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SOME INEQUALITIES ASSOCIATED WITH THE
HERMITE-HADAMARD-FEJER TYPE FOR CONVEX
FUNCTION

MEHMET ZEKI SARIKAYA, HATICE YALDIZ, AND SAMET ERDEN

ABSTRACT. In this paper, we extend some estimates of the right hand side of a
Hermite- Hadamard-Fejér type inequality for functions whose first derivatives
absolute values are convex.The results presented here would provide extensions
of those given in earlier works.

1. INTRODUCTION

Definition 1. The function f : [a,b] C R — R, is said to be convex if the following

inequality holds
fOz 4 (1= XNy) < Mf(2)+ (1 =N f(y)
for all z,y € [a,b] and X € [0,1]. We say that f is concave if (—f) is convex.

The following inequality is well known in the literature as the Hermite-Hadamard

integral inequality (see, [2], [4]):

(1.1) f<a—2kb><bia/abf(x)dx<f(a)+f(b)

2

where f : I C R — R is a convex function on the interval I of real numbers and

a,b eI with a <b.

In [1], Dragomir and Agarwal proved the following results connected with the

right part of (1.1).

Lemma 1. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with

a <b. If f' € Lla,b], then the following equality holds:

(19 LSO _a/“f _b A(l—%ﬁ%m+%1—ﬂwﬁ.

2

Theorem 1. Let f:1° CR — R be a differentiable mapping on I°, a,b € I° with

a <b. If |f'] is convex on [a,b], then the following inequality holds:

(1.3) ‘f();f _a/,f @

(1S (@) +1(®)) -
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Theorem 2. Let f:1° CR — R be a differentiable mapping on I°, a,b € I° with
a <b, f' € L(a,b) and p > 1. If the mapping |f’|p/(p_l) is convexr on |a,b], then
the following inequality holds:

(1.4)

f(a)2 bfa/f

The most well-known inequalities related to the integral mean of a convex func-
tion are the Hermite Hadamard inequalities or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities (see, [5]-[12], [13], [14]). In [3], Fejer gave a
weighted generalizatinon of the inequalities (1.1) as the following:

b—a |f/(a)|p/(p—1) + |f/(b)|p/(p_1) (p—1)/p
2(p+1)/p 5 .

Theorem 3. [ :[a,b] — R, be a convex function, then the inequality

(1.5) f(‘“;b>/a w(z dx<7/f d:c<f(a);f(b)/abw(x)dx

a+b

holds, where w : [a,b] — R is nonnegative, integrable, and symmetric about x = >

In [5], some inequalities of Hermite-Hadamard-Fejer type for differentiable con-
vex mappings were proved using the following lemma.

Lemma 2. Let f: I° C R — R be a differentiable mapping on 1°, a,b € I° with
a <b, and w: [a,b] — [0,00) be a differentiable mapping. If f' € Lla,b], then the
following equality holds:

(1.6)

b b —a 2 1
M) 270 / w(a)dz — / Flayu(e)dr = L0 /0 p(0) S (ta+ (1 = t)b)dt

for each t € [0,1], where

1 ¢
p(t) = /t w(as + (1 — s)b)ds — /0 w(as + (1 — s)b)ds.

In this article, using functions whose derivatives absolute values are convex, we
obtained new inequalities of Hermite-Hadamard-Fejer type. The results presented
here would provide extensions of those given in earlier works.

2. MAIN RESULTS
We will establish some new results connected with the right-hand side of (1.5)

and (1.1). Now, we prove our main theorems:

Theorem 4. Let f:I° CR — R be a differentiable mapping on I°, a,b € I° with
a < b and let w: [a,b] — R be continuous on [a,b]. If |f'| is convez on [a,b], then
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for all x € [a,b], the following inequalities hold:

(/bw(S)dS)af(b) - (/aw(S)dS)af(a) —a/b (jw(s)ds) a_lw(t)f(t)dt

) ’f’(a)’ @—a)* (b—2) (3—a)* ‘f ’ (z —a)*?
lollia,e.00 § 5= atl a2 +b—a(a+1)(04+2>
b—2) M @—a) (-2
a+1 * a+2

+||w||f;,b],m{)f/(a)‘ (RN [0

IN

bfa(a+1)(a+2) b—a

|

[wllf, b] —a)*t (b—2) (b —z)*t? (z—a)*
= (b— {‘f ‘[ a+1 +(oz+1)(a+2) o+2
, (b _ Jj)a+1 (ZC _ a) (l‘ _ a)a+2 (b . .I)CH_Q
+‘f(b)‘[ a+1 ((3er1)(04+2)+ a+2 }

where a > 0 and ||w||, = sup |w(t)|.
t€la,b]

Proof. By integration by parts, we have the following equalities:
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We take absolute value of (2.1) and using convexity of ‘ f ‘, we find that

