
SOME INEQUALITIES FOR DIFFERENTIABLE CO-ORDINATED
CONVEX MAPPINGS

MEHMET ZEKI SARIKAYA

Abstract. In this paper, we indicate some inequalities for double integrals
of functions whose partial derivatives in absolute value are convex on the co-
ordinates on rectangle from the plane. Our established results generalize some
recent results for functions whose partial derivatives in absolute value are con-
vex on the co-ordinates on the rectangle from the plane.

1. Introduction

Let f : I � R! R be a convex mapping de�ned on the interval I of real
numbers and a; b 2 I, with a < b: the following double inequality is well known in
the literature as the Hermite-Hadamard inequality(see, e.g.,[12, p.137]):

f

�
a+ b

2

�
� 1

b� a

Z b

a

f (x) dx � f (a) + f (b)

2
:

Let us now consider a bidemensional interval � =: [a; b]� [c; d] in R2 with a < b
and c < d. A mapping f : � ! R is said to be convex on � if the following
inequality:

f(tx+ (1� t) z; ty + (1� t)w) � tf (x; y) + (1� t) f (z; w)

holds, for all (x; y) ; (z; w) 2 � and t 2 [0; 1] :A function f : � ! R is said to be
on the co-ordinates on � if the partial mappings fy : [a; b] ! R; fy (u) = f (u; y)
and fx : [c; d]! R; fx (v) = f (x; v) are convex where de�ned for all x 2 [a; b] and
y 2 [c; d] (see [4]).
A formal de�nition for co-ordinated convex function may be stated as follows:

De�nition 1. A function f : � ! R will be called co-ordinated canvex on �, for
all t; s 2 [0; 1] and (x; y); (u; v) 2 �;if the following inequality holds:

f(tx+ (1� t) y; su+ (1� s) v)
� tsf(x; u) + s(1� t)f(y; u) + t(1� s)f(x; v) + (1� t)(1� s)f(y; v):

Clearly, every convex function is co-ordinated convex. Furthermore, there exist
co-ordinated convex function which is not convex, (see, [4]).
Also, in [4], Dragomir establish the following similar inequality of Hadamard�s

type for co-ordinated convex mapping on a rectangle from the plane R2:
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Theorem 1. Suppose that f : �! R is co-ordinated convex on �: Then one has
the inequalities:

f

�
a+ b

2
;
c+ d

2

�
(1.1)

� 1

2

"
1

b� a

Z b

a

f

�
x;
c+ d

2

�
dx+

1

d� c

Z d

c

f

�
a+ b

2
; y

�
dy

#

� 1

(b� a) (d� c)

Z b

a

Z d

c

f (x; y) dydx

� 1

4

"
1

b� a

Z b

a

f (x; c) dx+
1

b� a

Z b

a

f (x; d) dx

+
1

d� c

Z d

c

f (a; y) dy +
1

d� c

Z d

c

f (b; y) dy

#

� f (a; c) + f (a; d) + f (b; c) + f (b; d)

4
:

The above inequalities are sharp.

In [13], Sarikaya et al. proved some new inequalities that give estimate of the
deference between the middle and the right most terms in (1.1) for di¤erentiable
co-ordinated convex functions on rectangele from the plane R2. For several recent
results concerning Hermite-Hadamard�s inequality for some convex function on the
co-ordinates on a rectangle from the plane R2; we refer the reader to ([1]-[11], [13]).
The main purpose of this paper is to establish some weighted Hermite-Hadamard-

type inequalities of convex functions of 2-variables on the co-ordinates.

