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A SURVEY OF REVERSE INEQUALITIES FOR f-DIVERGENCE
MEASURE IN INFORMATION THEORY

S.S. DRAGOMIR!»2

ABSTRACT. In this paper we survey some discrete inequalities for the f-divergence
measure in Infromation Theory by the use of recent reverses of the celebrated
Jensen’s inequality. Applications in connection with Hoélder’s inequality and
for particular measures such as Kullback-Leibler divergence measure, Hellinger
discrimination, x2-distance and variation distance are provided as well.

1. INTRODUCTION

Given a convex function f : Ry — Ry, the f-divergence functional, or f-
divergence measure

(1.1) Iy (P q) := é‘h‘f (2)

was introduced by Csiszér in [13], [14] as a generalized measure of information, a
“distance function” on the set of probability distributions P".

The restriction to discrete distributions is only for convenience, similar results
hold for more general distributions.

The definition (1.1) can be extended for nonconvex function, however in this
case the positivity property of Iy (p,q) is not always assured.

As in Csiszar [14], we interpret the following, otherwise undefined expressions,
as indicated:

. 0
FO= i r0. or(5) =0

Of(%): lim f(g):alim @ a> 0.

e—0+ £ t—o0

The immediately following results were essentially given by Csiszér and Kérner [15].
Theorem 1 (Csiszér & Korner, 1981 [15]). If f : Ry — R is convex, then I (p,q)
is jointly convex in p and q.

The following lower bound for the f-divergence functional also holds.

Theorem 2 (Csiszar & Korner, 1981 [15]). Let f: Ry — Ry be conver, then for
every p,q € R™ | we have the inequality:

12) > Y ar (B,
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2 S.S. DRAGOMIR!:2

If f is strictly convex, equality holds in (1.2) iff

(1.3) p_P2_  _Pn

0 q2 an
Corollary 1. Let f: Ry — R be convex and normalized, i.e.,
(1.4) F)=o,

then, for any p,q € R’ with

(1.5) =Y a,
i=1 i=1
we have the inequality,
(1.6) It (p.q) = 0.
If f is strictly convex, equality holds in (1.6) iff p; = q; for alli € {1,...,n}.

In particular, if p,q are probability vectors, then (1.5) is assured. Corollary 1
then shows that, for strictly convex and normalized f : R, — R,

(1.7) Iy (p,q) >0 forall p,qg € P".

The equality holds in (1.7) iff p = gq.
These are “distance properties”, however, Iy is not a metric since it violates the
triangle inequality, and is asymmetric, i.e, for general p,q € R, I (p,q) # 17 (¢, p).

2. SOME EXAMPLES

In the examples below we obtain, for suitable choices of the kernel f, some of
the best known distance functions Iy used in mathematical statistics, information
theory and signal processing, see [1]-[12], [16], [52]-[60] and [65]-[92].

Example 1. (Kullback-Leibler) For
(2.1) f(t):=tlogt, t >0

the f-divergence is

(2.2) Iy (p.q) = KL (p,q Zpﬂog(pl)

called the Kullback-Leibler distance [63]-[64].
Example 2. (Hellinger) Let

1 2
(2.3) f(t):i(lf\/i) L t>0.
Then Iy gives the Hellinger distance [70]

1 n
2.4 I >( =
(2.4) 1 (pa) =h%(p,a) = 5 ;

which is symmetric.
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Example 3. (Renyi) For a > 1, let

(2.5) FlO) =% t>0.

Then

(2.6) It (p.q) = Do (p.q) = Y _pi'a}
=1

which is the a-order entropy [80].
Example 4. (x2-distance) Let

(2.7) f) =17 t>0.
Then
(2.8) It (p,q) = Dy2 (p,q) = Z (m;,qi)

—En:p—"z—QP +Q
—‘_ ¢ n n

n 2 _ 2
<_sz ‘qz ifP7L—Qn>
i—1 i
is the x?-distance between p and g, where P, =Y 1 p; and Q, = > 1, ;.
Finally, we have

Example 5. (Variation distance). Let f(t) = |t —1|, t > 0. The corresponding
f-divergence, called the variation distance, is symmetric,

V(pa) =) Ipi—al.
=1

For other examples of divergence measures, see the paper [61] by J. N. Kapur,
where further references are given.

For other examples of divergence measures and further references, see [61] and
[85].

In this paper we survey some discrete inequalities for the f-divergence measure
in Infromation Theory by the use of recent reverses of the celebrated Jensen’s
inequality. Applications in connection with Hélder’s inequality and for particular
measures such as Kullback-Leibler divergence measure, Hellinger discrimination,
x2-distance and variation distance are provided as well.

3. A REVERSE INEQUALITY DUE TO DRAGOMIR & IONESCU

If 2;,y, € Rand w; > 0 (i =1,...,n) with W, := " |, w; = 1 then we may
consider the Cebysev functional

n n n
(3.1) Ty (,y) == > wiiyi — > witi Y wy;.
i=1 i=1 i=1

The following result is known in the literature as the Griiss inequality

(32) [T (@,9)| < § (0= 2) (A= 5),
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provided
(3.3) —o<y<r; <I'<oo, —co<d<y; <A<
fori=1,...,n.

The constant % is sharp in the sense that it cannot be replaced by a smaller
constant.

If we assume that —co < v < x; <T' < oo for i = 1,...,n, then by the Griiss
inequality for y; = z; and by the Schwarz’s discrete inequality, we have

1
2] 2

(3.4) Zwi xi—ijxj < Zwimf — ijxj %(I‘ v).
i=1 j=1 i=1 j=1

In order to provide a reverse of the celebrated Jensen’s inequality for convex
functions, S.S. Dragomir obtained in 2002 [28] the following result:

Theorem 3. Let f : [m, M] — R be a differentiable convex function on (m,M). If
z; € m,M] and w; >0 (i=1,...,n) with W, := > | w; =1, then one has the
counterpart of Jensen’s weighted discrete inequality:

(3.5) 0< Y wif ()~ f (Z wimi>

i=1
n n n

< Zwif/ (@) xs — Z w; f' () sz‘ffi
i=1 i=1 i=1

S%[f/(M)—f’(m)]Zwi xi—zwﬂj :

Remark 1. We notice that the inequality between the first and the second term in
(3.5) was proved in 1994 by Dragomir & Ionescu, see [45].

