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ON POWER POMPEIU’S TYPE INEQUALITIES FOR DOUBLE
INTEGRALS

MEHMET ZEKI SARIKAYA, SAMET ERDEN, AND HATICE YALDIZ

ABSTRACT. The main of this paper is to derive some new inequalities of Os-
trowski type using Pompeiu’s mean value theorem for double integrals involv-
ing functions of two independent variables.

1. INTRODUCTION
In 1938, the classical integral inequality established by Ostrowski [12] as follows:

Theorem 1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative

/

[ (a,b)— R is bounded on (a,b), i.e., |f'|l., = sup |f'(t)] < oo. Then, the
te(a,b)

inequality holds:

b
) |fe) - [ ] <

1 (z— 23

1 + (17_2)2] (b—a)llf'll

for all x € [a,b]. The constant % is the best possible.

Inequality (1.1) has wide applications in numerical analysis and in the theory
of some special means; estimating error bounds for some special means, some mid-
point, trapezoid and Simpson rules and quadrature rules, etc. Hence inequality
(1.1) has attracted considerable attention and interest from mathematicans and
researchers. Due to this, over the years, the interested reader is also refered to
([4]-[6], [11],[13]-[17]) for integral inequalities in several independent variables.. In
addition, the current approach of obtaining the bounds, for a particular quadrature
rule, have depended on the use of Peano kernel. The general approach in the past
has involved the assumption of bounded derivatives of degree greater than one.

In 1946, Pompeiu [8] derived a variant of Lagrange’s mean value theorem, now
known as Pompeiu’s mean value theorem.

Theorem 2. For every real valued function f differentiable on an interval [a,b]
not containing 0 and for all pairs 1 # x2 in [a,b], there exist a point & between x4
and x9 such that

z1f(x2) — 2 f (1)

Tl — X2

= f(&) = &£(8).

In [9], E.C. Popa using a mean value theorem obtained following theorem.

2000 Mathematics Subject Classification. 26D10, 26D15, 41A55.
Key words and phrases. Ostrowski’s inequality, Pompeiu’s inequalities, absolutely continuous
function, double integrals.
1


sever
Typewriter
Received 14/07/14


2 MEHMET ZEKI SARIKAYA, SAMET ERDEN, AND HATICE YALDIZ

Theorem 3. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b).
Assume that « ¢ [a,b]. Then for any x € [a,b], we have the inequality

(“5"-a) f<x>+‘;‘_j/bf<t>dt

1 (z—afb)y?

vl (b_;)gl b—=a)llf —lafll -

In [7], the authors have proved the following Ostrowski type inequality:

Theorem 4. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
with 0 < a <b. Then for 1 <p, q < oo with % + % = 1 we have the inequality

b

/ F®dt] < PU (@,p) |1 — 1],

a

a+b f(x) 1
2 T +b—a

for x € [a, b], where

a?—9 — 24 29 — al-&-qxl—?q) »
+
1-2¢)(2-q) (1-29)(1+4q)
p2—a _ 42—a 220 _ pltagl—20\ a
+ ( + ) |
(1-29)(2—-¢q) (1-29)(1+q)

In the cases (p,q) = (1,00), (00,1) and (2,2) the quantity PU (x,p) has to be taken
as the limit as p — 1,00 and 2, respectively.

PU(z,p) : =(b—a)? ! K(

In [10], Dragomir has proved the Ostrowski type inequalities for complex valued
absolutely continuous functions as follows:

Theorem 5. Let [ : [a,b] — C be an absolutely continuous function on the
interval [a,b] withb>a > 0. Ifr e R, r £0, and and f'l —rf € Lo [a,b], then
for any x € [a,b] we have

pr+l _ grtl r
- - — 7 t)dt
— flz)—=x /f( )
1
< = fl=rflle
7|
r4+1 i Tl T+l

2re e @) a0 ke e g
X

” 41 r+1 r+1

z (a+b)(r+1)*i:_$1+ Ve e e (—oo, D\ {—1}.

Also, for r = —1, we have

b
b 1 L, e atb g
f(x)lna—x/f(t)dt§M||fl+f||oo<hl%‘f‘ Qx )

for any = € [a,b], provided f'l + f € Lo [a,]].
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The interested reader is also referred to ([1]-[3], [7], [9], [10], [18]-[21]) for integral
inequalities by using Pompeiu’s mean value theorem. The main aim of this paper is
to establish some Pompeiu’s type inequlity for complex valued absolutely continuous
functions with double integrals involving functions of two independent variables.