2. Inequalities for co-ordinated convex functions

Firstly, we give the following notations used to simplify the details of presenta-
tion,

A (x; y) =

("
(b� x) (x� a)2

2
+
(x� a)3

3

#"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(a; c)

����
+

"
(b� x) (x� a)2

2
+
(x� a)3

3

#
(y � c)3

6

���� @2f@t@s
(a; d)

����
+
(x� a)3

6

"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(b; c)

����+ (x� a)3 (y � c)336

���� @2f@t@s
(b; d)

����
)
;

B (x; y) =

("
(b� x) (x� a)2

2
+
(x� a)3

3

#
(d� y)3

6

���� @2f@t@s
(a; c)

����
+

"
(b� x) (x� a)2

2
+
(x� a)3

3

#"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(a; d)

����
+
(x� a)3 (d� y)3

36

���� @2f@t@s
(b; c)

����+ (x� a)36

"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(b; d)

����
)
;
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C (x; y) =

(
(b� x)3

6

"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(a; c)

����
+
(b� x)3 (y � c)3

36

���� @2f@t@s
(a; d)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(b; c)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#
(y � c)3

6

���� @2f@t@s
(b; d)

����
)
;

D (x; y) =

(
(b� x)3 (d� y)3

36

���� @2f@t@s
(a; c)

����
+
(b� x)3

6

"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(a; d)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#
(d� y)3

6

���� @2f@t@s
(b; c)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(b; d)

����
)
;

A1 (x; y) =

8<:
h
(b� a)2 � (b� x)2

i h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(a; c)

����q

+

h
(b� a)2 � (b� x)2

i
(y � c)2

4

���� @2f@t@s
(a; d)

����q

+
(x� a)2

h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(b; c)

����q
+
(x� a)2 (y � c)2

4

���� @2f@t@s
(b; d)

����q
)
;

B1 (x; y) =

8<:
h
(b� a)2 � (b� x)2

i
(d� y)2

4

���� @2f@t@s
(a; c)

����q

+

h
(b� a)2 � (b� x)2

i h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(a; d)

����q
+
(x� a)2 (d� y)2

4

���� @2f@t@s
(b; c)

����q

+
(x� a)2

h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(b; d)

����q
9=; ;
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C1 (x; y) =

8<: (b� x)
2
h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(a; c)

����q

+
(b� x)2 (y � c)2

4

���� @2f@t@s
(a; d)

����q

+

h
(b� a)2 � (x� a)2

i h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(b; c)

����q

+

h
(b� a)2 � (x� a)2

i
(y � c)2

4

���� @2f@t@s
(b; d)

����q
9=; ;

D1 (x; y) =

(
(b� x)2 (d� y)2

4

���� @2f@t@s
(a; c)

����q

+
(b� x)2

h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(a; d)

����q

+

h
(b� a)2 � (x� a)2

i
(d� y)2

4

���� @2f@t@s
(b; c)

����q

+

h
(b� a)2 � (x� a)2

i h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(b; d)

����q
9=; :

Lemma 1. Let f : � � R2 ! R2 be a partial di¤erentiable mapping on � :=

[a; b] � [c; d] in R2 with a < b and c < d. If
@2f

@t@s
2 L(�), then the following

equality holds:Z b

a

Z d

c

�Z t

x

Z s

y

w(u; v)dvdu

�
@2f

@t@s
(t; s) dsdt(2.1)

=

 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

for all (x; y) 2 �:
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Proof. By integration by parts, we get

Z b

a

Z d

c

�Z t

x

Z s

y

w(u; v)dvdu

�
@2f

@t@s
(t; s) dsdt(2.2)

=

Z b

a

 �Z t

x

Z s

y

w(u; v)dvdu

�
@f

@s
(t; s)

����d
c

�
Z d

c

�Z t

x

w(u; s)du

�
@f

@s
(t; s) ds

!
dt

=

Z b

a

("Z t

x

Z d

y

w(u; v)dvdu

#
@f

@s
(t; d)�

�Z t

x

Z c

y

w(u; v)dvdu

�
@f

@s
(t; c)

)
dt

�
Z b

a

Z d

c

�Z t

x

w(u; s)dv

�
@f

@t
(t; s) dsdt:

Thus, again by integration by parts in the right hand side of (2.2), it follows that

Z b

a

Z d

c

�Z t

x

Z s

y

w(u; v)dvdu

�
@2f

@t@s
(t; s) dsdt

=

" Z t

x

Z d

y

w(u; v)dvdu

!
f (t; d)�

�Z t

x

Z c

y

w(u; v)dvdu

�
f (t; c)

#�����
b

a

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dvdu

�
f (t; c)

#
dt

�
Z d

c

(�Z t

x

w(u; s)dv

�
f(t; s)