On making use of (3.4), we can state the following string of reverse inequalities

(3.6) 0< Zw, (x;) (Z wzxz>
<sz ;) z'*zwif/(ifi)iwﬂi
i=1 i=1

< S 1P 0 = £ o) Y i = 3wy

i=1 j=1
<UD - £ )] [ S wa? = [ 3w,
< L1 O~ (m)) (M~ m).

— 4
provided that f : [m, M] C R — R is a differentiable convex function on (m, M),
z; € [mMlandw;, >0 (i=1,...,n) with W, :=>"  w; = 1.
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Remark 2. We notice that the inequality between the first, second and last term
from (3.6) was proved in the general case of positive linear functionals in 2001 by
S. S. Dragomir in [24].

For various Jensen’s type inequalities see [17]-[51].

4. FURTHER REVERSE INEQUALITIES

The following reverse of the Jensen’s inequality holds:
Theorem 4 (Dragomir, 2013 [43]). Let f : I — R be a continuous convex function
on the interval of real numbers I and m, M € R, m < M with [m,M] C I, I is the

interior of I. If x; € [m, M] and w; >0 (i=1,...,n) with W, := > "  w; =1,
then

(4.1) 0< Zwl ;) <Z wm)

(M = 570 wis) (S wiws —m) ( )
< 1= 1= Wy szxl, m, M
M—m P

M — i Lq o wT; —
M= ) (Tl wari=m)
M —m te(m,M)

n f/ f/ m
< wal><zwm_m> Lt L
L O —m) [0~ £ (m)]
where ¥y (-;m, M) : (m, M) — R is defined by
LD =0 f 0= fm)

U, (t:
7 (tm M—t t—m

We also have the inequality
(4.2) 0< Zw () (Z war)

< (M - Zi:l wl]Wx?) (Zi:1 Wils = m) \Ilf (Z Wi L5 1, M)
—m

i=1

1 n

< 1 (M —m)Ty (;wmi;m,M)
1

< Z(M—m) sup Wy (t;m, M)

te(m,M)

SO0 —m) [ ()~ £ (m)]

provided that Y | w;z; € (m, M).

IN
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Proof. By the convexity of f we have that

(4.3) D owif (@)~ f (Z wm)
i=1 i=1

=§;w¢f {m(Mz,;)+M(xim)}

M—m

_f&wi [m(M_mﬁ%(xi_m)D

ngi(M_xi)f(T;L\}—i__Ezi_m)f(M)

_f (m (M =00 wixy) + M (D07 wiw; — M)>

M—m
(M =377 wixs) f(m) + (31, wizg —m) f (M)
M —m
m (M =30 wii) + M (O wiwi —m)\
—f < o > = B.

By denoting

(t —m) f (M) + (M —1t) f(m)

Af(t;m7M):: M—m = f(t), tE[m,M]

we have

(44)  Af (tm, M) = (t —m) f(M)+ (M —t) f (m) — (M —m) f(t)

M—m
_=m)f(M)+ M —=t)f(m) = (M —t+t—m)f ()
M—m
_E=m)[f (M) = fF®)] = (M =t)[f () = f(m)]
M—-m
- WMo ;;)_(tm_ ) Uy (t;m, M)

for any ¢t € (m, M).
Therefore we have the equality

(M =30 wims) (35, wiwy —m) -
(4.5) B= = = Wy Z w;z;; m, M
M—-m pt

provided that Y7 | w;z; € (m, M).
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For Z?:l w;T; = M Or Z?:l w;z; = M the inequality (4.1) is obvious. If
Sor wiz; € (m, M), then

n
U, (Zwmum,M)S sup Uy (t;m, M)

=1 te(m,M)
- f(M)f(t)_f(t)f(m)}
te(m,M) L M —t t—m
oD -f0], o[
= te?:;gw) L M-t } +t€?mPM) { t—m }
'f(M)f(t)}_ - {f(t)f(m)]
te(

m,M)

= sup
te(m,M) L M-t

= (M) - f1 (m)

which by (4.3) and (4.5) produces the desired result (4.1).
Since, obviously

(M =3y wimi) iy wizi —m) _ 1
M—-—m — 4

(M_m)7

then by (4.3) and (4.5) we deduce the second inequality (4.2). The last part is
clear. d

Corollary 2. Let f: I — R be a continuous convex function on the interval of real
numbers I and m, M € R, m < M with [m,M] C I. If x; € [m, M], then we have
the inequalities

iy

1 <& fro(M) — fo(m
(n) b

IN
=
|
Sl
M=
&
—~ —

1
4

IN
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and
1 n 1 n
@n 0= S-S (n §x>
15~n N (Lsom - "
(M= izlﬁ)i(zlzl‘zl zi = m) Uy (:zZ:ci;m,M>
i=1

AN
=
=
I
g
(S
~
N
S|
(3=
&8
3
=
N~

< S (M —m) sup Wg(t;m, M)
te(m,M)
< 2(M = m) [1L (M) — £ (m)],

4
where 237" x; € (m, M).

Remark 3. Define the weighted arithmetic mean of the positive n-tuple © =
(21, ...,xn) with the nonnegative weights w = (w1, ..., wy) by

where W, := Z?zl w; > 0 and the weighted geometric mean of the same n-tuple,

by
" 1/ W,
G, (w,z) = (Hxi‘”) .
i=1

It is well know that the following arithmetic mean-geometric mean inequality holds
true

Ay (w,x) > Gy (w, ).

Applying the inequality between the first and third term in (4.6) for the convex
function f(t) = —Int,t > 0 we have

48) 1< @) o {1 (M = A, (w,2)) (Ap (1, ) —m)

~ Gp(w,x) Mm
<o |1 —m)*
> €Xp 1 mM )

provided that 0 <m < x; <M < oo fori e {1,...,n}.
Also, if we apply the inequality (4.7) for the same function f we get that

Ay, (w, )
@ 1= G W

L M—A, (w,z) L Ay (w,z)—m
An (w,x) An (w,a?)

1(M— m)Q]

3 (m)

S eXP T

The following result also holds:
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Theorem 5 (Dragomir, 2013 [43]). With the assumptions of Theorem 4, we have
the inequalities

(4.10) i wi f(x;) (Z wm)

M =370 w3, wiky —m
M m ’ M—-—m

[ =5
<L { Zwm,zwzzz } LD - £ (m).

