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FURTHER INEQUALITIES FOR SEQUENCES AND POWER
SERIES OF OPERATORS IN HILBERT SPACES VIA
HERMITIAN FORMS

S. S. DRAGOMIR!:2

ABSTRACT. By the use of some inequalities for nonnegative Hermitian forms
some new inequalities for sequences and power series of bounded linear oper-
ators in complex Hilbert spaces are established. Applications for some funda-
mental functions of interest are also given.

1. INTRODUCTION

Let K be the field of real or complex numbers, i.e., K = R or C and X be a linear
space over K.

Definition 1. A functional (-,-) : X x X — K is said to be a Hermitian form on
X if

(H1) (az+by,z) =a(z,2) +b(y,2) fora,be K and z,y,z € X;

(H2) (z,y) = (y,z) for allz,y € X.

The functional (-,-) is said to be positive semi-definite on a subspace Y of X if

(H3) (y,y) >0 for every y € Y,

and positive definite on Y if it is positive semi-definite on Y and

(H4) (y,y) =0,y €Y implies y = 0.

The functional (-, -) is said to be definite on Y provided that either (-,-) or — (-, )
is positive semi-definite on Y.

When a Hermitian functional (-, -) is positive-definite on the whole space X, then,
as usual, we will call it an inner product on X and will denote it by (-,-).

We use the following notations related to a given Hermitian form (-,-) on X :

Xo:={z e X|(z,2) =0}, K:={z € X|(z,z) <0}
and, for a given z € X,
X® :={zeX|(z,2) =0} and L(2):={azlacK}.

The following fundamental facts concerning Hermitian forms hold:

Theorem 1 (Kurepa, 1968 [28]). Let X and (-,-) be as above.
(1) If e € X is such that (e, e) # 0, then we have the decomposition
(1.1) X =L(e)@P X,
where @ denotes the direct sum of the linear subspaces X©) and L (e);
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(2) If the functional (-,-) is positive semi-definite on X©) for at least one e € K,
then (-,-) is positive semi-definite on X) for each f € K;

(3) The functional (-,-) is positive semi-definite on X () with e € K if and only
if the inequality

(1.2) (@ y)I” = (@,2) (y,9)

holds for all x € K and all y € X
(4) The functional (-,-) is semi-definite on X if and only if the Schwarz’s in-
equality

(1.3) [z, y)° < (2,2) (y,9)

holds for all x,y € X
(5) The case of equality holds in (1.8) for x,y € X and in (1.2), for x € K,
y € X, respectively; if and only if there exists a scalar a € K such that

y—ar € X(()w) =X, N X®),

Let X be a linear space over the real or complex number field K and let us
denote by H (X) the class of all positive semi-definite Hermitian forms on X, or,
for simplicity, nonnegative forms on X.

If (-,-) € H(X), then the functional ||-|| = (-, ~)% is a semi-norm on X and the
following equivalent versions of Schwarz’s inequality hold:

2 2 2
(1.4) lzI™ lyll” = |(z,9)[" or [lz]l [lyl] = [(z, y)]

for any z,y € X.
Now, let us observe that H (X)) is a convex cone in the linear space of all mappings
defined on X? with values in K i.e.,

(€) ()1, (s )y € H(X) implies that (-,-); + (-,-), € H (X);
(ee) a >0 and (-,-) € H(X) implies that a(+,-) € H(X).

We can introduce on H (X) the following binary relation [23]:
(1.5) (v)y > (-,-); ifandonly if |z|, > |lzf|; forall z e X.

We observe that the following properties hold:
), forall (-,-) € H(X);

(B) ()2 = (-
(bb) (" ')3 > ('7 ')2 and ('7')2 > ('7')1 implies that ('7')3 > ('7')1;
(bbb) ('a ')2 > ('7 ')1 and ('7 ')1 = ('7 ‘)2 implies that (’7 ')2 = ('7 ')1;

i.e., the binary relation defined by (1.5) is an order relation on H (X).
While (b) and (bb) are obvious from the definition, we should remark, for (bbb),
that if (-,-), > (+,-); and (-,-); > (-, )5, then obviously |z||, = ||z[|, for all z € X,

which implies, by the following well known identity:
1 2 2, . 2 2
(1L6)  (wy)y = [lo+ull = e =yl +i (o + il - o — iyl

with z,y € X and k € {1,2}, that (z,y), = (z,y), for all z,y € X.

