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SOME INEQUALITIES FOR DIFFERENTIABLE CO-ORDINATED
CONVEX MAPPINGS

MEHMET ZEKI SARIKAYA

ABSTRACT. In this paper, we indicate some inequalities for double integrals
of functions whose partial derivatives in absolute value are convex on the co-
ordinates on rectangle from the plane. Our established results generalize some
recent results for functions whose partial derivatives in absolute value are con-
vex on the co-ordinates on the rectangle from the plane.

1. INTRODUCTION

Let f : I € R— R be a convex mapping defined on the interval I of real
numbers and a,b € I, with a < b. the following double inequality is well known in
the literature as the Hermite-Hadamard inequality(see, e.g.,[12, p.137]):

f<a+b>§ 1 /abf(x)dng(“”f(b).

2 b—a 2
Let us now consider a bidemensional interval A =: [a,b] X [c,d] in R? with a < b
and ¢ < d. A mapping f : A — R is said to be convex on A if the following
inequality:

fllz+ A —-t)z,ty+ (1 —-t)w) <tf(z,y)+ 1 —1) f(z,w)

holds, for all (z,y),(z,w) € A and t € [0,1].A function f: A — R is said to be
on the co-ordinates on A if the partial mappings f, : [a,b] = R, f, (u) = f (u,y)
and f, : [c,d] = R, f, (v) = f(z,v) are convex where defined for all x € [a, ] and
y € [c,d] (see [4]).

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1. A function f: A — R will be called co-ordinated canvex on A, for
all t,s € [0,1] and (x,y), (u,v) € A,if the following inequality holds:

fxz+ 1 —1t)y,su+ (1 —8)v)
< tsf(au) +s(1 =) f(y,u) + (1 = 5)f(z,0) + (1 = )(1 = 8)f(y, ).

Clearly, every convex function is co-ordinated convex. Furthermore, there exist
co-ordinated convex function which is not convex, (see, [4]).

Also, in [4], Dragomir establish the following similar inequality of Hadamard’s
type for co-ordinated convex mapping on a rectangle from the plane R2.
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Theorem 1. Suppose that f : A — R is co-ordinated convex on A. Then one has
the inequalities:

a+b c+d
o p(eherd)

1] 1 g c+d 1 (% (a+b
) b—a/f<x’ 2 >d i f( 2 ,y>dy]
< Goaa _c//fmydydfv

1
< 1 b_a/af(z,c)derm/af(m,d)dx

d

[ [row dy]

< fla+flad+fbe)+f(bd)

4

The above inequalities are sharp.

In [13], Sarikaya et al. proved some new inequalities that give estimate of the
deference between the middle and the right most terms in (1.1) for differentiable
co-ordinated convex functions on rectangele from the plane R2. For several recent
results concerning Hermite-Hadamard’s inequality for some convex function on the
co-ordinates on a rectangle from the plane R?, we refer the reader to ([1]-[11], [13]).

The main purpose of this paper is to establish some weighted Hermite-Hadamard-
type inequalities of convex functions of 2-variables on the co-ordinates.

2. INEQUALITIES FOR CO-ORDINATED CONVEX FUNCTIONS

Firstly, we give the following notations used to simplify the details of presenta-
tion,

2 3 2 3 2
Alwy) H(b—x)éx—a) +<x—a>H<d—y><y—c> +(y_36)H88té;;(aC)

N (b_x)éx—a)QJr(a:;a)T (y—60)3 gg (a, d)‘
(m—Ga) [(d—y)Q(y—C)2+(y—30> 1 gjaf (b, ¢) +(x_a);éy_c)3 g:af (b, d)’}’
Bloy) = “(b_x)gx—af (x—gaf’] (d;y)g gg (a,0)
) (b_x)éx—a)2+(x;a)] (d—y)Q(y—c) (d—gy)Hg;J;(a,d)‘
(a:—a)??’)éd y) ;z(b7c)’+($;a) [(d_y)z(y_@ : 3y)3H88t28f g d)‘}’




C(Z‘,y) =

Bl (xvy)

CO-ORDINATED CONVEX FUNCTIONS

{(1)—633)3 [(d—y)g(y—c)2+(y—30>3] ggs (a,¢)

o O )

. (bx)Z(za)+(b3z)3] [(dy)éy6)2+(930)3] gzaj; (b, )

. (b—x)Z(m—a>+(b;w)3] (y—60)3 ;Z (b,d)‘}

{(b—@;éd—y)“ gtaf (a,0)