Proof. First of all, we recall the following result obtained by the author in [36] that
provides a refinement and a reverse for the weighted Jensen’s discrete inequality:

(4.11) n E{I{lin }{pi} [711 Zf () — f (Tll Z%)]
e =1 i=1
< %n ;pif (i) — f (;n ;pﬁ;i>
1 i 1 n
niegﬁﬁ} {pi} [n ;f (i) = f (n ;:@)] )

where f : C'— R is a convex function defined on the convex subset C' of the linear
space X, {xi}i€{17...,n} C C are vectors and {pi}ie{lqu} are nonnegative numbers
with P, := Y"1 p; > 0.

For n = 2 we deduce from (4.11) that

(4.12) 2min {t,1 - t}[ ()+f() f<$+y)}

| /\

2
<tf(x) + (1—t)f(y)—f(tx+(1—t)y)

< 2max {t,1 - }[(Hf() f(w;ryﬂ

for any z,y € C and t € [0, 1].
If we use the second inequality in (4.12) for the convex function f : I — R and

m, M € R, m < M with [m, M] C I, we have for ¢ = M=3 i it

(4.13) (M =3 wizs) f (WE ‘ Ean;l Wi WZ:;_fWEM )
(= T ) M 2 )
< 2max { M ‘sz:;lww 7 Z?:&wix;n— m }
[Lmes00 _ (me s

Utilizing the inequality (4.3) and (4.13) we deduce the first inequality in (4.10).
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Since

f(m)-gf(M) —f (m-iz-M)

M —m
L fAn - f () f(E) —fm)
4 M_# mJgM_m

and, by the gradient inequality, we have that
f (M) — f (™)

L2 <
2

M —
and u
P
m-lQ—M —m = J+ ’
then we get
Fm)+f(M) f (m+M) 1
2 2
. <
(414) I ) - £ m)]
On making use of (4.13) and (4.14) we deduce the last part of (4.10). O

Corollary 3. With the assumptions in Corollary 2, we have the inequalities
1 n
(4.15) 0< — E f(xs) < g a:Z)
n
i=1

M—LI50 iz L a—m
<9 n =1
- max{ M—m ’ M—m }

(4.16) X{f();fw0f<m;M>}

L. I 1
Remark 4. Since, obviously,

M =3 witi Yo wiri —m <1

M—m ’ M—m -

then we obtain from the first inequality in (4.10) the simpler, however coarser in-
equality, namely

(4.17) O<Zwl (z:) (wa)
§2[f( m) + f (M )_f<m+M>].

2 2
This inequality was obtained in 2008 by S. Simic in [83].

Remark 5. With the assumptions in Remark 3 we have the following reverse of
the arithmetic mean-geometric mean inequality

M— An(w z) Ap(w,z)—m
An (w,:c) < (A(maM)>2maX{ fome M }

(4.18) 1< S (w.2) G (m, )

)
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where A (m, M) is the arithmetic mean while G (m, M) is the geometric mean of
the positive numbers m and M.

5. APPLICATIONS FOR THE HOLDER INEQUALITY

If 2;,y; > 0 for i € {1,...,n}, then the Hélder inequality holds true

n n p s/ n 1/q
Sans () (%)
i=1 i=1 i=1
Wherep>1,%+%:1.
Assume that p > 1. If 2; € R for i € {1, ...,n}, satisfies the bounds
0<m<z<M<ooforie{l,..n}

and w; >0 (i=1,...,n) with W,, := " | w; >0, then from (4.1) we have

(5.1) 0< 2o Wiz _ (Z;L:l wizi>p

W, W,
2i wizi i wizi

(0 — Hhgpes) (Bpes - m)
< M—m By, (m, M)

MP=t —mp—t S wizi \ [ Do wizi
< M— i=1 Wiz i=1 Wizi
=P < W, )( W, m>

1
< Lot ) (v =),

where ¥, (;m, M) : (m, M) — R is defined by

MP —¢P P P

W, (t;m, M) = —

p (tim, M) M —t t—m

while

(5.2) B,(m,M):= sup U,(m,M).
te(m,M)

From (4.2) we also have the inequality

(5.3) 0< Di Wiz <Z%€/wizi>”

(M —m)V¥, (Wva) <

1
- _ p—1 _ ,p—1
W < 4p(M m) (M mP~1) .

Proposition 1 (Dragomir, 2013 [43]). If z; > 0, y; > 0 fori € {1,...,n}, p >
1, % + % =1 and there exists the constants v,I' > 0 and such that

v < ;Uil <T forie{l,..n},

i



12 S.S. DRAGOMIR "2

then we have

oo osTpd (Thomy
T i y{ dic1 Y

< BP (7>F) (F B Zzil mlqyz> (Zizl ﬂﬁzgz . "Y)
=y die1 Vi > e Y
e G 1 Tili 1 Tili
<p—rm—— <P Zizi 7 ) <Zzn1 7 v)
L=y >lim1 Y > i1 Vi
1
< —p(T— ) (TP~ — 4Pt
<P =) Y,

B (2?_1 w)p
Z?:l y?

Doy Tili 1 -1 -1
S0, (T ) < Sp (D =) (TP — P
71T =) p< Sl s P T =) ( "),

where By, (+,-) and U, (-;+,-) are defined above.

Proof. The inequalities (5.4) and (5.5) follow from (5.1) and (5.3) by choosing

z; = and w; = y.

i
qg—1
i
The details are omitted. (I

Remark 6. We observe that for p = ¢ = 2 we have Vg (t;7,T) =T —~ = By (v,
and then from the first inequality in (5.4) we get the following reverse of the Cauchy-
Bunyakovsky-Schwarz inequality:

n

(5.6) Yoy vl - (Z w)

i=1 =1
n n n 2
(- B (S ) (550
— n n
D Vi DU im1 '

provided that x; > 0, y; > 0 fori € {1,...,n} and there exists the constants v, T > 0
such that

ygﬂgfforie{l,...,n}.

K2
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Corollary 4 (Dragomir, 2013 [43]). With the assumptions of Proposition 1 we
have the following additive reverses of the Hélder inequality

n 1/p n 1/q n
(5.7) 0< <Z xf) (Z yf) - inyi
=1 =1 =1

1 n 1 n 1
< [Bp (%F)} " (r _ 2im1 xﬂ/z) /P (Zz:lmiyi —7) !
- I'—~ 2?11 y? E?:l y?