2. MAIN RESULT

To prove our theorems, we need the following lemma:

Lemma 1. f: A =[a,b] X [¢,d]— C be an absolutely continuous function such that
the partial derivative of order 2 exists for all (t,s) € A with0 < a <b, 0 <c<d.
If r e R, r #£0, then for any (t,s), (z,y) € A with x # y #t # s, we have

z
T, T T T 1 2
"y st //W [uvfm,(u,v) —rufy(u,v) —rvf,(u,v) +r f(u,v)] dvdu
t s

= st f(w,y) -yt f(z,s) —a"s f(Ly) + 2Ty f (2 s).

Proof. Since f is continuously differantiable function, J;(ffl’)f) is an absolutely con-

tinuous function on A. Then we get
[ f(u,v) O (fluy)  flus)

(2.1) //auc% { ur” ]dvdu /8u< u'yt s )du

t s t

flz,y)  f(=z,s) f(t,y)+f(t,5)

:L-’I'yT xT'ST' t’f'y”' tT'sT' ’

for all (¢,s),(x,y) € A with x # y # t # s. On the other hand,
2

oudv | u"v"

= g [uv oo (u,v) — rufu(u,v) — rof,(u,v) + 72 f(u,0)]

for all (¢,s), (z,y) € A with  # y # t # s. Thus, from (2.1) and (2.2), it follows

that
[ [ [fwo)
U, v
: dvd
//auav{urvr] va
t s
Ty )
= // s e (w0 fuw (u,v) = rufu(u,v) — rof,(u,v) + 7% f(u,0)] dodu
t s
_ Sy fles) [y f(Es)
= - - +
x'f‘y"' :I:T sT' tTyT tr ST
which this completes the proof. ([l

Theorem 6. f: A— C be an absolutely continuous function such that the partial
derivative of order 2 exists for all (t,s) € A with0 < a<b, 0<c<d. Ifr eR,
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r # 0, then for any (t,s),(x,y) € A with x # y # t # s, we have

(2.3)
|s"t" fz,y) =yt f(z,s) —a"s" f(t,y) + 2"y f(t,5)]

T%Hllfuv_Tl2fu_rl3fv+'r2fHoo wlT ;

tr

1 1
yT‘_ST

ifhfuu - Tl2fu - Tlev +7'2f € Loo (A)

Hllf'zw —rlafu —rizfo + r2f||p

. .'E%_T_l—t%_r_l l—7‘—1_8%—r—1 ’Lf?"?é _%
(1-a(r1))
< xryrsrtr
HllfuvaZqu77"13fv+7’2f||p o1
ifr=—=
X |[lnz —Int||lny — In s|

’Lf llfuv - Tl2fu - 7ﬂl?)fv + 7"2f S Lp (A)

||llfuv —rlafu —rilsfo + 7“2f”1 min{tr+117zr+1} min{s'r“&17y'r'+1}

if 1 fuw — Tl fu —rlsfo +12f € L1 (A)

where p > 1, %—i—% =1, li(z,y) = zy, la(z,-) =z and I3(-,y) = y for all (z,y) € A.

Proof. From Lemma 1 and by using modulus, we have

(2.4)

|s"t" f(@,y) —y"t" f(z,8) —a"s" f(t,y) + 2"y  f(L, s)]

xz Y

// urtlyr+l uvfuv (u’ U) - rufu(u, U) - T'va (u7 ’U) + 7“2f(u, U)] dvdu

— :L,T‘yT ST’tT'

IN

x"y"s"t" // s |u fuo (u, v) = T fu(u,v) — 1o fo(u,v) + rzf(u,v)| dvdu) .
t s

Firstly, we will consider the case p = co and ¢ = 1. Then, we have

z Yy
//m |uvfuv(u,v) —rufy(u,v) — rvf,(u,v) + 7’2f(u,v)| dvdu

sup |wv fuo (U, v) = T fu(u,v) = rofy(u,v) + r? f(u, )| // Mdvdu

(u,v)E[t,x] X [s,y]

IN

TLQ Hllfuv - Tlgfu - Tl3f1} +T2f||oo
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Now, consider the case p > 1, % + é =1, by using Holder’s inequality we have

Ty
//m |uvfuv(u,v) —rufy(u,v) — rvf,(u,v) + r2f(u,v)| dvdu
t s

1

Tz Y |l z ¥y
1 q
< //]uvfuv(u,v)—rufu(wv)—rva(uw)+r2f(u,v)’pdvdu // (u’““zﬂ“) dvdu
t s t s
1,0 1| 1pn L1
q ta y 4 —s4q
Hllfuv_TIqu_Tl3fv+r2f||, Z lf'l”#—%
= g (1—q(r+1))
Hllfm, — 1l fy —rilsfy + r2f||p lnz —Int||lny — In 5| ifr= —%