2. INEQUALITIES FOR HERMITIAN FORMS

The following result is of interest in itself as well:



FURTHER INEQUALITIES FOR SEQUENCES AND POWER SERIES 3

Lemma 1. Let X be a linear space over the real or complex number field K and
() a nonnegative Hermitian form on X. If y € X is such that (y,y) # 0, then

2
(2.1) py: HxH =K, py(z,2) = (z,2) |yll" = (z,9) (y,2)
is also a nonnegative Hermitian form on X.
We have the inequalities

(2:2) (el 0 = 1)) (Il 1207 = Iy, 2) )
> [(e,2) Il (.9) (v, 2)]

W=

(2.3) (lle -+ 21 Jyl* = I + 2 9)*)

< (Hel? Igl® = 16, 9) )" + (1217 = 16w, 2)°)

for any z,y,z € X.

Nl=

Proof. By Schwarz’s inequality for the nonnegative Hermitian form (-,-) we have
2
py(z,z) = (z,2)lyl" = (z,9) (y,2)
2 12 2
= A=l lyll” = [(z,9)I" = 0

for any = € X.
We have

py (0@ + Bu, 2) = (o + Bu, 2) ly)” = (aw + Bu, ) (4, 2)
= a(@,2) Iyl - o (@) (v.2)
+ 8 (w2) yll® = B (u,9) (y
= a|@2) lyl* - (=) v,
+ 8 (=) Iyll® = (u,9) (v,
= ap, (2,2) + By (u,2)

for any «, 8 € K and z,u € X.
Also, we have

$2)

py(z.2) = (z2)[lyl° = (2,9) (y.2)
(z,2) |ylI” = (z,9)(y. 2)
(z,2) |ylI* = (2,9) (v, 2) = py (x,2)

8

for any z,z € X.

If y € X is such that (y,y) = 0, then the inequalities (2.2) and (2.3) are obviously
true.

If y € X is such that (y,y) # 0, then by Schwarz’s inequality for p, (-, -) we have

2
Py (2,2)]” < py (z,2) py (2, 2)
for any x,z € X, which is equivalent to (2.2).

The inequality (2.3) follows by the triangle inequality for the nonnegative form
Py () U
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Remark 1. The case when (-,-) is an inner product in Lemma 1 was obtained in
1985 by S. S. Dragomir, [3].

Remark 2. Putting z = Ay in (2.3), we get:

2, 12 2 20 112 2
(2.4) 0< [lz+ Ayll" lyll™ = [(@ + Ay, )™ < [l]” lyl]” = [(z, )]
and, in particular,

2, 12 2 20 12 2
(2.5) 0< [lzxyll*llyl™ = 1@ £y, )" < 2l [yl = I(z, )]

for every x,y € H.
We note here that the inequality (2.4) is in fact equivalent to the following state-
ment

2112 2 2112 2
(2.6) sup 4+ Ayl [lyl™ = (@ + Ay, 9) 7| = [zl [lyl” — (2, y)]
for each z,y € H.

The following result holds:

Theorem 2. Let X be a linear space over the real or complex number field K
and (-,-) a nonnegative Hermitian form on X. For any x,y,z € X, the following
refinement of the Schwarz inequality holds:

2 2
(2.7) [zl 1yl = | (2, 2) lyll™ = (@, 9) (yaz)‘ +[(z,9) (v, 2)|
> |(z,2) lyll*-
Proof. Applying the inequality (2.2), we can state that

(2.8) (el 0 = 1)) (Il 1207 = Iy, 2) )

‘ 2

> |@.2) ol - (@.9) (0,2)

any z,y,z € X.
Utilising the elementary inequality for real numbers

(2.9) (m* —n?) (0> — ¢*) < (mp —nq)°,
we can easily see that
(2.10) (1 1y11® = 16, ) ) (Il 1207 = 1w, 2)F)