T S wy\ (S e
< P p(_ ' I — 1—n7q l_niq -7
D i Vi e Y

1 - 1 n
Smpl“’(F*v)”p(F” R R
=1

and

n l/p n l/q n
63) 0§<Zx§’> (zyz) S o
=1 =1 =1

1 1/ Doy Tili -
< - (T - P yl/p =l R M q
= 41/p ( 'Y) P Z,LL:l y;} 7m7 zzzlyz

1 _ YT -
< ) () Yy
i=1

whe'rep>1and%+%:1.

Proof. By multiplying in (5.4) with (3.1, y{)” we have
n n p—1 n p
() - (Lo
i=1 i=1 i=1
n n n P
- I'—~v i1 i D1 Ui =
n n n P
< pu <F _ Dic1 xi:‘/i) <Z¢_1 TilYi 7) Zy,q
7 TI'—y Y )\ iy =

p(L =) (TP~ =477 <ny> :
=1

<

| =
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which is equivalent to

n n p—1
(5.9) pr (Z ygf)

" p
S i |+ By (v,1) <F i ﬂﬂiyi) <Z?—1 TiYi 7)
, L=y > Ui D Ui

i=1J1

27‘1—1 TiYi 27‘11 T3y
Ty | +p <F -0 5 -
2w T AN v

IN
/F?
8
<
~_—

bS]
+
=~ |
S
=
|
2
—
=
bS]
L

-7 (i y?)p.

i=1

Taking the power 1/p with p > 1 and employing the following elementary inequality
that state that for p > 1 and «, 8 > 0,

(a_’_ﬁ)l/p g a]./p_’_ﬁl/p

we have from the first part of (5.9) that
1

n 1/p n 17;
(5.10) (Z xﬂh) (Z yf)

n n 1 n 1
< o BP (’77 F) tr r— Zi:l TiYi /v 21:1 Tili /e
<S szyl + T — Zn q Zn q vy
im1 v i=1Yi i=1Yi
x>l
=1

and since 1 — % = % we get from (5.10) the first inequality in (5.7). The rest is
obvious.

The inequality (5.8) can be proved in a similar manner, however the details are
omitted. (]

If z; € R for i € {1,...,n}, satisfies the bounds

0<m<z <M< forie{l,..n}
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and w; >0 (i=1,...,n) with W, :=>." | w; > 0, then from (4.10) we also have
the inequality

mow; 2 no NP
(511) 0 < Zi:l Wiz _ <Zz¥/‘1/w1z7,>

p P p
()]

M — 2oieg WiZi o Doig WiZi m
Wi, Wy
X max{

M-m M—m

n n
(Mp 1 mp*l) max {M . Zi;{l/:)zzz, ZiT/[l/:]zzz _ m} .

M\H

From the inequality (5.11) we can state:

Proposition 2 (Dragomir, 2013 [43]). With the assumptions of Proposition 1 we
have

n P n NP
(5.12) 0 < Lzl T (Z‘Zlmziﬁ)
Z’L 1Y Zi:l Yi

y74r? _ (y4r\P
2 2

2@71 Z;Yi Ztl TiYi }
<2- max < ' — == , == -
-~y { 21;1 yf 22;1 y?
n n
_ 1 TiYi Qi1 Tili
Tr— 1 ,Yp 1 maX{F _ Z’L 1 , i=1 _'Y} .
( ) E? 1 Y E?:l Yy

Finally, the following additive reverse of the Holder inequality can be stated as
well:

l\')\»—t

Corollary 5 (Dragomir, 2013 [43]). With the assumptions of Proposition 1 we
have

(5.13) 0< (Z xf) (Z yl> Y

1/
’Yp JFFP 1" p
2 2

=~
n 1/p n 1/p) n
dic xzyz) <Z-—1 TiYi )
x max{ (I — &1 | =2 -y yl
{ < i1 Yi D1 Yi ;
n 1 n 1
< 1 [ izt Tili S _ v
= l/pp max - n q ’ n q Y
2 e Y > i1 Vi

n

% (Fp—l _ ,yp—l)l/lﬂ Zy?

i=1

< 9l/p .
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Remark 7. As a simpler, however coarser inequality we have the following result:
n p s n 1/q n

(510 o< () (L) - Yew
i=1 i=1 i=1

P4 TP ’Y+rp1/p n
<ol/r. |1 — a
<o |BEE- () ]

i=1

where x; and y; are as above.

6. APPLICATIONS FOR f-DIVERGENCE

Consider the f-divergence

(6.1) Iy () = iqz—f (Z)

defined on the set of probability distributions p, ¢ € P", where f is convex on (0, c0).
It is assumed that f (u) is zero and strictly convex at w = 1. By appropriately
defining this convex function, various divergences are derived.

The following result holds:

Proposition 3 (Dragomir, 2013 [43]). Let f : (0,00) — R be a convex function with
the property that f (1) = 0. Assume that p,q € P and there exists the constants
0<r<1<R<oo such that

(6.2) r<P <Rforie{l,..n}.

K3

Then we have the inequalities

(6.3) 0<I¢(pq) < W sup Uy (t;7, R)
r te(r,R)
fL(R) - fi (r)
O

IN

LER=D (B - 110,
and Vs (-;7, R) : (r,R) — R is defined by
PR @) fO-F0)

Vi ltin B) = —p— P
We also have the inequality
1 fFR)A-r)+f(r)(R-1)
< TR (R) - 1L ().

The proof follows by Theorem 4 by choosing w; = ¢;, ©; = %, m=rand M =R
and performing the required calculations. The details are omitted.
Utilising the same approach and Theorem 5 we can also state that:
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Proposition 4 (Dragomir, 2013 [43]). With the assumptions of Proposition 3 we

have
(6.5) 0§1f@4)£2mw{2;jn;_;}
[ ()
< %maX{R—l,l—T} [fL(R) = fi(n)] -

The above results can be utilized to obtain various inequalities for the divergence
measures in Information Theory that are particular instances of f-divergence.
Consider the Kullback-Leibler divergence

- Di n
KL(p,q) = E p; log <q),p,q€P :
i=1 o

For the convex function f : (0,00) — R, f () = —Int we have
,_ - pi\ - pi\ _ - a4\ _
Ir(pg) == aif <) =—> g¢ln <) => gn <) =KL(q,p)
i=1 i i=1 i i=1 pi
If p,q € P™ such that there exists the constants 0 < r < 1 < R < oo with
(6.6) r<? <Rforie{l,..n},
then we get from the second inequality in (6.3) that
(R-—1)(1—1)
6.7 0< KL < -t 7
(67) < KL(gp) < T8,
from the first inequality in (6.4) that
1
0< KL(g.p) < 1 (R—r)In[R- %5777

and from the first inequality in (6.5) that
R-1 1-r A(r,R)
. <KL <2 1
(6:) 0< KL < 2max{ T 2= A (500

where A (r, R) is the arithmetic mean and G (r, R) is the geometric mean of the
positive numbers 7 and R.
For the convex function f : (0,00) — R, f (t) = tInt we have

Iy (p,q) = ;qu (Z) =KL (p,q).