����b
a

�
Z b

a

w(t; s)f(t; s)dt

)
ds

=

 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt;

which completes the proof. �
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Corollary 1. Under the same assumptions of Lemma 1 with w(u; v) = 1, then the
following identity holds:Z b

a

Z d

c

(t� x) (s� y) @
2f

@t@s
(t; s) dsdt(2.3)

= (b� x) (d� y)f (b; d) + (b� x) (y � c)f (b; c)

+ (x� a) (d� y)f (a; d) + (x� a) (y � c)f (a; c)

�
Z b

a

[(d� y) f (t; d) + (y � c) f (t; c)] dt

�
Z d

c

[(b� x) f(b; s) + (x� a) f(a; s)] ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

Remark 1. If we take x = a+b
2 and y = c+d

2 in (2.3); the identity (2.3) reduces to

1

(b� a) (d� c)

Z b

a

Z d

c

�
t� a+ b

2

��
s� c+ d

2

�
@2f

@t@s
(t; s) dsdt

=
f (b; d) + f (b; c) + f (a; d) + f (a; c)

4
� 1

2 (b� a)

Z b

a

[f (t; d) + f (t; c)] dt

� 1

2(d� c)

Z d

c

[f(b; s) + f(a; s)] ds+
1

(b� a) (d� c)

Z b

a

Z d

c

f (t; s) dsdt

which is given by Sarikaya et al. in [13].

Theorem 2. Let f : � � R2 ! R2 be a partial di¤erentiable mapping on � :=

[a; b] � [c; d] in R2 with a < b and c < d. If

���� @2f@t@s

���� is a convex function on the
co-ordinates on �; then one has the inequalities:�����

 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.4)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����
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�
kwk[a;x]�[c;y]
(b� a) (d� c)A (x; y) +

kwk[a;x]�[y;d]
(b� a) (d� c)B (x; y)

+
kwk[x;b]�[c;y]
(b� a) (d� c)C (x; y) +

kwk[x;b]�[y;d]
(b� a) (d� c)D (x; y)

�
kwk[a;b]�[c;d]
(b� a) (d� c) [A (x; y) +B (x; y) + C (x; y) +D (x; y)]

for all (x; y) 2 �:

Proof. From Lemma 1, we have

�����
 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.5)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����
�

Z x

a

Z y

c

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt
+

Z x

a

Z d

y

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt
+

Z b

x

Z y

c

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt
+

Z b

x

Z d

y

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt
� kwk[a;x]�[c;y]

Z x

a

Z y

c

�Z x

t

Z y

s

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt
+ kwk[a;x]�[y;d]

Z x

a

Z d

y

�Z x

t

Z s

y

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt
+ kwk[x;b]�[c;y]

Z b

x

Z y

c

�Z t

x

Z y

s

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt
+ kwk[x;b]�[y;d]

Z b

x

Z d

y

�Z t

x

Z s

y

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt
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for all (x; y) 2 �: Firstly, by calculating the last integral in (2.5), since f : �! R
is co-ordinated convex on �, then one has:

Z x

a

Z y

c

�Z x

t

Z y

s

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt(2.6)

=

Z x

a

Z y

c

(x� t) (y � s)
���� @2f@t@s

�
b� t
b� aa+

t� a
b� ab;

d� s
d� c c+

s� c
d� cd

����� dsdt
� 1

(b� a) (d� c)

Z x

a

Z y

c

(x� t) (y � s)
�
(b� t) (d� s)

���� @2f@t@s
(a; c)

����
+(b� t) (s� c)

���� @2f@t@s
(a; d)

����+ (t� a) (d� s) ���� @2f@t@s
(b; c)

����
+(t� a) (s� c)

���� @2f@t@s
(b; d)

����� dsdt
=

1

(b� a) (d� c)

("
(b� x) (x� a)2

2
+
(x� a)3

3

#
(y � c)3

6

���� @2f@t@s
(a; d)

����
+

"
(b� x) (x� a)2

2
+
(x� a)3

3

#"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(a; c)

����
+
(x� a)3

6

"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(b; c)