< (el Il 121 = 1(23) (9 2)])

for any z,y,z € X.
Since, by Schwarz’s inequality we have

(2.11) 2l [yl = [(z,y)| and [ly[| ||zl = [(y,2)],
then

=] llyl* 120l = Iz, 9) (9, 2)| = 0
for any z,y,z € X.
Therefore, by (2.8) and (2.10) we deduce

] lyl1* 12l = (2, 9) (v, 2)| = |(2,2) lylI* = (2. 9) (9, 2)]

which proves the first inequality in (2.7). |
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Corollary 1. For any z,y,z € X we have

(2.12) % [l 121+ I 21y = [, y) (v, 2)]

Proof. By the modulus property we have

(2,2) Yl = (2,9) (9, 2)| = [(2.9) (4, 2)| = (2, 2)| Iyl

and by the first inequality in (2.7) we have

[ 7 = ‘(x,Z)||y||2—(w,y)(y72) +1(2,9) (v, 2)]

2
> z,y) (y,2)] = (@, )] yl” +1(z,9) (v, 2)
for any z,y,z € X, which is equivalent to (2.12). O

Remark 3. We observe that if (-,-) is an inner product, then (2.12) reduces to
Buzano’s inequality obtained in 1974 [2] in a different way.

3. VECTOR INEQUALITIES FOR n-TUPLE OF OPERATORS

Let T = (Ty,...,Ty) € B(H) x ... x B(H) := B™ (H) be an n-tuple of bounded
linear operators on the Hilbert space (H;(-,-)) and p = (p1,...,pn) € RY" an n-
tuple of nonnegative weights not all of them equal to zero. For an x € H, x # 0 we
define

(3.1) (T, V), ij Tz, Vix) < ZpJV* x,x>

j=1
where T = (T3, ...,T},),V = (Vi, ..., V,,) € B™ (H).
We need the following result:

Lemma 2. For any x € H, x # 0 and p = (p1,...,pn) € RY™ we have that (-, ~>p’1

is a nonnegative Hermitian form on B™ (H).

Proof. We have that

(3.2) (T, Ty, = < > piTiT; 9«“$> = < > opi 1Ty $$> >0,
j=1 j=1

for any T = (T1,...,T,) € B"™ (H), where the operator modulus is defined by
|A]> = A*A, Ae B(H).

The functional (-, ), is linear in the first variable and

(3.3) (VT < Zp]T* x,x>—<x, ipjT;Vj x>

n n
((Snmw) we) = ((Smwim ) me) - v
j=1 j=1

for any T = (T}, ..., T,), V = (Vi,...,V,,) € B™ (H) . O

We have the following result for n-tuples of operators:
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Theorem 3. For T = (T3,...,T},), U= (Uy,....,U,), V= (V1,..,V,,) € B™ (H)\
{0}, p=(p1,....,pn) €RY" and x € H, we have

(3.4) 1), 00, - |[ru,.[]

> (T, V),,,, (U U}, = (T,U), (U V),

|, v, [y

9

271/2
(3.5) [<T +V, T+ V), (UU),, - ‘(T V.U, ]
5 {<T’T>p,x (U,u),, - ‘(T U }1/2
" {<V’V>p,x (U,u), , - ’<V’U>p,w 2} 1/2

(3.6) (T, T)2(V,V)/2(U,U)

p,r

Z <T7 V>p,$ <U7 U>p,g; - <T7 U>p,a; <Ua V>p,x

n ’(T, U), . (U V),

> (T, V),

<U7 U>p,a:
and

37 5 @DV Vv,

o), =T, ©wv),,

The proof follows from the corresponding inequalities above, namely (2.2), (2.3),
(2.7) and (2.12) applied for the nonnegative Hermitian form (-, -) re H,z#0.
The details are omitted.

p,z’

Remark 4. The inequality (3.7) can be written as

1/2

< > _pi Tl w$> ZPJ Vv, [?
j=1

(g 'U)
[ (5 () )

that holds for (Ty, ..., Ty) , (U1, ..., Un) , (Vi,..., V) € B™ (H)\{0},p = (p1,...,pn) €
RA™ and x € H.