If p,q € P™ such that there exists the constants 0 < r < 1 < R < oo with the
property (6.6), then we get from the second inequality in (6.3) that

_(R-D(1-7)

. <KL
(6.9) 0<KL(p,q) < YO
where L (r, R) is the Logarithmic mean of r, R, namely
R—1r

L(rR)= ————.
(r. ) InR—1Inr
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From the first inequality in (6.4) we also have:

R—r+1In (Rl’Terl)
(R—1)(1-7)

(6.10) 0<KL(p,g) < i(R—T)

Finally, by the first inequality in (6.5) we have

G (r, R%)
[A(r, R

R—-1 1-r
. < <
(6.11) O_KL(p,q)_QmaX{Rr,Rr}ln

7. MORE REVERSE INEQUALITIES

For the Lebesgue measurable function g : [, 8] — R we introduce the Lebesgue
p-norms defined as

B 1/p
||g||[a,ﬁ],p = </ |g (t)|p dt) if g e LP [a75] )

forp > 1 and

1911a,81,00 7= €55 sup |g(t)| if g € Loo e, ],

for p = oo.
The following result also holds:

Theorem 6 (Dragomir, 2013 [44]). Let ® : I — R be a continuous convex function
on the interval of real numbers I and m, M € R, m < M with [m,M] C I,1is
the interior of I. If x; € I and w; > 0 for i € {1,...,n} with >, w; = 1, denote
Ty = Yo wix; € I, then we have the inequality

(7.1) 0< Z’wi(b (1‘1) - (i'w)

o (M=) [ 19 O de + (@ —m) [ ()] dt
- M—-—m ’
where Og (Zy;m, M) satisfies the bounds

= @{D (‘fw;maM)a

(72) (CF (icw;m,M)
Ty — mEM M
{i + |J\4m|:| S 127 (8)] dt
<
M
(L 201 o) e+ &

S ()] de — [0 |9 (1)) dt

I

Tw —m) (M — Ty
o = L= 20) [,y 1190

[—

19"l 211,00 + 1,00

(M — m) S

1 /
<3 (M = m) (||, 217,00
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and

(74)  Of (To;m, M)

1 _ ~ \1/q /
< M—m (T —m) (M —7,)"" || ® ||[iw,M],p
+ (M = Zy) (Tw — m)l/q ‘|(I),||[rrb,iw]7p
1 _ q _ N 1/q &
< S (@ )" (M = 20) + (M = 20)" @ = )] @,

whe'rep>1,%+%:1.

Proof. By the convexity of ® we have that

(7.5) Zwiq’(%‘) - @ (Tw)
RN m(M —x;)+ M (z; —m) _
_L_lelfb[ Y — B (Ty)
<Y R e e
_ (M = 2y) ®(m) + (T —m) ® (M) .
= U —m - ®(z,) =B

By denoting

(t—m)®(M)+ (M —1t)®(m) B
M—-—m

Ao (t;m, M) :=

we have

(t—m)®(M)+ (M —1t)®(m)

(7.6) Ao (t;m,M) = U —m — P (1)
_ t—m)®(M)+ (M —t)®(m)— (M —m)P(t)
M—-—m
C(t=-m)e(M)+ (M —t)®(m) — (M —t+t—m)® (1)
- M—m
_ (E=—m)[® (M) -2 ()] — (M —1) [®(t) — P (m)]
M—-—m

for any t € [m, M]. Also
B =As (Ty;m,M).
Taking the modulus on (7.6) and, noticing that, by the convexity of ® we have

A<I> (t;va)

(t—m)®(M)+ (M —1t)®(m) (t—m)M+ (M —t)m
M—m _(I)< M—-—m )20
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for any ¢ € [m, M|, then we have

0D Aeteman < CZMIROD 209 RO @)
(t —m) ftMé’(s)ds‘+(M—t) f;qw(s)ds‘
- M—m
_ (t=m) M@ ()] ds + (M — ) [, | (s)] ds
- M—-—m

for any ¢ € [m, M].

Finally, if we write the inequality (7.7) for ¢ = Z,, € [m, M] and utilize the
inequality (7.5), we deduce the desired result (7.1).

Now, we observe that

(t —m) [M 18 (s)|ds + (M — 1) [ |9’ (5)| ds
M—m
max {t —m, M — t} [ & (¢)| dt

(7.8)

IN

max {ftM 1@/ (5)| ds, [© @' (s)] ds} (M —m)
[5 (M —m) + [t — =2 [] [ 119 (1) dt

(L1210 ()1 ds + & [ 197 (5) s — [, 1@ (5) ds

| 1 =m)

for any t € [m, M]. This proves the inequality (7.2).
By the Holder’s inequality we have

M (M - t) H(p,”[t,M],oo
[ @las <
t

1 .
(M =)@l pp, Ep>114+1=1

and
t (=) 19|y o
/ ' ()| ds <

" (t—m)" @],

: 1 1 _
D lfp>1,;+6—1,

which give that

(t—m) [} |9/ ()] ds + (M — 1) [ |9 (s)| ds
M —m
L (E=m) (M =) [[ @]y gy o0 + (M= 1) (E = ) 197|100
B M—-m
(t—m) (M —1t)
= T 1 g + 19 00

19"l 11,00 + 112", 1,00

2
1
(0 = ) max {12 g 0 19 N 100 = 5 (M = 1) 19l 0110

(7.9)

(M —m)

IN
DN = N =
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and
M ¢

(t—m) [, |2 (s)|ds + (M — 1) [, | (s)| ds

(7.10)
M—-m

= m) = g+ (=) =)

- M—m

<1 [((¢—m) (a1 - t)l/q)q + (M -1yt~ m)l/q)q} e

“M-m

1/p
X I IE g+ 19 W 1]
1 1

= e () (M = 1)+ (M = 1) (= )] 0,
for any t € [m, M].