����
+
(x� a)3 (y � c)3

36

���� @2f@t@s
(b; d)

����
)
:

A similar way for other integrals, since f : �! R is co-ordinated convex on �; we
get

Z x

a

Z d

y

�Z x

t

Z s

y

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt(2.7)

� 1

(b� a) (d� c)

("
(b� x) (x� a)2

2
+
(x� a)3

3

#
(d� y)3

6

���� @2f@t@s
(a; c)

����
+

"
(b� x) (x� a)2

2
+
(x� a)3

3

#"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(a; d)

����
+
(x� a)3 (d� y)3

36

���� @2f@t@s
(b; c)

����
+
(x� a)3

6

"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(b; d)

����
)
;



CO-ORDINATED CONVEX FUNCTIONS 9Z b

x

Z y

c

�Z t

x

Z y

s

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt(2.8)

� 1

(b� a) (d� c)

(
(b� x)3

6

"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(a; c)

����
+
(b� x)3 (y � c)3

36

���� @2f@t@s
(a; d)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(b; c)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#
(y � c)3

6

���� @2f@t@s
(b; d)

����
)
;

Z b

x

Z d

y

�Z t

x

Z s

y

dvdu

� ���� @2f@t@s
(t; s)

���� dsdt(2.9)

� 1

(b� a) (d� c)

(
(b� x)3 (d� y)3

36

���� @2f@t@s
(a; c)

����
+
(b� x)3

6

"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(a; d)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#
(d� y)3

6

���� @2f@t@s
(b; c)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(b; d)

����
)
;

Thus, putting (2.6)-(2.9) into (2.5), we obtain

�����
 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.10)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����



10 MEHMET ZEKI SARIKAYA

�
kwk[a;x]�[c;y]
(b� a) (d� c)

("
(b� x) (x� a)2

2
+
(x� a)3

3

#

�
"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(a; c)

����
+

"
(b� x) (x� a)2

2
+
(x� a)3

3

#
(y � c)3

6

���� @2f@t@s
(a; d)

����
+
(x� a)3

6

"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(b; c)

����
+
(x� a)3 (y � c)3

36

���� @2f@t@s
(b; d)

����
)

+
kwk[a;x]�[y;d]
(b� a) (d� c)

("
(b� x) (x� a)2

2
+
(x� a)3

3

#
(d� y)3

6

���� @2f@t@s
(a; c)

����
+

"
(b� x) (x� a)2

2
+
(x� a)3

3

#"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(a; d)

����
+
(x� a)3 (d� y)3

36

���� @2f@t@s
(b; c)

����
+
(x� a)3

6

"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(b; d)

����
)

+
kwk[x;b]�[c;y]
(b� a) (d� c)

(
(b� x)3

6

"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(a; c)

����
+
(b� x)3 (y � c)3

36

���� @2f@t@s
(a; d)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#"
(d� y) (y � c)2

2
+
(y � c)3

3

# ���� @2f@t@s
(b; c)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#
(y � c)3

6

���� @2f@t@s
(b; d)

����
)

+
kwk[x;b]�[y;d]
(b� a) (d� c)

(
(b� x)3 (d� y)3

36

���� @2f@t@s
(a; c)

����
+
(b� x)3

6

"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(a; d)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#
(d� y)3

6

���� @2f@t@s
(b; c)

����
+

"
(b� x)2 (x� a)

2
+
(b� x)3

3

#"
(d� y)2 (y � c)

2
+
(d� y)3

3

# ���� @2f@t@s
(b; d)

����
)
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By using kwk[a;x]�[c;y] � kwk[a;b]�[c;d] in the last expression in (2.10), we get the
inequalities (2.4). �

Corollary 2. Under the same assumptions of Theorem 2 with w(u; v) = 1, then
the following inequality holds:

j(b� x) (d� y)f (b; d) + (b� x) (y � c)f (b; c)(2.11)

+(x� a) (d� y)f (a; d) + (x� a) (y � c)f (a; c)

�
Z b

a

[(d� y) f (t; d) + (y � c) f (t; c)] dt

�
Z d

c

[(b� x) f(b; s) + (x� a) f(a; s)] ds

+

Z b

a

Z d

c

f (t; s) dsdt

�����
� 1

(b� a) (d� c) [A (x; y) +B (x; y) + C (x; y) +D (x; y)] :

