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ON THE WEIGHTED OSTROWSKI TYPE INEQUALITIES FOR
DOUBLE INTEGRALS

MEHMET ZEKI SARIKAYA, HATICE YALDIZ, AND SAMET ERDEN

ABSTRACT. In this paper, we obtain weighted Ostrowski type inequalities for
function whose second order partial derivatives are bounded.

1. INTRODUCTION
In 1938, the classical integral inequality established by Ostrowski [8] as follows:
Theorem 1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative

/

[ (a,b)— R is bounded on (a,b), i.e., |f'|l,, = sup |f'(t)] < oo. Then, the
te(a,b)

inequality holds:

b
) @) -y [ s <

4+(b‘_j)2] (b—a) [ /']l

for all © € [a,b]. The constant + is the best possible.

Inequality (1.1) has wide applications in numerical analysis and in the theory
of some special means; estimating error bounds for some special means, some mid-
point, trapezoid and Simpson rules and quadrature rules, etc. Hence inequality
(1.1) has attracted considerable attention and interest from mathematicans and
researchers. Due to this, over the years, the interested reader is also refered to ([1]-
[7],[9]-[20]) for integral inequalities in several independent variables. In addition,
the current approach of obtaining the bounds, for a particular quadrature rule,
have depended on the use of Peano kernel. The general approach in the past has
involved the assumption of bounded derivatives of degree greater than one.

If f : [a,b] — R is differentiable on [a, b] with the first derivative f’ integrable on
[a, b], then Montgomery identity holds:

b b
(1.2) f@) == [ae+ [ Panron,

where P(z,t) is the Peano kernel defined by

t—a
, alt<cz
b—a
P(z,t) =
t—>b
, x<t<b
b—a
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In [3] and [5], the authors obtain two identities which generalize (1.2) for func-
tions of two variables. In fact, for f : [a, b] X [c, d]— R such that the partial derivative

of g;’s), 21 gfs’s), and Bf;tg;s) all exist and are continuous on [a,b] X [¢,d] and for all
(z,y) € |a,b] X [¢,d], they obtain:
(1.3) (d—c)(b— a)f(z,y)

//ftsdsdt+ —c/bfty
(b—a) / f(z, s)ds + /b /d p(z 32(5;5)(13(115
(1.4) (d—c)(b—a)f(z, y)
b d
= //ftsdsdt+// xt
+/b/dq ddt+// (z,t)p(y, s 8f2(t’s)dsdt

Otos

ddt

where

(1) = t—a, a<t<cz
PLY=Y t—b, 2<t<b

and
) s—¢, c<s<y
q(y,s)—{ s—d, y<s<d.
b
Definition 1. Let w: (a,b) — [0,00) be an integrable function, i.e. [w(t)dt < oo,

then define ’
b

m;(a,b) = /tiw(t)dt, i=0,1,..
a

as the it" moment of w.

Definition 2. Define the mean of the interval [a,b] with respect to the density w

as
_ my(a,b)
(15) :u’(avb) - mo(a,b)
and the variance by
b)
1. 2 (g,5) = M2(®0) 2y
(1.6) o (a,b) mo(@.D) w” (a,b)

The main aim of this paper is to establish weighted Ostrowski type inequalities
for function whose second order partial derivatives are bounded.
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2. MAIN RESULTS

In order to prove main results we need the following lemma:

Lemma 1. Let f : [a,b] X [¢,d]— R be an absolutely continuous function such that
the partial derivative of order 2 exists for all (t,s) € [a,b] X [¢,d]. Then, we have

mo (a7 b) mo (Ca d) (x —H (a> b)) (y — K (Ca d)) f (J?, y)

—mg (¢,d) (y — p(c,d)) ] (/tw(U)dU) f

a a

—mo (a,b) (& — 1 (a,)) / (jw(v)dv) f

c c

b d
+my (a, b) mg (¢, d) //f (t,s) dsdt

b d

_ //P (@,6)Q (4, 5) fus (¢, ) dsdt.

a c¢

Proof. We define the following functions:

and

(t,y) dt+/b

J (b/w(u)du)f(t,y)dt]
d
(:as)ds-i—/(

S

Jww
d

) f(z,s) ds]



4 MEHMET ZEKI SARIKAYA, HATICE YALDIZ, AND SAMET ERDEN

for all (z,y) € [a,b] x [¢,d]. Thus, by definitions of P (z,t) and Q (y, s), we have

b d

[ [P @0@.s) i t5) dsi

a]j (a/t(t—u)w(U)dU) (C/S(S—U)w(v)dv) fis (L, 5) dsdt

+/I/d /(t—u)w(u)du /S(S_”)w(v)dv fis (t,5) dsdt

d

+/b/y /t(t“””(“)d’“ j<8v)w(v)dv o (t,5) dsdt

b

+/b/d /(t—u)w(u)du /S(S_v)w(v)dU fis (t,5) dsdt

= Il+12+13+14.

Integrating by parts, we can state:

Y

- (/(yv)w(v)dq;> {(/t(tu)w(u)du)f(ty)w

](jw(u)du)f(t,y)dt]
m _j(jw(u)du)f(t,s)dt] ds
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_ (j(x—U)w(U)du) (Z(y—ww(v)dv)f(x,y)
(o sei2) (] (o) )
(o oo
)

with similar methods
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b d

L = (/(:c—u)w(u)du) (/<y v)w ()dv)f(xy)

(o )(( e
Vo) Jemomon) e
—|—y(75 )( ) f(t,s)dsdt.