Finally, we consider the case p = 1 and ¢ = oo. Then, we get

z oy
//m |wv fun (U, v) = P fu(u,v) = 1o fo(u,0) + 72 f (u,v) | dodu
t s

z Y
1
< // |uvfuv (uv U) - rufu(“? ’U) - vav (uv U) + r2f(u, U)| dvdu sup <r+1r+1>
(w,v)€[t,x] % [s,y] u v
t s
l ) 1 1
= ||llfuv - Tlqu -r 3f’l) +r f||1 min {t7.+1, :CT._;’_l} min {ST+1)y7.+1} .
This completes the proof. O

Theorem 7. f: A— C be an absolutely continuous function such that the partial
derivative of order 2 exists for all (t,s) € A with0 < a <b, 0 <c<d. Ifr € R,
r#0 and Iy fuy —Tlafu —rlsfo +12f € Lo (A), then for any (t,s), (z,y) € A with
x £y #£t#s, we have

o 1? flz,y) — 1

dr“—c b d
/ftydt—l—a?’“yr//ftsdsdt

S ﬁ”llfuv_TZqu—'rlgf’U_’_,erHoo

2rz" ™ — (a+b) (r+1) 2" + (" + b7t
r+1

r+1 _ r+1 r+1 _ r+1 r+1 _ 7‘+1
(2.5) (b a1t (d ) b /fa: <

X

2ry"™t —(c+d) (r +1)y" + (c”Jrl + d”l)
X
r+1
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forr # —1. Also, for r = —1, we have

29 (1) () a7 (12 [ 1 j
—z! (lnf>/bf(t,y)dt+x /b/d (t, s)dsdt

< 4Hl1fuv+lzfu+ldfv+f”oo
a+b ctd
x - T Y 2 Y
x | In + 2 In +

for (z,y) € A, provided Uy fu, + lafu + I3fu + [ € Loo (A). The constant 4 is best
possible in (2.6).

Proof. We observe that
// [s"t"fx,y) —y"t" f(z,s) —x"s" f(t,y) + 2"y" f(t,s)] dsdt

= (7’+1)2 f(xay) 7"+1

drﬂir /f (t,y)dt + 2"y //f(t,s)dsdt.

By using the first inequality in (2.3) for r # —1, it follows that

r+1 _ r+1 r+1 _ r+1 r+1 7‘+1
(b a )(d c ) b /f z,5)

(br+1 _ arJrl) (errl _ CT+1) br-‘,—l _ ar+1
2.7 z,y) — ———y" x,s)ds
@) o faw) - v [ )
b b d
e dt + 2"y dsdt
A iy |
< //| W (ay) — g (s) - 7S f(y) + a7y (L) dsdt
1(|1 1
< // al y al Hllfuv rlofu —rlsfo + 72 f|| E Tl T dsdt

b d
= T%Hllfuv_TZqu_TZva+T2fHOO [/ tT—xT|dt] [/|sr—yr|ds] .
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Then for r > 0, we have

b x b
/|trfa:’"|dt = /(J:Tftr)dtJr/(trfmr)dt
2 r+1 7"+1+b7"+1
e )
r+1 r+1

and similarly,

d Yy d
/|s’"—yr|ds = /(yr—s ds+/s —-y")
c y

2,r.yr+1 (CT-‘rl + d7‘+1)]

r+1

—(c+d)y" + 1

If we take r € (—o00,0) \{—1}, then we obtain

2 r4+1 br-‘,—l
/|t” o"| dt = l ra’ (a+b)zT+((1H]

r+1

and similarly,

d

fro-vim—-

c

2ry 1
r+1

—(c+d)y" + T

(Cr+1 + dr+1) ]

Making use of (2.7), we get (2.5).
By using the first inequality in (2.3) for » = —1, it follows that

|57 f (e, y) —y T ) — e s (L y) ey (k)|
S ||llfuv+12fu+l3fv+f”oo|$71 —til{ |y71 —871|

if Iy fuo + lofu +13fo + f € Lo Integrating this inequality, we get

29 | (n2) (4 e -7 () [ s

b d

-1 <1n i) /bf(t,y)dt+x_1y_1//f(t75)d3dt

b d
< [ s )~y ) — o )y ()| dsds
b d
< ||l1fuv+l2fu+l3fv+fHoo//|l'_1 —t_1| |y_1 —s_1|d5dt,
a c
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By simple computation,

b b
(2.9) /|x*1—t*1|dt = /

Il
N
& | =
|
ISR
~
<8
~
+
\w
7N
| —
|
S
~
<8
~

a x
a+b
T T
= 2({lnh—=+
( Vab @ )
and similarly
d
c+d
_ _ 5 Y
2.10 / L s lds=2(m L 4 2 .
(2.10) I | Ve T

By using (2.9) and (2.10) in (2.8), we get the desired inequality (2.6).
Now, we assume that the inequality (2.6) holds with a constant C > 0, i.e.