These prove the desired inequalities (7.3) and (7.4). O
Remark 8. Define the weighted arithmetic mean of the positive n-tuple © =
(1, ..., x5) with the nonnegative weights w = (w1, ..., wy) by

1 n
Ay, (wyx) i= — W;x;
™ i=1

where W, == Y"1 w; > 0 and the weighted geometric mean of the same n-tuple,

by
" /W,
Gp (w,x) = <H mf“) .
i=1

It is well know that the following arithmetic mean-geometric mean inequality holds
true

Ay, (w,z) > Gy (w, ).

On applying the inequality (7.1) for the convex function ® (t) = —Int, we have the
following reverse of the arithmetic mean-geometric mean inequality

(7 11) . A” (w7$) _ An (w, .Z‘) M—A, (w,z) M Ap(w,z)—m
' T Gn(w,z) T m A (w, ) '

8. APPLICATIONS FOR THE HOLDER INEQUALITY

If x;,y; > 0 for i € {1,...,n}, then the Hélder inequality holds true

n n 1/p n 1/q
Z Ty < (Z ICf) (Z yf) ;
i=1 i=1 i=1

Wherep>1,%+%:1.
Assume that p > 1. If z; € R for 7 € {1, ...,n}, satisfies the bounds

0<m<z <M< forie{l,..n}
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n

and w; >0 (i=1,...,n) with W, :==>"" , w; > 0, then from Theorem 6 we have
amongst other the following inequality

S wizl (Y wiz\P
8.1 0< &=t Wi% [ L=

< (MP —mP) |:1+M1m’ZiT/[1/wiZi _m—;MH.

2

From this inequality we can state that:
Proposition 5 (Dragomir, 2013 [44]). If z; > 0, y; > 0 for i € {1,....,.n}, p >
1, % + % =1 and there exists the constants v,I' > 0 and such that

v < ;Eil <T forie{l,..,n},

then we have

n D n NP
(8.2) 0<Zim™ <ET xf)
>t Vi D1 Vi

<(rp—vp)[;+ri7'

Yy v+l H
Z?:1 Y 2
Finally, the following additive reverse of the Holder inequality can be stated as
well:

Corollary 6 (Dragomir, 2013 [44]). With the assumptions of Proposition 5 we
have

n 1/p n 1/q n
(8.3) 0< (Z x§’> (Z yf) =Y wiyi
1=1 =1 =1

< (Fp_,yp)l/P [1+ 1 ’Z?:lxzyz _ v+7T
a 2 I=»y Z?:MJ? 2

1/p n
[
i=1

Remark 9. We observe that for p = q = 2 we have from the first inequality in
(8.2) the following reverse of the Cauchy-Bunyakouvsky-Schwarz inequality

n n n 2
(8.4) doald yl - <Z J?Lyz)
=1 =1 =1

n

2
1 1>t vy y+T "
<(T2_~2) |2 i=1"idi 2
< 7)[2+F—7'Z§Llyf 2 H (Zy

i=1

provided that x; > 0, y; > 0 fori € {1,...,n} and there exists the constants v,T > 0
such that .
v < <LT forie{l,..,n}.

K2
9. APPLICATIONS FOR f-DIVERGENCE

Consider the f-divergence

qi

(9.1) It (p,q) = g%‘f <pi>
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defined on the set of probability distributions p, ¢ € P", where f is convex on (0, c0).
It is assumed that f (u) is zero and strictly convex at v = 1. By appropriately
defining this convex function, various divergences are derived.

Proposition 6 (Dragomir, 2013 [44]). Let f : (0,00) — R be a convex function with
the property that f (1) = 0. Assume that p,q € P™ and there exists the constants
0<r<1<R< oo such that

(9.2) r<® <Rforie{l,..n}.

K2

Then we have the inequalities

(9.3) 0<If(p,q) < By (r,R)
where
14 . Ry 4
0.4 B, ()= BZDLY <t>|d}t;5} ) [ @)l de
Moreover, we have the following bounds for By (r, R)
(95  By(r,R)
[;+ ';?R'} JEp @) de
<
S5 @lde+ SR 1 @l f1 1 @]
and
(9.6) By (r, R)
1-r)(R-1 , ,
< LD 4 1 ]
1 1 im0 + 1 a0 1 ,
< 5 (R—r) =2 T < S (R 1) |y
and
(9.7 By (r,R)
1
<= [A=DE=DY1F Ny my + B=D A=) 1F
1 q | g
< (1= R=1)+ R=D Q=) |y,

wherep>1,%—|—%:1.

The proof follows by Theorem 6 by choosing w; = ¢;, ©; = %, m=rand M =R
and performing the required calculations. The details are omitted.

The above results can be utilized to obtain various inequalities for the divergence
measures in information theory that are particular instances of f-divergence.

Consider the Kullback-Leibler divergence

n Di .
i=1 v
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For the convex function f : (0,00) — R, f () = —Int we have
L - pi\ - pi\ - qi\ _
Ir(p.g) == aif () =-> g () => g () = KL(q,p)
i=1 i i=1 i i=1 pi
If p, g € P™ such that there exists the constants 0 < r <1 < R < oo with
(9.8) r < bi <Rforie{l,..,n},
qi

then we get from the inequality (9.4)

ler R—r
(9.9) OSKL(q,p)§1n<TR_1) -

For a > 1, let
f@) =t t>0.
Then

It (p.q) = Do (p,q) = > _pfa; ",
i=1
which is the a-order entropy.
If p, q € P™ such that (9.8) holds true, then by (9.4) we have

(R—l)(l—r“)—l—(l—r)(Ra—l).