IN

IN

IN

(/bw(s)dS) a f(b) — (/aw(s)dS) a f(a) — oz/b (]w(s)ds) - w(t) f(t)dt

x x a x

/w< )a‘f/(t)(dwr/b( )a‘f’(t)‘dt

T b

0l e [ (=00 | @t il [ E=2)°

a x

a [ al o b—t t—a
lwll(g 27,00 [/ (x=0)"|f (m“‘k b—ab) dt]

a

t

ot

x

t

[ wlis

T

0 ‘ dt

b
[e] o r b—1 t—a
+ 1wl 2,00 [/ (t—a)"|f (mCH' b—ab) dt]

x

f/(a,) T —a a+1 — T — a+2
wnﬁ,ﬂm{‘ ‘[‘ i 2

b—a a+1 oz+2

L O N I
el 4,00 b—a (a+1)(a+2) + b—a
llwllf. 47,00 (z—a)*T (b—2) (b— )" (z —a)*?
(b—a) {’f ‘ a+1 (oz—l—l)(oz-i—2)Jr a+2

, (b—2)*" (z—a) (z —a)*™? (b—z)*™?
+‘f(b)‘[ a+1 +(a+1)(a+2)+ a+2 }

(f | @-a

bfa(oz+1)(a+2)
b—z)* M (x—a)  (b—x)*T
a+1 a+ 2

|

for all € [a,b]. Hence, the proof of theorem is completed. O

Corollary 1. Under the same assumptions of Theorem 4 with w(s) = 1, then the
following inequality holds:

b

(b—2)° £(b) — (a—2)* f(a) — a / (t— )" f(t)dt

a

a+1 (a+1)(a+2) a+2

}

7aa+1 —x 7:ra+2 IE*CLOHFQ
1{ff(a)’l<x o-m) () )

(-2 (@—a) | (e-a)*  (b—2)"
a+1 (a+1)(ax+2) a+2

for all x € [a,b].
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Remark 1. If we take « =1 and z = 2£2 in (2.2), the inequality (2.2) reduces to

(1.3).

Corollary 2 (Fejer Type Inequality). Under the same assumptions of Theorem 4
with a = 1, then the following inequalities hold:

b

b) /b w(s)ds + f(a) / w(s)ds — [ wio)s (o

a

[z,b],00 (b - I)S

, ‘ (I*a)z (3()72&*15) ||w||[a,$],oo

< |f(a) 6(b—a)

o) 2)? (¢ - 30— 20) ||6w<|z|f”ibi;§° (@ = ) ol
< |fw) [(x —a)*(3b g(ia_—a;c) +(b— w)‘g] ol

+|r ) [(b‘xm ‘6‘9;‘;:5;)’“””‘“)3] 0l

which is proved by Tseng et. al. in [8].

Corollary 3 (Weighted Trapezoid Inequality). Let w : [a,b] — R be symmetric to
%H’ and r = ‘%rb in Corollary 2. Then the following inequalities hold:

PO [ usyas = [wiorsioy

< Lo s, g+ ol ] [ @)
T (I Hf )

< (b= a)’ Jwllf, 4. W

which is proved by Tseng et. al. in [8].

Theorem 5. Let f:1° CR — R be a differentiable mapping on I°, a,b € I° with
a < b and let w : [a,b] — R be continuous on [a,b]. If |f'|* is convex on [a,b],
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q > 1, then for all x € [a,b], the following inequalities hold:

(/bw(s)ds)af(b) - (/aw(s)ds)af(a) - a/b (/tw(s)ds) a_lw(t)f(t)dt

x T a x

@—@”iwmﬂw<@tﬁ@@2,
; 3 f(a
(b—a)7 (ap+1)» 2 ’ “

", b=’ -’

<b—@“¢Wﬂ;mw<@xV ,
+ T —3 [ (a
(b—a)s (ap+1)» 2 ’ )

1wlI2, 47 00 (H1<wafwzf /
1 1 r—a ’ fa’
w—@qmp+np{( ) ’()

+ (b—x)a+% (l(b;x)z ‘f,(a))q-k (b—a)® ; (z —a)® ‘f/(b)‘q]>q}

where o > 0, % + % =1, and ||w||, = st] |w(t)] -
t€la,b

Proof. We take absolute value of (2.1). Using Holder’s inequality, we find that

(/bw(s)dé’) a fb) — (]w(s)ds> a f(a) — a/b (/tw(s)ds) - w(t) f(t)dt

x x a x

(a3 b (%
) Fdt + / ( ) F(t)dt

x

t

/w(s)ds

x

[N
—s
-~
Be—
g
©
QU
&

1
q

< (] o ) (Jirra) « (f]feon d) (f1ora)
Since ‘f/ (t)‘q is convex on [a, b]

t—a

T p—t q ,
< - b)| .
T+ |f®)