+(be)B [(dy)i(yc) (d3y)3] g;f;(a,d)‘

. (b—:c)2(:z:—a) (b—gz)?’] (d—Gy)3 g;i(b’c)

W [EERCED (b—g)x)"’] [W‘yi(y‘%(d;y)g g:g; (b,d)
(60— = 0 —a)] [@= 0 = (@=27] | o2

= { 1 15 ©)

+[<ba>2<b4x>]<yc> jti;;(a,d)
e [(d—:)2—<d—y>] LI
(x - a>24<y o)’ 21 0 }
) {[(b—af—(b—x)](d—w °F
4 Otds
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(b—2)* [(d=)* = (d—p)°| | o2 4
ooy = { Ol oy

(b—2)°(y—c)?|*f

* 1 a5 Y
(=) = (@ = a?] [~ ~ (a= )] | 92¢

* 1 a5 )‘
[(b —a)” —(x— a)Q] (y—c) 82 f q

* 1 (’)tas(b’d)‘ }
—r 2 2 2 q

Di(ay) = {(b LAzl | 0T (o 0

-2 [(d—:) ~(y-o7] LI
—a £L'—G,2 — q
+[(b ) <4 7 @-y) LI
+[(b—a) (a a>2]4[<d—c> ~(y—o)’] gtaf (b’d)q}.

Lemma 1. Let f : A C R?> — R? be a partial differentiable mapping on A :=

2
[a,b] x [e,d] in R? with a < b and ¢ < d. If gtaf € L(A), then the following
s
equality holds:

en b/ d / / s “”d”d“} i 9%
(// UMWQ Fo.) - (béwwmm>
(// mmm)ad ([ wtwova) s .0
L [(fewemsea-([reow) o]

_/dK usdu> (/wusdu> as]
// (t,5)  (t,5) dsdt

for all (z,y) € A.
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Proof. By integration by parts, we get

o [ [ [ f o] gk
- [ ([ o] Z c_/j[/tw<us>d]g§@s)ds>dt

= o] B[ o] Z o)
]

Thus, again by integration by parts in the right hand side of (2.2), it follows that

L1 ] 2
- K/ e dd“> td (/;/ycw@,v)dvdu)f(t,@]a
A K/ it v)dv> (1) - ( / (e v)dvdu) . C)]
(e
L
(

— d

f(t,s)dt » ds

|

(dd) o0 - (// Mdvdu)f

//yd ddu) +( dd>f

_/abK/ydw(t,U)dv)f( </ywtvdv ]dt

. /K /zbw(u,s)du> ) = ([ wtusan) 1o s>]
o [ws s

which completes the proof. O
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Corollary 1. Under the same assumptions of Lemma 1 with w(u,v) = 1, then the
following identity holds:

b pd 2
(2.3) /a /c (t—2x)(s—y) gtaj; (t,s)dsdt

= (b==)(d=y)f(bd)+(b—2)(y—c)f(bc)

(= a)([@d—y)f (@d) + (@ —a) (y— O)f (a,0)
b
*/[M*wfﬁd%wyfdfwdwt

d
/‘W> 2) [(b,8) + (& — a) f(a, 5)] ds

// (t,s) f (t,s)dsdt

Remark 1. If we take z = %2 and y = <12 in (2.3), the identity (2.3) reduces to

a+b c+d\ 0*f
b—a) —c/a/C < >( 2 )8t65(t78)d8dt

_ f(bd)+f(bc+f(ad)+f(ac)_ 1 b .

- 1 w_)/[ﬂt®+fU)]
d

_ﬁ/ [f(bs)+f(as)]ds+ _c//ftsdsdt

which is given by Sarikaya et al. in [13].
Theorem 2. Let f : A C R?> — R? be a partial differentiable mapping on A :=

2
[a,b] x [c,d] in R? with a < b and ¢ < d. If 88756];

co-ordinates on A, then one has the inequalities:

2 |( [ [ twrranae) s ([ [ wspaa]) 5.
— </:/dw(u,v)dvdu> </a/5 w(u, v dvdu) a,c)

is a convez function on the

-|-/ab/cdw (t,s) f (t,s)dsdt
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0] o)

< (L%ﬂ%;;z;%?f)fi(x7y)_+U)——a)(cifiﬁ)lg(m7y)
b GG )+ G LD )
”wH[a,b]x[c,d]

m[A(x»y)JrB(w,y)+C($»y)+D(:c,y)]

for all (z,y) € A.