Corollary 3. Let x = a+b
2 and y = c+d

2 in Corollary 2. Then the following
inequality holds:

�����f (b; d) + f (b; c) + f (a; d) + f (a; c)4
� 1

2 (b� a)

Z b

a

[f (t; d) + f (t; c)] dt

� 1

2(d� c)

Z d

c

[f(b; s) + f(a; s)] ds+
1

(b� a) (d� c)

Z b

a

Z d

c

f (t; s) dsdt

�����
� (b� a)2 (d� c)2

16

�

0BB@
���� @2f@t@s

(a; c)

����+ ���� @2f@t@s
(a; d)

����+ ���� @2f@t@s
(b; c)

����+ ���� @2f@t@s
(b; d)

����
4

1CCA

which is proved by Sarikaya et al. in [13].

Theorem 3. Let f : � � R2 ! R2 be a partial di¤erentiable mapping on � :=

[a; b] � [c; d] in R2 with a < b and c < d. If
���� @2f@t@s

����q ; q > 1; is a convex function
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on the co-ordinates on �; then for all (x; y) 2 � one has the inequalities:�����
 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.12)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����
� 1

[(b� a) (d� c)]
1
p (p+ 1)

2
p

n
(x� a)1+

1
p (y � c)1+

1
p (A1 (x; y))

1
q kwk[a;x]�[c;y]

+(x� a)1+
1
p (d� y)1+

1
p (B1 (x; y))

1
q kwk[a;x]�[y;d]

+(b� x)1+
1
p (y � c)1+

1
p (C1 (x; y))

1
q kwk[x;b]�[c;y]

+ (b� x)1+
1
p (d� y)1+

1
p (D1 (x; y))

1
q kwk[x;b]�[y;d]

o
�

kwk[a;b]�[c;d]
[(b� a) (d� c)]

1
p (p+ 1)

2
p

n
(x� a)1+

1
p (y � c)1+

1
p (A1 (x; y))

1
q

+(x� a)1+
1
p (d� y)1+

1
p (B1 (x; y))

1
q + (b� x)1+

1
p (y � c)1+

1
p (C1 (x; y))

1
q

+ (b� x)1+
1
p (d� y)1+

1
p (D1 (x; y))

1
q

o
where 1

p +
1
q = 1:

Proof. From Lemma 1, we have�����
 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.13)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����
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�
Z x

a

Z y

c

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt
+

Z x

a

Z d

y

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt
+

Z b

x

Z y

c

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt
+

Z b

x

Z d

y

�����Z t

x

Z s

y

w(u; v)dvdu

����� ���� @2f@t@s
(t; s)

���� dsdt

By using the well known Hölder inequality for double integrals, then one has:

�����
 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.14)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����
�

 Z x

a

Z y

c

����Z t

x

Z s

y

w(u; v)dvdu

����p dsdt
! 1

p �Z x

a

Z y

c

���� @2f@t@s
(t; s)

����q dsdt�
1
q

+

 Z x

a

Z d

y

����Z t

x

Z s

y

w(u; v)dvdu

����p dsdt
! 1

p
 Z x

a

Z d

y

���� @2f@t@s
(t; s)

����q dsdt
! 1

q

+

 Z b

x

Z y

c

����Z t

x

Z s

y

w(u; v)dvdu

����p dsdt
! 1

p
 Z b

x

Z y

c

���� @2f@t@s
(t; s)

����q dsdt
! 1

q

+

 Z b

x

Z d

y

����Z t

x

Z s

y

w(u; v)dvdu

����p dsdt
! 1

p
 Z b

x

Z d

y

���� @2f@t@s
(t; s)

����q dsdt
! 1

q
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� kwk[a;x]�[c;y]

 Z x

a

Z y

c

����Z t

x

Z s

y

dvdu

����p dsdt
! 1

p �Z x

a

Z y

c

���� @2f@t@s
(t; s)

����q dsdt�
1
q

+ kwk[a;x]�[y;d]

