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CEBYSEV TYPE INEQUALITIES FOR CO-ORDINATED
CONVEX FUNCTIONS

MEHMET ZEKI SARIKAYA, HUSEYIN BUDAK, AND HATICE YALDIZ

ABSTRACT. In this paper, we astablish new same Cebysev type inequalities
for functions whose derivatives are co-ordinated convex in absolute value.

1. INTRODUCTION
In [3], P. L. Cebysev proved the following important integral inequality
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where f, g : [a,b] — R are absolutely continuous functions whose derivatives f’, g’ €
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which is called the Cebysev functional, provided the integrals in (1.2) exist. In
recent years many researchers have given the generalization of Cebysev type in-
equalities, we can mention the works [1, 2, 4, 5, 6, 7, 8, 9, 11].

Let us consider now a bidemensional interval A := [a,b] x [c, d] in R? with a < b
and ¢ < d, amapping f: A — R is said to be convexs on A if the inequality

fOz+ (1 =Nz y+ (1= Nw) < Af(z,9) + (1 =N f(zw),

holds for all (z,y), (z,w) € A and A € [0,1]. The mapping f is said to be concave
on the co-ordinates on if the above inequality holds in reversed direction, for all
(z,y), (z,w) € A and X € [0,1].

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1. A function f : A — R will be co-ordinated conver on A, for all
t,s €0,1] and (z,y), (u,v) € A, if the following inequality holds:
fx+ (1 —t)y,su+ (1—s)v)
< tsfazu) +s(1=6)f(y,u) + (1 = s)f(z,0) + (1 = £)(1 = ) f(y, v).

In [5], the authours proved the following inequalities:
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Theorem 1. Let f,g: A — R be a partial differentiable functions such that their
_ 9 f(t.s)

second derivatives fis = =557 and grs = % are integrable on A, then
49 2 2
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where

b d
(L4 T(f.g) = m / /f(m,y)g(x,y)dydx

(b_a)gl(d_c)/b/dg (z,y) /bf(t,y)dtdydz
_W/b/dg (z,y) /df(a:, s)dsdyda
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In this paper, we shall improve the second inequality in (1.3) for functions whose
partial derivatives are co-ordinated convex in absolute value.

2. MAIN RESULTS

In order to prove our main theorems we need the following lemma (see [10]):

Lemma 1. Let f: A — R be an absolutely continuous function on A. Then for
any (z,y) € A, we have the equality:

d b b d
1 1 1
fly) = o / e, s)ds + 5 / )it~ = / / F(t,)dsde
. b d
(21) +(ba)(dc)a/c/($—t) (y—S)
11
X HaPz+ (1 =Nt ay+ (1 —a)s)dad\| dsdt
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Theorem 2. Let f,g: A — R be a partial differentiable functions such that their
second derivatives fr, and gr are integrable on A. If faa, gra € Loo(A) and | fra|
and |gaa| are co-ordinated convex function, then

(2.2) T(f.9)] < —
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and
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(2.3) X K(m —a)’ + (b— x)2) ((y — )’ +(d— y)zﬂ dydz
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where T'(f, g) is defined in (1.4),

M :=ess sup ([fxa (@, 9)| + [ fral@, )| + [ fralt, y)| + [fra(t; s)]]
x,t€la,
y,s€[c,d]

and

N :=ess 5u[p . Hg)\a(ma y)| + ‘g)\a(xa 8)| + |g)\a(t7y)‘ + |g>\a(ta 8)” .
z,t€|a,
y,s€lc,d]

Proof. Let F, G, F and G be defined as fallows

d b
1 1
F= f(acy—ﬂ/fxsds—m/ftydt—i— 70//ftsdsdt
d

1
G = /gms s—i/tydt—i— //tsdsdt
Cd-c d—c)

b 1

d
o bia // (5 —1)(y—s //f,\a Ar+(1— At ay+(1 — a) s)dadAdsdt
0
and
b d 11
G- // =) (y—s //g,\a Az+(1 = At ay+(1 — a) s)dadAdsdt.
_a _C 00
Since
FG = FG,

by integrating F'G over A, multiplying the resultant equality by m it yields

b d b

(b_a)l(d_c)/b/df (z,y dydfcWl(dc)//g(ay)/f(t,y)dtdydm
—(b_a)l(d_c)z//g (z,y) /f(w,S)dsdydx
+(b—a (/b fxsdsdz) (// tydydt)