0<DO¢ ) S
< Da (p,9) 7,

10. A REFINEMENT AND ANOTHER REVERSE

For a real function g : [m, M] — R and two distinct points «, 8 € [m, M| we
recall that the divided difference of g in these points is defined by
e 98 —g(0)
[Oé, Ba g] T B —« .
Theorem 7 (Dragomir, 2011 [41]). Let f : I — R be a continuous convex function

on the interval of real numbers I and m, M € R, m < M with [m, M] C I, 1 the

interior of I. Let a = (a1,...,a,), P = (P1,...,Pn) be n—tuples of real numbers
withp; >0 (i €{l,....,n}) and Y./ pi=1. Ifm<a; <M, i€{l,...,n}, with
S piai # m, M, then

(10.1)
> i |fa) = £ D pias | |sgn | ai =D pja;
i=1 =1 =1
n 7 n 7
< pif (@) —f <Zpiai>
=1 =1
( > piai, M f| = |m, > piai; f )sz ai— Y pja;
Li=1 i L =1 i ]

IN
N |

IN
N —
7 N

r n T r n T n n
> piai, M f| = |m, > piai; f ) Y omai = | > pa
Li=1 i L =1 i L
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If the lateral derivatives f' (m) and f' (M) are finite, then we also have the in-
equalities

(102) 0 S Zpo ((li) - f (Zpim)

i=1 i=1 i=1 j=1
< % [f2 (M) = [ (m)] Zpi a; — ijaj
i=1 j=1

97 1/2

IN

S0~ om)] | Sopa? — [ Y pia;
i=1 j=1

Proof. We recall that if f : I — R is a continuous convex function on the interval
of real numbers I and « € I then the divided difference function fq : I\ {a} — R,

f(@) = f(e)
o () i=|a,t; ] =
o t) = ot 7) = TOZT
is monotonic nondecreasing on I \ {a}.
For a, := Z?zl pja; € (m, M), we consider now the sequence
) f(ai) — f(a
f&p(z) = ( ) 7( P).
a; — ap
We will show that f5, (i) and h; := a; — a,, € {1,...,n} are synchronous.
Let i,j € {1,...,n} with a;,a; # a,. Assume that a;, > a;, then by the
monotonicity of f, we have

flai)) = f (&p)

(10.3) fau i) = T
SUOES Ry
and
(10.4) h; > h;
which shows that
(10.5) [fa, () = fa, (45)] (hi — hy) > 0.

If a; < a;, then the inequalities (10.3) and (10.4) reverse but the inequality (10.5)
still holds true.
Utilising the continuity property of the modulus we have

|2, @] = |fa, DI] (hi = h)] < [[fa, (&) = fa, ()] (i = hy)]
= [fap (l) - f&p (])} (hz — hJ)
fOI‘ any 7’3] S {1,,77,}
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Multiplying with p;, p; > 0 and summing over ¢ and j from 1 to n we have

(10.6) > > piws | fa, () = [fa, DI] (hi = hy)

n n

<N oipj [fa, () = fa, ()] (hi — ).

i=1 j=1

A simple calculation shows that

(10.7) 722)%|M = |fa, (D[] (hi = hy)

1=1 j=1

Z |fn |h 7sz|fap |vahz
i=1 =1

e i@

—;p, ai — ap | (e - )

—Zpi M Zpi (a; —ap)
i=1 @i = ap i=1

N [fla) - f@)),

a3t e [

- Zpi |f (as) = f(ap)| sgn (a; — ap)

=1

=1y
> pifa, (i) hi = pifa, ()D_ pihi
i=1 i=1 i=1

:;f%fw)f@“yw—%)

(10.5) 2 > pipy [fa, ) = fa, )] (hi = )
2. .

£ (Lt s,
N
= ipif (ai) —f <§;p,¢ai> .

On making use of the identities (10.7) and (10.8) we obtain from (10.6) the first
inequality in (10.1).
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Now, since @, := .7, pja; € (m, M) then we have by the monotonicity of
fap (Z) that

flap) = f(m)

(10.9) [m, ap; f] = e —m < fa, (@)
fM)—f(a) o
< po = [ay, M; f]

forany i € {1,...,n}.
Applying now the Griiss’ type inequality obtained by Cerone & Dragomir in [9]

n n n 1 n n
sz‘wi% - Zwu’ﬂz Zwiyi <3 T—=) sz T — Zwﬂ?j
i—1 i—1 i—1 i—1 =1

provided
(10.10) —00<d<y; <A<
fori=1,...,n, we have that

S pt (@) (zpla,)

i=1

1,
< 5([ap,M;f m CLp, sz a; — ija_] ,

which proves the second inequality in (10.1).

The last bound in (10.1) is obvious by Cauchy-Bunyakovsky-Schwarz discrete
inequality.

If the lateral derivatives f (m) and f’ (M) are finite, then by the convexity of
f we have the gradient inequalities

M —a,
nd £ (@) — f (m)
%Zﬂk(m)y

where @, € (m, M) . These imply that

[ap, M; f] = [m, ap; f] < f2 (M) = £} (m)
and the proof of the third inequality in (10.2) is concluded.
The rest is obvious. O

Remark 10. Define the weighted arithmetic mean of the positive n-tuple © =
(z1, ..., xn) with the nonnegative weights w = (w1, ..., wy) by

1 n
A, (w,x) = W Zwﬂh
" oi=1

where W, == >_1" w; > 0 and the weighted geometric mean of the same n-tuple,

by
" 1/ W
=1
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It is well know that the following arithmetic mean-geometric mean inequality holds
A, (w,z) > Gy (w, ).

Applying the inequality (10.2) for the convex function f (t) = —Int,t > 0 we have
the following reverse of the arithmetic mean-geometric mean inequality

A, (w, )
(10.11) S O]

(A,Jw,:v))A"(w’x)_m
< m

( M )M—An(ﬂ),l‘)
Ay (w,z)

[IM—m
<exp |z

%An (waleAn(w’w)D

2 mM
provided that 0 <m < z; < M < oo fori e {l,..,n}.