“b—a

£ (@

b—a"  b—a

(2.3) ‘f’(bt +tab>
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From (2.3), it follows that

x X a x

S (](x—t)a”dt)p (][Z:Z\fXa)Hz:Z]f’(b) } dt)q
b 5 /b 3
0l 00 (/(t—x)“”dt) ( [fjjfl\f’<a>\q+lﬁjj)f'<b>ﬂdt>
(=)l e ((b—a) = (b—2)® |0 i (@—a)® | 7))
ST e ( s el +2‘f(b)‘>
b—2) 5wl e ([G-2)?) 0 (b-a)—(x—a)? |,
T T—— ([a) Pl B ‘f(b)‘D
- 101175 4,00 {(x—a)‘”é <(b_ a)? — (b— )2 ‘f,(a)‘q G —a)? ‘f/

(b—a)7 (ap +1)7

+(b—a)*t ([(b —o) £ (@

which this completes the proof.

7

(/b’w(s)dS)af(b) - (/aw(S)dS)af(a) a/b (/tw(s)ds) a_lw(t)f(t)dt

Q=
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Corollary 4. Under the same assumptions of Theorem 5 with w(s) = 1, then the
following inequalities hold:

b

w—m“ﬂw—m—xfﬂ@—a/u—wfﬂfmﬁ

(x—la)aJr% <(b—a)2 ; (b—z)? ‘f/(a)‘q—f— (:c—2a)2 ‘f/(b)‘{I)q

AN
—_
~—
B =
——
8
|
N
Q
+
B =
Y
=
|
N
|
—~
o
|
&
~
—~
S~—

Corollary 5. Let the conditions of Corollary 4 hold. If we take o =1 and x = ‘IT'H)
in (2.4), then the following inequality holds:

b
‘ﬂ”;ﬂ”—bia/f@ﬁ
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Corollary 6 (Fejer Type Inequality). Under the same assumptions of Theorem &
with o = 1, then the following inequalities hold:

b x b
|f(b)/w(s)ds+f(a)/w(s)ds—/w(t)f(t)dt
(= @) 0l 1) oo <(b—a)2—(b—x)2 L0 (@—a) )
e TR RTE 5 faf + 252 |1 o)

(b—a)’ — (z—a)

+<b—x>”%uw||[xb] ((b—x)Q)/ "

s NG
1 o) )

o-atery (2 PO
1wl a,5],00 o )l tE ((b—a)2 —(b—x)? |, Nk (x—a)" | . q)é
< (b_a);(pﬂ);{( ) . f | + 552 |F )

’

f(a)

o o)

+(b—n)h ([@2 o)’

Corollary 7 (Weighted Trapezoid Inequality). Let w : [a,b] — R be symmetric to
‘%"b and x = “—er in Corollary 6. Then the following inequalities hold:

b
‘f(a);f( / /w
< 4((;1)) e, ( (b)‘) +||w||r;b,b},oo(f(a)’ T (b)‘)
bl | (37 @+ PO (F @[ #3700
4(p+1)p 4 i 1

Theorem 6. Let f: I° CR — R be a differentiable mapping on I°, a,b € I° with
a < b and let w : [a,b] — R be continuous on [a,b]. If |f'|? is convex on [a,b],
q > 1, then for all x € [a,b], the following inequality holds:

(/bw(S)dS)af(b) - (/aw(S)dS>af(a) —a/b (/tw(s)ds) - w(t) ()t

x x a x

Q

’

(b—a)? ]y it apsr] f(a)‘qu f’(b)‘q '
(aerl)%b [(m—a) -2 +} ( 7 )

where a > 0, % + % =1, and |w||, = sup |w(t)|.
t€la,b]
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Proof. We take absolute value of (2.1). Using Holder’s inequality and the convexity

of ‘f/ q, we find that

(/bw(s)dS)af(b) - (/aw(S)dS)af(a) —a/b (/w(s)ds) N w(t) f()dt

(/b /tw(s)ds apdt)p (/b f’(t)‘th>q

<
1 1
b P b b ; . ¢ . q
a ap - ’ —Q ’
< ol | 1=t a) | [[22]f @[ + =2 7 0] a
(b—a)? |lu] Fal+|rmfy’
b_a q w O:l oo 1 a ‘ ‘
_ [l,b]7 |:(IE . a)ap+1 + (b*I)ap+1:| P 5
(ap+1)7
which this completes the proof. O

Corollary 8. Under the same assumptions of Theorem 6 with w(s) = 1, then the
following inequality holds:

b
(2.5) (b—2)* f(b) — (a—2)" f(a) — 04/ (t—a)* " f(t)dt

a

/

/@] +
2

f ()

1
’ ‘ q q

(b—a)s

< i
(ap+1)7

(l’ _ a)ap+1 + (b _ x)ap+1:| P

Remark 2. Let the conditions of Corollary 8 hold. If we take o =1 and x = ‘IT“’
in (2.5), then the inequality becomes the inequality (1.4).