(2.11) <1n 2) <ln ‘j) flz,y) —y~ ! (ln b) /df(x s)ds
-1 (lnf)/bf(ty)dt—i—x /b/d t, s)dsdt

< C ”llfm) + leu + lev + f”oo

a+b c+d
X — X Yy 5 = Yy
x| In ——= + -2 In — +
( ab z ) ( Cd y >

for any (z,y) € A. If we choose in (2.11), f(z,s) = f(t,y) = f(t,y) = f(t,s) =1,
(t,s) € A, the it follows that

(2.12) ‘(mb) (1d) - (M) <d;>

< d) (b-a)  (b-a)(d-0)

T Ty

a+b c+d
x oo y e —y
< Clln—=+-2 In — +
( ab x > ( Cd y >
for any (x,y) € A. Making = a and y = ¢ in (2.12) produces the inequality

(-2)(2)-12)

(1 > (b-a) , b-a)(d—0)

C a ac

< c(i (mi) (m‘j) - (mZ) -9 (mf) boa), “‘“ij‘@)

which implies that C' > 4. This proves the sharpness of the constant 4 in (2.6). O
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Theorem 8. f: A— C be an absolutely continuous function such that the partial
derivative of order 2 exists for all (t,s) € A with0 < a<b, 0<c<d. Ifr eR,
r#0 and Iy fuy — Tlafu —rlsfo +72f € Lo (A), then for any (t,s), (z,y) € A with
T #yF#t#s, we have

(2.13)

d
f(ﬂ?,:lj) —a —c _(b_a) f(x,s)
-0y (a- 0 - 2 [ HE

. b b od
( —‘C)/f(t,.y)dH//f(t‘,f)
yT t” 57tf
20177 —alm" — b (a+b— 22)

= i? [ _Tl2fu—r13fv+7‘2fHoo _
/r. J—

1—r x’
y 2y17r _ ler _ dlfr B (C + d o 2y)
1—r y"
forr # 1. Also, for r =1, we have
f(z.) (b—a) [ f(z.9)
x,y —a x,s
(2.14) p” (b—a)(d—c) . / . ds

b b d
(d—c) [ f(t,y) f(t,s)
; / : dt+// >
< Al fuw —lafu —3fo + flloo

a+b ct+d
lni—i- " lni-l-Ziy
Vab T Ved y

for (xz,y) € A, provided Uy fuy, — lofu — l3fo + [ € Loo (A). The constant 4 is best
possible in (2.14).

Proof. By using the inequality (2.4), we get

flay)  fls) [ty f(ts)
x’l'yT' :L-T'ST' y’f't’f' S’I't’f'

Ty
: //’HWHW”M“m*mﬁWW*mﬁW®+ﬂﬂmMMM
s e
< (w)es[tl,lﬂzc)]x[w] |wv fuo (U, v) = T fu(u,v) = rofy(u,v) + r? f(u, )| t/s/ dedu
1 [T A I RS R
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for (z,y), (¢, s) € A. Integrating this inequality with respect to (t,s) € A, we get

d
(2.15) fif’f’) (b-a)(@—e - L7 / Ly

- ) _f(t,y>+f<t,s) dsd
sz’r’ y’l‘tT’ S’Ft’l‘
b d
<i||lf—lf—lf+2f|| LR
> 7"2 1Juv T2 Ju T3 Jv r 00 " r y,,, s7 S

for r € R, r # 0. By simple computation, if we take r € (0,00) \{1}, then we obtain

b
(2.16) /

1 1

Il
\
7N
R
|
ﬁ‘H
N——
QU
~
+
ﬁ\@
7N
S
|
3| =
N——
QU
~

and similarly

d
(2.17) /

for any (z,y) € A. On the other hand, for r > 0, we have

b
11
(2.18) / T

and

d
(2.19) /

for any (x,y) € A. By using (2.16)-(2.19) in (2.15), we get the desired inequality

s — |:2y1r _ ler _ dlfr (C+ d— 2y):| '
1—7r yr

dt = —

2217 — gl - plT ~ (a+b—22)
1—r

m?"

1 1

yT 87"

1—r yr

ds — — {ler—clr—dlr (c+d—2y)]

(2.13).
For r = 1, proceeding as in the proof of Theorem 7, we also obtain the inequality
(2.14). O
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