A, (w, |z — Ay, (wvw)ﬂ :

11. APPLICATIONS FOR THE HOLDER INEQUALITY

If 2;,y; > 0 for i € {1,...,n}, then the Hélder inequality holds true

n n 1/p / n 1/q
Z Ty < (Z Zf) <Z yf) ;
i=1 i=1 i=1

Wherep>1,%+%:1.
Assume that p > 1. If 2; € R for i € {1, ...,n}, satisfies the bounds
0<m<z <M<ooforie{l,..n}

and w; >0 (i=1,...,n) with W,, := Z?zl w; > 0, then from Theorem 7 we have
amongst other the following inequality

1 " TL, W; Z; P 7—1 W;z;
(11.1) W ; 2P — (Zﬁ/lfln> ‘wisgn [zi — Zz;}{/ln} du
c Ximwiz (i wiz )’
- W, W
1 _Zr-il W;z; | I an W; Z; | ~
< (| &=LYE P — |, =Y el D,
<3 (|Z5eaner| - [m 2522 0r] ) Do o
1 _ZT-Ll W;z; | [ an W;Z; i ~
< = =l T AT ()P i=1 (P D,
<5 ([Egsaner] - [m 2525 0r]) ua o
1[0 wizi 1T [ S, wiz 1
< = = M p|{ _ i=1 . p M —
< ([Zsmeaner| - [ 2520r] ) o - m).
where Zi=1Wi% ¢ (m, M) and
- 1 <& 2?21 w;%j
Dy (2) := Wn;wl % W
while
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The following result related to the Holder inequality holds:

Proposition 7 (Dragomir, 2011 [41]). If z; > 0, y; > 0 for i € {1,....,.n}, p >

1, % + % =1 and there exists the constants v,I' > 0 and such that

fil <T forie{l,..,n},

i

7<=

then we have

e 27}71 LiYj i ZT‘Lfl LiYj
(11.2) - I yisgn | —= — =5
; y! Zj:l yf 5 ! Zj:l y?
> LTy > 1 LiYi !
< 2: T Zi 1J1
T iy ( Y1 Y )
IV T 1 [ Yr iy 1 = x
< Z %”’I‘;(.)p _ 7,%”;(.)” D.q
-2 < doic1 Ui i L >y ] AN
1 Zn—l LiYi | [ Zn— TiYi 1 = z
>3 ln 71—\’()17 = |7 151 ;()p D 1,2
2 ( 21:1 ;1 i L Zi:l yg J Y y—1
1 ( Z?—l TiYi r ( )p — |y Z?:l LilYi ( )p > (F _ ’Y)
— 4 doie1 Ui U7 Xy J
where
gyt 2?21 Y i—1 ’ :1_1 2?21 y;‘l
and

Nl

2
b ( x ) B 1 i x? > i1 TiYj
7,2 — = —5 —
Y yq ! E?:l y? i=1 y;l ? Z?:l yj

Proof. The inequalities (11.3) follow from (11.1) by choosing

_ — 4
Zi = — 7 and w; = yj.
Yi

The details are omitted. O
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Remark 11. We observe that for p = q = 2 we have from the first inequality in
(11.2) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

2
. r—v-y n
=1 y? Zj:l yjz ‘ Yi Zj:l y72
2
< 22;1 12 . <Z:‘L—1 wv%)
—_ n n
i VP Zi 1%‘2
1 Zi 125Yj
<5 (T=9) vi 7’
2 71 12; ZJ 13/]
1 >y \ :
<=('=~) a? — M
2 ?1 12; ( Z] 1%
1 2

provided that there exists the constants v,I' > 0 such that

Z; .
¥ <=L forie{l,..,n}.
7
12. APPLICATIONS FOR f-DIVERGENCE

Consider the f-divergence

(12.1) Iy (p.q) = iqif (Z)

defined on the set of probability distributions p, g € P, where f is convex on (0, 00).
It is assumed that f (u) is zero and strictly convex at u = 1.

Proposition 8 (Dragomir, 2011 [41]). Let f : (0,00) — R be a convex function with
the property that f (1) = 0. Assume that p,q € P™ and there exists the constants
0<r<1<R< oo such that

(12.2) r<—<Rf0rz€{1 ,n}.

7

Then we have

(12.3) 0<1Iy(pa) < %([LR; f1=1r1; 11) Do (p, q)
< S [FL(R) = £ ()] Dy (0 0)
< [P (R) = £ () [Dye 0. 0)
< (R-7)[f(B) - £} (r)].

4

n n 2
where D, (p, Q) = Zi:l |pi - Qil and sz (p, Q) = Zi=1 % -
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Proof. From (10.2) we have

i=1 di
<R - DY w2 -1
=1 4
ARG 2%‘—1\
i=1 v
1 " p? Yy
S VACEYAS) (Z%—I) <tmn i m e
i=1 1"
i.e., the desired result (12.3). O
Remark 12. The inequality
(12.4) It (0.0) < 1 (R=7) [JL (B) = [} ()]

was obtained for the discrete divergence measures in 2000 by S.S. Dragomir, see

32].

Proposition 9 (Dragomir, 2011 [41]). With the assumptions in Proposition 8 we

have

(12.5) 1 f1(sgn()-1) (2 @)| < 17 (p,q)
< 5 (LR A= I3 /) Dy (,0)
< (LR A~ 1) [Dye (0.0)
< S (LR = 1) (R=7),

where 1) f|(sgn(-)—1) (P, q) is the generalized f-divergence for the non-necessarily con-
vex function |f| (sgn (-) — 1) and is defined by
sgn (pi — 1) .
qi

(&)

(12.6) Iif1(sgn(y-1) (P, @ Zqz
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sgn (pi — 1) |
4ai

Proof. From the inequality (10.1) we have
S bi
g f() )
i=1 i
- pi
<> af (q) - f(1)
i=1 !

<3 RA-FEHYw % -1
i=1 ‘
1/2
L m (S P
< 5([13Raf] - [Tvl,f]) (il g - 1)
< JILRS =11 f) (R 7)
from where we get the desired result (12.5). O

The above results can be utilized to obtain various inequalities for the divergence
measures in information theory that are particular instances of f-divergence.
Consider the Kullback-Leibler divergence

n
Di n
KL(p,q) =Y pilog <C;>,p,q€P :
i=1 v

For the convex function f : (0,00) — R, f () = —Int we have
o - Pi\ - Pi\ g qi\
Ir (p,q) ==Y aif <) =-> gl <) => g¢ln <> = KL(q,p).
i=1 i i=1 i i=1 pi
If p,q € P™ such that there exists the constants 0 < r < 1 < R < oo with

(12.7) r<P <Rforie{l,..,n},

K2

then we get from the first inequality in (12.3) that

1 1
0< KL(g,p) < 3D (p,q) In <RR—1Tl—> :

For the convex function f : (0,00) — R, f (¢) = tInt we have

I (p.q) = i‘b’f (pi> =KL(p,q)-

qi

If p,q € P™ are such that there exists the constants 0 < r < 1 < R < oo with the
property (12.7), then we get from the first inequality in (12.3) that

1 .
0<KL(p,q) < 3D (p,q)In (R%Tﬁ) :
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