Adding Iy, Is, I3 and I, and rewriting, we easily deduce:

(/b(x—U)W(U)dU) (/d(y—v)w(v)dv) f(z,y)

+ j(;mm) (/ )
// (z,t) Q (y, s) s) dsdt

which completes the proof. ([l

Theorem 2. Let f : [a,b] X [¢,d]— R be an absolutely continuous function such
that the partial derivative of order 2 exists and is bounded, i.e.,

% f(t,s) O f(t,s)
Otds Otds

00 (z,y)€(a,b)x (c,d)
for all (t,s) € [a,b] x [¢,d]. Then, we have

2.1)
FG.y)

< D o () + o @] [y nle.d)? + o e.a)] | TEE )

< mo(a,b)élmo(c,d) (‘m a;rb‘ N b2a>2 < - c;d’ N d20>2 a2éft(;;s) }
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F(.’E,y) = Mo (a7 b) my (¢, d) (.%' — K (a’ b)) (y — K <C7 d)) f (x,y)

x

—mo (¢, d) (y — p(c,d)) j (/tw(U)du)f(t,y)dtJr/b(/tw(U)du)f(t y)dt
La a b

—mo(a,b)(w—u(a,b))_/y(/s( ) $8d8+/d(/sw(v)dv)f(

b d o
+mq (a,b) mg (¢, d) //f (t,s) dsdt.

Proof. From Lemma 1 and using the properties of modulus, we observe that

(2.2)
Imo (a,b) mo (¢, d) (x — p(a, b)) (y — p(c,d)) f (2, y)

—mo (¢,d) (y — p(c,d)) j (/tw(U)du)f(t7y)dt+/b(/tw(u)du)f(t y) dt
a b

La T

—mo<a7b><x—u<a7b>>_/y(/s< ) wsds+/d</sw(v)dv>f

Le  \c Y

b d

o (a,b) mo (c; d) / / F(t,s)dsdt

b d
/ / IP(z,1)] 1Q(y, )]

5'1585

IN

dsdt

*f(t,s)
Otos

)| dsdt.

Now, using the change of order of integration we get

/\P$t|dt //t—u dudt—l—/b/t(t—u)w(u)dudt

T b

(23) = % / (z — D)2 w(t)dt

- % [ﬁmo(a, b) — 2xmq(a,b) + ma(a, b)]

mo(a,b)

= T2 @ - n(a0) + 0% (a,b)]



8 MEHMET ZEKI SARIKAYA, HATICE YALDIZ, AND SAMET ERDEN

and similarly,

/d|cz<y,s>|ds=/y /8<s—v>w<v>dv ds+/d /S<s—v>w<v>dv ds
c c c Yy d

R / (y - 5)? w(s)ds
mco(c,d)

- 2 [(y—u(cvol))ua2 (c.d)|.

Thus, using (2.3) and (2.4) in (2.2), we obtain the first inequality of (2.1). To
obtain the second inequality of (2.1) note that

(z—t)wt)dt < sup (z—t)*.mo(a,b)
t€la,b]

= mo(a,b) max{(x —a)?, (z - 5)2}

— mo(a,b)% ((xf a)’ + (z—b)* + ‘(fﬁ —a)’ = (z - b)Q’)

— mola,b) (’x— “;b‘+ b_a>2

Se—_

and similarly,

e ttom < (p- <52 455

c

which upon substitution into (2.2) the proof is completed. (]
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Remark 1. If we choose (z,y) = (w, M) in Theorem 2, then the inequalities
(2.1) reduce the following inequalities

mu (a.b)gi(ed) , (p(ab) pled
e )

47 2 7 2
wab) .
_ml(;vd) / a/w(u)du) f(t,’“‘(;’d)>dt+ (Z) (b/w(u)du) f(t,“(;’d))dt
:”(Z’d) s 2 s
_ml(;’b) | C/ C/w(v)dv)f<'u(;’b),s>ds—|—m;/j) (!w(v)dv)f(u(;’b),s>ds

b d
+ mg (a,b) mg (¢, d) //f (t,s)dsdt

< mO(“’bLmO(C’ 9 [“2 (Z’b) +o (a,b)} {“2(46"1)%2 (c, d)] ’ 825; ((;’88)
. mo(a,b)élmg(c,d) (‘u(;,b) B a—2|—b‘+ b;a)z ('u(;,d) B c;d'+ d;c)Q a?gt(;;s) Lo

Substituting w(u) =1 in (1.5) and (1.6) it follows that

mo(a,b) =b—a

b
b27 2
ml(a,b)z/uduz 2a

and
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Substituting into (2.5) gives

(b2a2)1éd262)f(a+b c+d>

roat

<

d2—02
4

4 d
_b2;a2 /(s—c)f<a1—bvs>ds+/(g_d)f<a4+b,s>ds

+(b—a)(d—c)/b/df(t,s)dsdt

@\p
=
|
IS
N—
~
RS
\'OF
o
»P‘Jr
ISH
~_
ISH
~
+
~
I
S
SN—
~
S
\'OF
o
»P‘Jr
ISH
N~
oW
~

. 0-a9@d-o @+’ (b-a)][(ct+d? (d—cf] ‘ 8 f(t, s) ‘
- 4 16 12 16 12 o0tos ||
_ b (d—o) ||/ (ts) ‘

- 32 otds ||

Substituting w(u) = In(%), a =c=0, b=d =1 in (1.5) and (1.6) it follows that

u

me(0,1) = 1

u

1

1 1

m1(0,1) = /uln(f)du =1
0

and

(=)
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Substituting into (2.5) gives

(1]

2]

11

1 11

E <8,8)+//f(t,$)dsdt
00

_é /<t1n(1)+t>f<t, ;) dt+/1<tln(1)+t—1)f<t,;> dt
J |

ool

o )
1 1 1 1 1
-3 /(sln(s)—i—s) ! <87S> ds+/ (sln(s)—i—s— 1> f (8’8) ds
K 3
2 2 2
B PO I Y 1259
45 36 Otds oo 45 Otds oo
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