(3.8)

DN | =

3
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If we take V; = T for j € {1,...,n} in (3.8), then we have

1/2 1/2
1 - 2 . * |2
(3.9 3 < ij|Tj\ x,a?> < ij}Tj sc,a?>
j=1 j=1
+ < ijsz x,m> < ij\UjF w,x>
j=1 j=1
> < ijU;Tj 1:,:17>< ijTjUj z,x> ,
i=1 =1
and since

*

n n
< ijTjUj w,x> = <a:, ijTjUj m>
j=1 j=1

:<x7 ijU;T; $>:< ZPJ'U;TJ'* $’$>’
i=1 =1

then the inequality (3.9) can also be written as

1/2 1/2

< > opi T $$> < > |1y a?x>
J=1 j=1
—I—< ijTjZ x,z> < ij\Uj|2 z,x>
Jj=1 j=1
J=1 j=1

If T} are normal operators for any j € {1,...,n}, then we get from (3.10) that

1 n n
(3.11) 3 < > i Tyl 3333>+< > piT? a:x>
j=1 j=1
<([Somir) az)
j=1

(3.10)

DN | =

z< ST, > < ST >
j=1 j=1

for any (Uy,...,U,) € B™ (H)\ {0} and = € H.
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If U; are selfadjoint operators for any j € {1,...,n}, then we get from (3.9) that

1/2 1/2
1
3.12 -

ij |Tj\2 x,x> < ij }Tj* 2 x,x>
j=1 j=1
+ <

z:pjTj2 x,:z:> < ijUj2 x,x>
j=1 j=1
> < > piUT; $,$> < > piTU; 13,$> )
j=1 j=1
for any (T4, ..., T,) € B™ (H)\ {0} and = € H.

Moreover, if U;T; = T;U; for any j € {1,...,n}, then we get from (3.12) the
inequality

/N /-
i

1/2 1/2

< ij|Tj\2 x,a?> < ij}Tj*2 a:,a?>
Jj=1 j=1

+< ijsz x,:z:> < ijUj2 :1:,3:>
j=1 j=1

(3.13)

DN =

2
> < ijUjTj .’L‘,$> s
j=1

for any (T4, ..., T,) € B™ (H)\ {0}, (Uy, ..., U,) selfadjoint operators and = € H.

In particular, if (T3, ...,T,) are normal operators and (Uy, ..., U,) are selfadjoint
operators such that U;T; = T,;U; for any j € {1, ...,n}, then we get from (3.13) the
simpler inequality

1 n n n
1y L < S 1 >+< S > < S >
j=1 j=1 j=1
2

2< > pUiTy $,$> )
=1

for any = € H.

Remark 5. We notice that (3.14) is an operator version of de Bruijn inequality
obtained in 1960 in [1], which provides the following refinement of the Cauchy-
Bunyakovsky-Schwarz inequality:

n 2 n n n
<1 2 2 2

E aizi| <5 g a; E |zi]" + E z;

i=1 i=1 i=1 i=1

provided that a; are real numbers while z; are complex for each i € {1,...,n}.

(3.15)

For some inequalities in inner product spaces and operators on Hilbert spaces
see [4]-[26] and the references therein.
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4. APPLICATIONS FOR FUNCTIONS OF NORMAL OPERATORS

Some important examples of power series with nonnegative coefficients are

1 = .
ﬁ_;‘OA ., AeD(0,1);

1

(4.1)

In

=1
=Y =X\, AeD(0,1);
n

n=1

1
exp (\) = Z m)\", A€ G,

. o > 1 2n+1 .
SthA—”gomA ; )\GC,
- 1 2n
cosh)\:ZmA , MeC.
n=0

Other important examples of functions as power series representations with non-
negative coefficients are:

1 1+>‘ - 1 2n—1 .
(4.2) 2ln(1—)\> Z%_lx , AeD(0,1);

A2t NeD(0,1);
Zan-l-l ) € (Oa )a

tanh ™ (A):Z%alﬁn L XeD(0,1);
n=1
P+ )T+ BT () \n
2F1(a7ﬁa77)\)_7;) TL'F(O&)F(B)P(TL-’-’}/) A )a767’y>0a

Ae D(0,1)

where ' is Gamma function.
We have the following result:

Theorem 4. Let f (z) := ZJ 07’ i be a power series with nonnegative coefficients
and convergent on the open disk D(0,R), R > 0. If T, U and V are normal
operators and V*T = TV*, U*T = TU*, V*U = UV *with ||T||2 AU VIR < R,

then we have the inequalities

wn () ee) (s () o) s )0
|<('U|) )

X
= [{f (U T) @, ) (f (V*U) z,z)|

for any x € H.
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Proof. If we use the inequality (3.8) for powers of operators we have

1/2 1/2

1 m ‘ m .
(4.4) 3 < ij |TJ|2 :c,:l;> < ij|vj|2 33750>
§j=0 §=0
+ < ij (Vj)*Tj a?,ac> < ij |Uj|2 x,x>
§=0 §=0
> < ij (Uj)*Tj x,x>< ij (Vj)*Uj m7x> ,
j=0 7=0

for any m > 1 and x € H.
Since T, U and V are normal operators and V*T =TV* U*T =TU*, V*U =
UV*, then from (4.4) we have

1/2 1/2

m m
< > p I m> < > pi V¥ m>
7=0 j=0

(4.5)

N |

+ < ij (VT xax> < ij|U|2j x,x>
j=0 =0

= < ij (U*T)j x,x>< ij (V*U)j m,x> ,
j=0 j=0

for any m > 1 and x € H.
Since all the series whose partial sums are involved in the inequality (4.5) are
convergent then by letting m — oo in (4.5) we get (4.3). O

Corollary 2. Let f (z) := E;’io p;z? be a power series with nonnegative coefficients
and convergent on the open disk D (0,R),R > 0. If T and U are normal operators
and U*T = TU*, TU = UT with |T||*, |U||* < R, then we have the inequalities

(4.6) % Kf (‘T|2) x,m> + [{f (T?) x,;r)\] <f (\U|2) x,x>
> [(f (U T) @, z) (f (TU) 2, z)|

for anyx € H, x # 0.
In particular, if T is normal and U is selfadjoint with TU = UT and |T||*, |U||* <
R, then

@n g [ (TR)ea) + (7 () 22)] (7 (O ,2) > [ (T0),2)

for any x € H.

In order to provide various examples of interesting inequalities we use (4.7) for
some fundamental functions.
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If T is normal and U is selfadjoint with TU = UT with ||T||,||U|| < 1, then

(4.8) % K(lH - |T|2>_1:p,x> + ‘<(1H - T2)_1x,x>” ((ln=0%) ")
> ‘<(1H Uy xx>)2
and
(4.9) % [ln<(1H = |T|2)_1 x:c> +|(m (1 - 1%) s, x>”
x (I (1y - U%) " z,2)
> ‘<ln(1H —1U)”! xm>(2

for any z € H.
If T is normal and U is selfadjoint with TU = UT, then

(4.10) % Kexp (|T|2) x,x> + ’<eXp (T2) m,ac>” <eXp (Uz) ;c,x>
> [fexp (TU) 2, )],

(4.11) é [<sinh (|T\2) x,x> + |(sinh (7?) x,x>” (sinh (U?) z,z)
> |(sinh (TU) &, z)|?,

and

(4.12) % [<cosh (|T|2) x,m> + ‘<cosh (TQ) x,m>‘] <cosh (UQ) x,x>
> |(cosh (TU) z, )|

for any z € H.

5. NORM AND NUMERICAL RADIUS INEQUALITIES
The numerical radius w (T') of an operator T' on H is given by [27, p. 8]:
(5.1) w(T) =sup{|A|, A € W(T)} = sup{[(Tz,z)[, ||| = 1} .

It is well known that w (-) is a norm on the Banach algebra B (H) of all bounded
linear operators T': H — H. This norm is equivalent with the operator norm. In
fact, the following more precise result holds [27, p. 9]:

Theorem 5 (Equivalent norm). For any T € B(H) one has
(5:2) w(T) < |71 < 2w (T).