 Z x

a

Z d

y

����Z t

x

Z s

y

dvdu

����p dsdt
! 1

p
 Z x

a

Z d

y

���� @2f@t@s
(t; s)

����q dsdt
! 1

q

+ kwk[x;b]�[c;y]

 Z b

x

Z y

c

����Z t

x

Z s

y

dvdu

����p dsdt
! 1

p
 Z b

x

Z y

c

���� @2f@t@s
(t; s)

����q dsdt
! 1

q

+ kwk[x;b]�[y;d]

 Z b

x

Z d

y

����Z t

x

Z s

y

dvdu

����p dsdt
! 1

p
 Z b

x

Z d

y

���� @2f@t@s
(t; s)

����q dsdt
! 1

q

The �rst factors in the last integral in (2.14) are

Z x

a

Z y

c

����Z t

x

Z s

y

dvdu

����p dsdt =

Z x

a

Z y

c

(x� t)p (y � s)p dsdt(2.15)

=
(x� a)p+1 (y � c)p+1

(p+ 1)
2

and similarly

Z x

a

Z d

y

����Z t

x

Z s

y

dvdu

����p dsdt =
(x� a)p+1 (d� y)p+1

(p+ 1)
2 ;(2.16) Z b

x

Z y

c

����Z t

x

Z s

y

dvdu

����p dsdt =
(b� x)p+1 (y � c)p+1

(p+ 1)
2 ;Z b

x

Z d

y

����Z t

x

Z s

y

dvdu

����p dsdt =
(b� x)p+1 (d� y)p+1

(p+ 1)
2 :

On the other hand, since

���� @2f@t@s

����q is convex function on the co-ordinates on �; we
know that

���� @2f@t@s
(t; s)

����q = ���� @2f@t@s

�
b� t
b� aa+

t� a
b� ab;

d� s
d� c c+

s� c
d� cd

�����q

� (b� t) (d� s)
(b� a) (d� c)

���� @2f@t@s
(a; c)

����q + (b� t) (s� c)
(b� a) (d� c)

���� @2f@t@s
(a; d)

����q

+
(t� a) (d� s)
(b� a) (d� c)

���� @2f@t@s
(b; c)

����q + (t� a) (s� c)
(b� a) (d� c)

���� @2f@t@s
(b; d)

����q
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hence, the second factors in the last integral in (2.14) areZ x

a

Z y

c

���� @2f@t@s
(t; s)

����q dsdt(2.17)

� 1

(b� a) (d� c)

8<:
h
(b� a)2 � (b� x)2

i h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(a; c)

����q

+

h
(b� a)2 � (b� x)2

i
(y � c)2

4

���� @2f@t@s
(a; d)

����q

+
(x� a)2

h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(b; c)

����q
+
(x� a)2 (y � c)2

4

���� @2f@t@s
(b; d)

����q
)
;

Z x

a

Z d

y

���� @2f@t@s
(t; s)

����q dsdt(2.18)

� 1

(b� a) (d� c)

8<:
h
(b� a)2 � (b� x)2

i
(d� y)2

4

���� @2f@t@s
(a; c)

����q

+

h
(b� a)2 � (b� x)2

i h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(a; d)

����q
+
(x� a)2 (d� y)2

4

���� @2f@t@s
(b; c)

����q

+
(x� a)2

h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(b; d)

����q
9=; ;

Z b

x

Z y

c

���� @2f@t@s
(t; s)

����q dsdt(2.19)

� 1

(b� a) (d� c)

8<: (b� x)
2
h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(a; c)

����q

+
(b� x)2 (y � c)2

4

���� @2f@t@s
(a; d)

����q

+

h
(b� a)2 � (x� a)2

i h
(d� c)2 � (d� y)2

i
4

���� @2f@t@s
(b; c)

����q

+

h
(b� a)2 � (x� a)2

i
(y � c)2

4

���� @2f@t@s
(b; d)

����q
9=; ;
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x

Z d

y

���� @2f@t@s
(t; s)

����q dsdt(2.20)

� 1

(b� a) (d� c)

(
(b� x)2 (d� y)2

4

���� @2f@t@s
(a; c)