= b o //( (x—t)(y—s //f)\a A+ (1 =Nt ay+ (1 —«) )dad)\dsdt)
X (a/c/ (x—1t)(y—9) O/O/gmZ Qz+(1-Nt,ay+ (1 — ) s)dad)\dsdt) dydz.
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Using co-ordinated convexity of |fia| and |gra|, we have
1

\T(f,g)| < m
b d
x// (//|xt||95|//|f,\a (Az+ (1 )t,ay+(1a)s)|dad)\dsdt)
b
(//|x—t| |y—8|//|9/\a A+ (1—=Nt,ay+ (1 —a) )dad)\dsdt) dydz
= 16(b—a)3(d—c)3
b d b d
x// (//|x—t| |y—s|[|f,\a(a:,y)+|an(m,s)|—I—|f,\a(t,y)|—|—|f,\a(t,s)]dsdt)
a Cb da c
X (//lxtl ly — sl [|lgxa (@, ¥)| + [gra(z, 8)| + 920t y)| + gm(t,s)ﬂdsdt) dydz
v —a)’ b—f) Tw-o?+ -]
< 16 (b — d—c) //[ ] [ B ] dydz
49 9 9
= rgog P~ (d— )’ MN.

Here, it is easy to observe that

b

flezasoa 1o

a

and
d

2 272
/l(y—c) ;(d—y)] =T o

c

Thus, the fist inequality (2.2) is proved.
Now, we prove the second inequality (2.3). Therefore, by applying (2.1) to the
function g, we have

b b d
g(z,y) = di g(z, s)ds—kb% g(t,y)dt—m//gtsdsdt
. b d
(24) +(b—a)(d—c)a// (ZL’—t) (y—S)

X |:O//gm()\:z: +1=-Nt,ay+ (1 —a) s)dad)\] dsdt.

0
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Multiplying (2.1) by mg (z,9), (2.4) by mf (z,y), summing the
resultant equalities, then integrating on A, we have
b d b

m /b /d f(@ )9 (@, y) dyde — (b—a)zl(d—c) / / g(2,y) / F(t,y)dtdydz

- d /) /
(b—a)l(d—c)2 / / 9(z1) / £ (&, s)dsdyds

- 2(b—a§(d—c)
b d b d 11
X L/C/g(m,y) (a/c/(x—t) (y—s)o/b/f)\a()\x—i—(l—)\)t ay+ (1 —a) )dad)\dsdt) dydz
b d b d 11
—|—//f(x,y) (//(x—t)(y—s)//g)\a()\x—i—(l—)\)t ay + (1 - «) )dad)\dsdt) dydx]
a c a c 00

Thus, by definiton of T'(f, ¢) in (1.4), and using co-ordinated convexity of | fyo| and
|gra|, we obtain

1

IT(f,9)| < 50 a) (o)

[//|ga:y| /b/dx—tly—s//ma Az + (L= Nt,ay+(1—a) )dad%dsdt> dyda
//'fxy (/b/d|x—t||y—8|//lgm Az 4 (1=Nt,ay+ (1 —a) )|dad)\dsdt> dydx]

= 8(b—a)(dfc)

b d b d
x / / {|g<x,y>| ( / / 1~ t [y — 8| [ Fra@ )] + [ Fral@ )] + | Fralt.n)] + |fm<t,s>|1dsdt>

b d
+ |f(m7y)| (// |£U - t| |y - 8| Hg)\a(xvy)' + ‘g)\a(mvs” + ‘g)\a(tvy” + |g/\oz(ta S)” det)] dydm

a ¢

IN

b d
1
32 (b — a)? (d_c)2a/c/ [M + N[ f(z,y)l]

<[(@=a?+0-27) (-0 +(d-)?)] dyde.

This completes the proof of the Theorem. O
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