We recall also that if T is normal operator, then w (T') = ||| .
For a survey of recent inequalities for numerical radius, see [21] and the references
therein.
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Theorem 6. Let (T1,...,T,) € B™ (H)\{0},p = (p1,....pn) € R™ and (Uy, ..., Up)
be selfadjoint operators such that U;T; = T;U; for any j € {1,...,n}. Then we have
the inequality

ijUjTj =3 ijUj
7j=1 Jj=1
1/2 1/2

n n
<A1 w Il > p )
j=1 j=1

+ ijTJ’Q
j=1

Proof. Taking the supremum over ||z|| = 1 in the inequality (3.13) and using its
properties we have

2
n
(5.4) sup < ijUjTj x,x>
leti=1 |\ \ 5=
1/2
1 - 12
=200 ZPJTI> ij!Tj ”>
z||= j=1
n
< St ) e | ((n3 ) r)
Jj=1
1/2
12
o [((Ermr) ) < D
1E3 j=1
n
= ol
However, we have
1/2 1/2
12
(5.5) sup ZPHTJ‘\Q z,T ZPJ|T1| z,z
lel=1 |\ \ = st
() o)
j=1
1/2



FURTHER INEQUALITIES FOR SEQUENCES AND POWER SERIES 13

1/2 1/2
n n
.2
< sup ij \Tj|2 T, ij ’Tj T,
[lz||=1 j=1 j=1
+ sup < Zp]TZ x,ac>
llzll=1
1/2 1/2
< Hslulp < Zp] |T| x,x> HSWp < ij ’T* x,x>
z||=1 z||=1
+ sup < ZPJTQ ,x>
llzll=1
Since
sup (| D _p;UF | a,a) =13 pU7
H:EH:l j=1 j=1
1/2 1/2
2 2
sup (Do IT* | wz) =\ p;|Tl :
llzll=1 j=1 j=1
1/2 1/2
* |2 %12
sup ij |Tj | T, T = ij |Tj
llzll=1 j=1 j=1
sup ijTjQ T,x )| = ijsz ,
llzll=1 = =
then by (5.4) and (5.5) we get the desired result (5.3). O

Remark 6. If we take U; = a;ly with j € {1,...,n} where a; € R, j € {1,...,n},
then we get from (5.8)

n 1 n
2 2
(5.6)  w’ | > piaT; <3 > pid;
Jj=1 j=1
1/2 1/2

n ) 12 n
x| 2275 1] 2plTT| | DTy
=1 =1 i=1
for any (T4, ...,T,,) € B™ (H)\ {0} and p = (p1,...,pn) € R™ and, in particular,

(5.7) w? Z a;T;
j=1

n

2
Z%

Jj=1

1
§

1/2 .
{ IT5I* Z|T*| +|>_17

j=1 j=1
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Moreover, if Tj are normal operators for any j € {1,...,n}, then we have
n 1 n n n
2 2 2 2
(5.8) w? | Do Ty | < 5|3 ad| [|DoITF |+ | T
j=1 j=1 j=1 j=1

6. THE CASE FOR ONE AND TwO OPERATORS

If we write the inequality (3.8) for p; =1, j € {1,...,n}, then we get

1/2 1/2
1 n n
(6.1) 5 < >yl ”> < > vl ”>
j=1 j=1
+< ZVj*Tj x7x> < Z|Uj|2 x,x>
j=1 j=1
> < > UrT; g;:c>< > ViU xw>
j=1 j=1

that holds for (T}, ..., T},) , (U1, ...,Uyn), (V1,...,V,,) € B™ (H) \ {0} and = € H.
If we write this inequality for n = 1 we get

(6.2) % [<T|2x,m>l/2 <|V|21:,x>1/2 + |(V*Tm,x>|] (U 2. )
> (U T) z,z) (V*U) 2, x)],

that holds for any T, U,V € B(H) and = € H.
If we take V' =T™* in (6.2), then we get

1 1/2 1/2
3 [<|T2x,x> <|T*|2x,m> + ‘<T2x,x>|} <|U|2:c,x>
> (U z,z) (TU) @, z)],
that holds for any T,U € B(H) and = € H.
In particular, if T is normal, then from (6.3) we have
1
©4) 5 [(TFe0)+ [(T%,2)]| (UP2,2) = (U T)2,2) (TU) 2,2)],

forany U € B(H) and z € H.
Also, if U is selfadjoint, then from (6.3) we have

(6.5) % {<|T|2 :E,1'>1/2 <|T*|2 x,x>1/2 + |<T2x, x)@ (U%z,z)
> [((UT)z, ) (TU) =, z)],

for any T € B(H) and = € H.
Moreover, if U is selfadjoint and commuting with T' € B (H) , then we have from
(6.5)