����q

+
(b� x)2

h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(a; d)

����q

+

h
(b� a)2 � (x� a)2

i
(d� y)2

4

���� @2f@t@s
(b; c)

����q

+

h
(b� a)2 � (x� a)2

i h
(d� c)2 � (y � c)2

i
4

���� @2f@t@s
(b; c)

����q
9=; :

Putting (2.15)-(2.20) into (2.14) and by using kwk[a;x]�[c;y] � kwk[a;b]�[c;d], we get
required the inequalities(2.12). �

Corollary 4. Under the same assumptions of Theorem 3 with w(u; v) = 1, then
the following inequality holds:

j(b� x) (d� y)f (b; d) + (b� x) (y � c)f (b; c)(2.21)

+(x� a) (d� y)f (a; d) + (x� a) (y � c)f (a; c)

�
Z b

a

[(d� y) f (t; d) + (y � c) f (t; c)] dt

�
Z d

c

[(b� x) f(b; s) + (x� a) f(a; s)] ds

+

Z b

a

Z d

c

f (t; s) dsdt

�����
� 1

[(b� a) (d� c)]
1
p (p+ 1)

2
p

n
(x� a)1+

1
p (y � c)1+

1
p (A1 (x; y))

1
q

+(x� a)1+
1
p (d� y)1+

1
p (B1 (x; y))

1
q + (b� x)1+

1
p (y � c)1+

1
p (C1 (x; y))

1
q

+ (b� x)1+
1
p (d� y)1+

1
p (D1 (x; y))

1
q

o
:
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Corollary 5. Let x = a+b
2 and y = c+d

2 in Corollary 4. Then the following
inequality holds:�����f (b; d) + f (b; c) + f (a; d) + f (a; c)4

� 1

2 (b� a)

Z b

a

[f (t; d) + f (t; c)] dt

� 1

2(d� c)

Z d

c

[f(b; s) + f(a; s)] ds+
1

(b� a) (d� c)

Z b

a

Z d

c

f (t; s) dsdt

�����
� (b� a)2 (d� c)2

44+
1
p (p+ 1)

2
p

(�
9

���� @2f@t@s
(a; c)

����q + 3 ���� @2f@t@s
(a; d)

����q + 3 ���� @2f@t@s
(b; c)

����q + ���� @2f@t@s
(b; d)

����q�
1
q

+

�
3

���� @2f@t@s
(a; c)

����q + 9 ���� @2f@t@s
(a; d)

����q + ���� @2f@t@s
(b; c)

����q + 3 ���� @2f@t@s
(b; d)

����q�
1
q

+

�
3

���� @2f@t@s
(a; c)

����q + ���� @2f@t@s
(a; d)

����q + 9 ���� @2f@t@s
(b; c)

����q + 3 ���� @2f@t@s
(b; d)

����q�
1
q

+

����� @2f@t@s
(a; c)

����q + 3 ���� @2f@t@s
(a; d)

����q + 3 ���� @2f@t@s
(b; c)

����q + 9 ���� @2f@t@s
(b; d)

����q�
1
q

)
:

Theorem 4. Let f : � � R2 ! R2 be a partial di¤erentiable mapping on � :=

[a; b] � [c; d] in R2 with a < b and c < d. If
���� @2f@t@s

����q ; q > 1; is a convex function
on the co-ordinates on �; then for all (x; y) 2 � one has the inequalities:�����

 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.22)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����
�

[(b� a) (d� c)]
1
q kwk[a;b]�[c;d]

4
1
q (p+ 1)

2
p

�
h
(b� x)p+1 + (x� a)p+1

i 1
p
h
(d� y)p+1 + (y � c)p+1

i 1
p

�
����� @2f@t@s

(a; c)

����q + ���� @2f@t@s
(a; d)

����q + ���� @2f@t@s
(b; c)

����q + ���� @2f@t@s
(b; d)

����q�
1
q

where 1
p +

1
q = 1:
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Proof. From Lemma 1 and using the well known Hölder inequality for double inte-
grals, we have�����

 Z b

x

Z d

y

w(u; v)dvdu

!
f (b; d)�

 Z b

x

Z c

y

w(u; v)dvdu

!
f (b; c)(2.23)

�
 Z a

x

Z d

y

w(u; v)dvdu

!
f (a; d) +

�Z a

x

Z c

y

w(u; v)dvdu

�
f (a; c)

�
Z b

a

" Z d

y

w(t; v)dv

!
f (t; d)�

�Z c

y

w(t; v)dv

�
f (t; c)

#
dt

�
Z d

c

" Z b

x

w(u; s)du

!
f(b; s)�

�Z a

x

w(u; s)du

�
f(a; s)

#
ds

+

Z b

a

Z d

c

w (t; s) f (t; s) dsdt

�����
�

 Z b

a

Z d

c

����Z t

x

Z s

y

w(u; v)dvdu

����p dsdt
! 1

p
 Z b

a

Z d

c

���� @2f@t@s
(t; s)

����q dsdt
! 1

q

� kwk[a;b]�[c;d]

 Z b

a

Z d

c

����Z t

x

Z s

y

dvdu

����p dsdt
! 1

p
 Z b

a

Z d

c

���� @2f@t@s
(t; s)

����q dsdt
! 1

q

:

The �rst factors in the last integral in (2.23) isZ b

a

Z d

c

����Z t

x

Z s

y

dvdu

����p dsdt(2.24)

=

Z b

a

Z d

c

jt� xjp js� yjp dsdt

=

h
(b� x)p+1 + (x� a)p+1

i h
(d� y)p+1 + (y � c)p+1

i
(p+ 1)

2 :

On the other hand, since

���� @2f@t@s

����q is convex function on the co-ordinates on �; the
second factors in the last integral in (2.14) isZ b

a

Z d

c

���� @2f@t@s
(t; s)

����q dsdt(2.25)

=

Z b

a

Z d

c

���� @2f@t@s

�
b� t
b� aa+

t� a
b� ab;

d� s
d� c c+

s� c
d� cd

�����q dsdt
� (b� a) (d� c)

4

����� @2f@t@s
(a; c)

����q + ���� @2f@t@s
(a; d)

����q + ���� @2f@t@s
(b; c)

����q + ���� @2f@t@s
(b; d)

����q� :
Putting (2.24) and (2.25) in (2.23), we get the inequality (2.22). �
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Corollary 6. Under the same assumptions of Theorem 4 with w(u; v) = 1, then
the following inequality holds:

j(b� x) (d� y)f (b; d) + (b� x) (y � c)f (b; c)(2.26)

+(x� a) (d� y)f (a; d) + (x� a) (y � c)f (a; c)

�
Z b

a

[(d� y) f (t; d) + (y � c) f (t; c)] dt

�
Z d

c

[(b� x) f(b; s) + (x� a) f(a; s)] ds

+

Z b

a

Z d

c

f (t; s) dsdt

�����
� [(b� a) (d� c)]

1
q

4
1
q (p+ 1)

2
p

�
h
(b� x)p+1 + (x� a)p+1

i 1
p
h
(d� y)p+1 + (y � c)p+1

i 1
p

�
����� @2f@t@s

(a; c)

����q + ���� @2f@t@s
(a; d)

����q + ���� @2f@t@s
(b; c)

����q + ���� @2f@t@s
(b; d)

����q�
1
q

:

Remark 2. If we take x = a+b
2 and y = c+d

2 in (2.26); the inequality (2.26) reduces
to �����f (b; d) + f (b; c) + f (a; d) + f (a; c)4

� 1

2 (b� a)

Z b

a

[f (t; d) + f (t; c)] dt

� 1

2(d� c)

Z d

c

[f(b; s) + f(a; s)] ds+
1

(b� a) (d� c)

Z b

a

Z d

c

f (t; s) dsdt

�����
� (b� a) (d� c)

4 (p+ 1)
2
p

�

0BB@
���� @2f@t@s

(a; c)

����q + ���� @2f@t@s
(a; d)

����q + ���� @2f@t@s
(b; c)

����q + ���� @2f@t@s
(b; d)

����q
4

1CCA
1
q

which is proved by Sarikaya et al. in [13].
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