Corollary 9 (Fejer Type Inequality). Under the same assumptions of Theorem 6
with a = 1, then the following inequality holds:

f(b)/bw(S)d8+f(a)]w(S)dS—jw(t)f(t)dt

T a a

b—a) ||lw 5
( ) || ‘l[a,b],oo [(SL‘ _ a)p+1 + (b _ x)])+1:| P
(p+1)7

Corollary 10 (Weighted Trapezoid Inequality). Let w : [a,b] — R be symmetric

to ‘IT'H’ and ¢ = ‘%b in Corollary 9. Then the following inequality holds:

fla) +(b) | " b0 fuly o (@ | @

7/10(5)615 — /w(t)f(t)dt < [a,b],c0 _
2 4 2(p+1)7 2
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Theorem 7. Let f:1° CR — R be a differentiable mapping on I°, a,b € I° with
a < b and let w : [a,b] — R be continuous on [a,b]. If |f'|? is convex on [a,b],
q > 1, then for all x € [a,b], the following inequality holds:

@ a o ‘ a—1
(/bw(S)dS) fb) — (/w(s)d;) f(a) —a/b (/w(s)ds) w(t) f(t)dt

x x a x

Hw”([);,b],oo
(a+1) (04—1—2)é (b—a
((a+D-a)@-a +b-2) [@-a " +6-2""]) |f @]

+(e+)O-a)b-2)"" +@=a) [ -0 + -] ) |£ )

+1=1 and |lw|| = sup |w(t)].

1 te(a,b]

)% ((ac —a)*M (- x)aﬂ)%

—
Q=

where a > 0, %

Proof. We take absolute value of (2.1). Using Holder’s inequality and the convexity

of | £/|", we find that
o a o ¢ a—1
(/bw(S)dS) f(b) — (/w(S)dS) f(a) —a/b (/w(s)ds) w(t) f(t)dt
< (/ /tw<s>dsadt)p (/b /w<s>ds a\fxt)(th)q
< Hw”‘[j;,b],oo (/bItz|adt> (/|t z|* { ’f 0 )1 dt)

o (m_a)or‘rl + (b_x)ar‘rl ;
= Hw||[a7b]7oo
a+1

—2) (x —a)* ™ T —a)*"? /
X<<(b )a(—l-l) +(a+)2 )’f(a)
O YT I (O I e O s AP
+<(a+1)(a+2)>‘f<a)‘+< a+1 + a+2 )‘f(b)‘>

_ Hw”[o;»b]voo z— )t _ pyett 5
 (a+1)(a+2)7 (b—a)i (( It )+>
X (((a +1)(b—a)(z—a)* +(b—2) {(az —a)* 4+ (- x)aHD ‘f/(a)
+ ((a Y1) (b—a)(b—2)* + (z—a) [(x ) (b x)a“D ‘f’ (b)‘q)%
which this completes the proof. (I
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Corollary 11. Under the same assumptions of Theorem 7 with w(s) = 1, then the
following inequality holds:

b
(2.6)(b— 2)° F(b) — (a— 2)° f(a) - a / (t— o)™ f(t)dt

a

1 a+1 a+1
< - T—a +(b—-=z
(a+1)(a+2)7(b—a) (( ) ( ) )

<((la+ 1) -0)@=a)* ™ + p-2) [@ =)™ + (b—2)""])

=

Q=

7@
a0 00— + @0 [ o+ 06— ) [Fo))

Corollary 12. Let the conditions of Corollary 11 hold. If we take o = 1 and
x = “T'H’ in (2.6), then the following inequality holds:

. ’ o (lF+
f()—;f(b)_bia/f(t)dt S(b4 ) | 2

1
’ ‘ q q

f ()

Corollary 13 (Fejer Type Inequality). Under the same assumptions of Theorem
7 with o = 1, then the following inequality holds:

b T b
/ s)ds+ f(a /w(s)ds—/w(t)f(t)dt
HU’H([); ],00 v a)? )2 s
2.3%(1)1)—@)% (e =0 -7)

< ((26-a @—af + -2 [@-a +6-22]) |/ @)
+(20-0) -2 +@-a) [@-a+6-?]) |f®) )%

Corollary 14 (Weighted Trapezoid Inequality). Let w : [a,b] — R be symmetric

to ‘”’b and r = ‘IT“’ in Corollary 13. Then the following inequality holds:

b

b
M/w(s)ds—/w(t)f(t)dt

(b— @) [l 5.0 \f’(a)’qﬂf'(b))q
- 4 2
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