(6.3)

(6.6) % {<T|2x,x>1/2 <|T*\2:r,x>1/2 + |<T2x,x>’] (U?z,2) > [((TU) z,z)|?,

for any z € H.
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If we take the supremum over ||z|| = 1 in (6.6), then we get

w? (TU) = b, (TU) 2, )

< ap {[<|T2x,x>l/2<|T*|2x,z>1/2+|<T2x,x>|} <U2x,a:>}

T2 o=

1 1/2 1/2
< = | sup <|T|2x,a:> sup <|T*|2m,x> + sup ‘<T2x,m>’]
2 {Jlz=1 lzfl=1 )l =1

X sup <U2x7 x>

llzll=1
=3 [T+ w @] o
since
ol <|T|2x’$>1/2 - [w (|T|2>]1/2 = H|T|2H1/2 =7,
”21“151 <|T*|2 x,x>1/2 _ {w (|T*|2)}1/2 _ H'T*|2H1/2 p———
and

sup (U’z,z) = ||U?|| = [healie

llzll=1

Therefore we get
1
(6.7) w? (TU) < 2 [T +w (T%)] U],

for any T' € B(H) and U a selfadjoint operator that commutes with 7.
If we take U = I in (6.7), then we get the sharp inequality

68) w? (1) < 3 [T+ (72)]

that has been firstly obtained in 2007 in [13].
If we write the inequality (6.1) for n = 2 we get

! [<(T1|2+|T2|2) m,x>1/2<(|V1|2+|V2|2) :z:,:r>1/2

2
+ HGT+ T ea)l] () +10ef) o)
> (UF Ty + U3 Ta) . 2) (VU + V3 Us) )],

for any (T, Ts), (Uy,Us), (Vi,V2) € B?) (H) and = € H.
If we take T = (A,B) and V = (B*,+A*) in (6.9), where A,B € B(H), then
we have

(6.10) % [<(A|2 +|BP) m,x>1/2 (1B +14°P) m>l/2
+ \<(BA¢AB)x,x>@ <(|U1|2 n |U2\2) zx>
> ((UfA+U;B)z,z) (BUy £ AUs) @, )|,
for any (Uy,Us) € B® (H) and = € H.

(6.9)
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If we take in this inequality U; = B and Us = A, then we get
1 2 2 1/2 * (2 *2 1/2
(6.11) > [<(A| +|B| )xx> <(\B % 4 | A% )xx>
+[(BA+ AB)z,2)| (1] +|B]*) z,7)
> [((B*A+ A*B) z,x) ((B* £ A?) z, )|,
for any A, B € B(H). Moreover, if we take in this inequality B = A*, then we get
1
(6.12) 5 [<(|A|2 + |A*|2> H>
+ (4% A - a4 z,0)| (1P + 14" 2,2)

> (42 + (47)?) ) (((4)? - 42) 2, 2)

for any A€ B(H).
If we take V5 =T and V; = T then we get from (6.9) that

)

6.13) 5 [((IT2f + |2l 22) + (@ T+ 7T 22| (03 + [U2) ,2)
(Ui Ty + U3 To) ,) (T30 + Ty Ua) )],

for any (T, Ts), (Uy,Usp) € B® (H) and = € H.
If we take Vo =T} and Vi = T3 then we get from (6.9) that

(6.14) % K(mﬁ n |T2|2) x,z>1/2 <(\T1*|2 n |T2*\2) x,x>1/2

+ (@ +18) a2 (102 + 02) 2, )
> [((UFTy + Us )z, 2) ((ToUy + TyUs) v, 2) |,

for any (T, Ts), (Uy,Usp) € B® (H) and = € H.
One can state other particular inequalities by taking specific values for (T, T3),
(U1,Uz) . The details are however omitted.

1
2
2
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