =
xi

yq�1i

and wi = y
q
j :

The details are omitted. �
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Remark 11. We observe that for p = q = 2 we have from the �rst inequality in
(11.2) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality������

nX
i=1

������x
2
i

y2i
�
 Pn

j=1 xjyjPn
j=1 y

2
j

!2������ y2i sgn
 
xi
yi
�
Pn

j=1 xjyjPn
j=1 y

2
j

!������(11.3)

�
Pn

i=1 x
2
iPn

i=1 y
2
i

�
�Pn

i=1 xiyiPn
i=1 y

2
i

�2
� 1

2
(�� 
) 1Pn

i=1 y
2
i

nX
i=1

y2i

�����xiyi �
Pn

j=1 xjyjPn
j=1 y

2
j

�����
� 1

2
(�� 
)

24 1Pn
i=1 y

2
i

nX
i=1

x2i �
 Pn

j=1 xjyjPn
j=1 y

2
j

!235 1
2

� 1

4
(�� 
)2 ;

provided that there exists the constants 
;� > 0 such that


 � xi
yi
� � for i 2 f1; :::; ng :

12. Applications for f-Divergence

Consider the f-divergence

(12.1) If (p; q) :=
nX
i=1

qif

�
pi
qi

�
de�ned on the set of probability distributions p; q 2 Pn, where f is convex on (0;1).
It is assumed that f (u) is zero and strictly convex at u = 1.

Proposition 8 (Dragomir, 2011 [41]). Let f : (0;1)! R be a convex function with
the property that f (1) = 0: Assume that p; q 2 Pn and there exists the constants
0 < r < 1 < R <1 such that

(12.2) r � pi
qi
� R for i 2 f1; :::; ng :

Then we have

0 � If (p; q) �
1

2
([1; R; f ]� [r; 1; f ])Dv (p; q)(12.3)

� 1

2

�
f 0� (R)� f 0+ (r)

�
Dv (p; q)

� 1

2

�
f 0� (R)� f 0+ (r)

� �
D�2 (p; q)

�1=2
� 1

4
(R� r)

�
f 0� (R)� f 0+ (r)

�
;

where Dv (p; q) =
Pn

i=1 jpi � qij and D�2 (p; q) =
Pn

i=1
p2i
qi
� 1:
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Proof. From (10.2) we have

0 �
nX
i=1

qif

�
pi
qi

�
� f (1)

� 1

2
([1; R; f ]� [r; 1; f ])

nX
i=1

qi

����piqi � 1
����

� 1

2

�
f 0� (R)� f 0+ (r)

� nX
i=1

qi

����piqi � 1
����

� 1

2

�
f 0� (R)� f 0+ (r)

� nX
i=1

p2i
qi
� 1
!1=2

� 1

4
(R� r)

�
f 0� (R)� f 0+ (r)

�

i.e., the desired result (12.3). �

Remark 12. The inequality

(12.4) If (p; q) �
1

4
(R� r)

�
f 0� (R)� f 0+ (r)

�
was obtained for the discrete divergence measures in 2000 by S.S. Dragomir, see
[32].

Proposition 9 (Dragomir, 2011 [41]). With the assumptions in Proposition 8 we
have

��Ijf j(sgn(�)�1) (p; q)�� � If (p; q)(12.5)

� 1

2
([1; R; f ]� [r; 1; f ])Dv (p; q)

� 1

2
([1; R; f ]� [r; 1; f ])

�
D�2 (p; q)

�1=2
� 1

4
([1; R; f ]� [r; 1; f ]) (R� r) ;

where Ijf j(sgn(�)�1) (p; q) is the generalized f-divergence for the non-necessarily con-
vex function jf j (sgn (�)� 1) and is de�ned by

(12.6) Ijf j(sgn(�)�1) (p; q) :=
nX
i=1

qi

����f �piqi
����� sgn�piqi � 1

�
:
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Proof. From the inequality (10.1) we have�����
nX
i=1

qi

����f �piqi
�
� f (1)

���� sgn�piqi � 1
������

�
nX
i=1

qif

�
pi
qi

�
� f (1)

� 1

2
([1; R; f ]� [r; 1; f ])

nX
i=1

qi

����piqi � 1
����

� 1

2
([1; R; f ]� [r; 1; f ])

 
nX
i=1

p2i
qi
� 1
!1=2

� 1

4
([1; R; f ]� [r; 1; f ]) (R� r)

from where we get the desired result (12.5). �

The above results can be utilized to obtain various inequalities for the divergence
measures in information theory that are particular instances of f -divergence.
Consider the Kullback-Leibler divergence

KL (p; q) =
nX
i=1

pi log

�
pi
qi

�
; p; q 2 Pn:

For the convex function f : (0;1)! R, f (t) = � ln t we have

If (p; q) :=

nX
i=1

qif

�
pi
qi

�
= �

nX
i=1

qi ln

�
pi
qi

�
=

nX
i=1

qi ln

�
qi
pi

�
= KL (q; p) :

If p; q 2 Pn such that there exists the constants 0 < r < 1 < R <1 with

(12.7) r � pi
qi
� R for i 2 f1; :::; ng ;

then we get from the �rst inequality in (12.3) that

0 � KL (q; p) � 1

2
Dv (p; q) ln

�
1

RR�1r1�r

�
:

For the convex function f : (0;1)! R, f (t) = t ln t we have

If (p; q) :=
nX
i=1

qif

�
pi
qi

�
= KL (p; q) :

If p; q 2 Pn are such that there exists the constants 0 < r < 1 < R < 1 with the
property (12.7), then we get from the �rst inequality in (12.3) that

0 � KL (p; q) � 1

2
Dv (p; q) ln

�
R

R
R�1 r

r
1�r

�
:
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