Proof. From Lemma 1, we have

(25) | ( / b / dw(uw)dvdu) f (o) - ( / b / w(u, v)dvdu> f (5,0)
( [ [ st oy ([ uturiinas) smo
[(/ydwtvm)) £t d)— (/ywtvdv) tC)]dt
K/bwusdu> ~([(wtwsa) 5 as)]ds
+//w<t,s>f<t,s>dsdt
LI [l
oL ] [ 25
. o] ]
]| 25
liosisteor | [ (//ddu) o
e [ [ ([ [0) 2
tlelessgen [ [ ([ [ avi) |2
el sy, /:/yd (//dd“) 3o

w(u, v)dvdu dsdt

IN

dsdt

IN

(t,s)

dsdt

)

dsdt

(¢, )

dsdt

(t,5)
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for all (z,y) € A. Firstly, by calculating the last integral in (2.5), since f: A — R
is co-ordinated convex on A, then one has:

(2.6 )| dsdt

~

7

[0 / ) 5

t0s
= // (@ —t)(y - s) atafs< :2a+2_2b,3:zc+2:2d) dsdt
< oo _// @=0-9]0-0-9)| 5L @0
+0-06-0| 5L @) +a-a -9 2L 0.0
2
+({t—a)(s—c) 8815(’; (b, d)H dsdt
_ 1 b-0)@-0  @-0'] -0 |0
- (b—a)(d—c){l 2 T3 1 6 8t85(a’d)‘
b-0)@-0  @-o][d-n) -0 w-9"]0
* 2 T3 H 2 5| s (9
(z —a)’ l(d—y) (v —c)’ <y—c>5] S 0
6 2 3 Otds

A similar way for other integrals, since f : A — R is co-ordinated convex on A, we
get

2.7) //d(//ddu> IS (1,)| asar
= (bfa)l(dfc) H(b_x);x_a)g + (gc—?)a)g’] (d_ﬁy)3 57525; (a,¢)
. <b—x>;x—a>2+<x;a>H<d y>2<y—c>+(d—3y>31 g:afs(a,d)‘

+

(z —a)’ (d—y)z(y—C) (d—y)’
6 l 2 T3 ]
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ws [ (L[ ) e

b-2°d-yy-—0® -0
= (b—a)(d—c){ 6 [ 2 T3 ]

)| dsdt

o2 f
a5 (@9

+(b—x)zﬁ(y—C)‘g ('?;J; (a,d)‘
) (b—m)Z(x—a)_’_(b_gx)S] [(d—y)Q(y—C)er(y—gc)} g;f (b,¢)
N (b—x)Z(w—a)+(b;w)3] (y—60>3 g;é (b,d)’},
29// (//dvdu) Sios (t:9)] dsdt
< (b—a)(d—C){( )3 & gtaf (@)
+(b—6x)3 [(d—y)Z(y—C)+(d;y)3] g;]; (a,d))
X (b_w)z(x_a)+(b;x)3] (d—6y)3 g;i(bc)
.\ (b—x)‘;(x—a)+(b—3w)3] [(d—y)Z(y—c)jL(d—gy)} ;;f (b, d)‘}

Thus, putting (2.6)-(2.9) into (2.5), we obtain

w0 ([ [t s~ ([ atworwa) rio
(// Mdvdu) it ([ [ wtwopaotn) a0
[ K / dw(tw)dv) i)~ ([t ) i ,c>] at
[ [( [ wtw s)du> 109~ ([ wtusian) f<a7s>] ds
+/ab/cdw (t,5) f (t, ) dsdt
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||wH[a,z]><[c$y] { [(b —2)(z —a)? N (x — a)S]

(b—a)(d—c) 2 5
y [(d—y)Q(y—C)2 N (?/—3‘3)3] ;ZS (a,0)
s (b—x);x—a)2+(w—3a)3] (y—60)3 ggg (a,d)’
+(x—6a)3 [(d—y)Q(y—C)QJr(y;C)T S:ai (b, )
+(x—a);éy—c)3 ;2; (b,d)‘}
it ([ e e
. (bm)éxa)2+($3a)3] [(dy)Z(yC)Jr(dgy)S] g:g; (a,d)‘
+(x—a>;éd—y>3 gtaf (b.0)
+(x6a)3 l(dy)Z(yc)+(d3y)3] ;Z (b,d)'}
i
+(b—x)2éy—c)3 ;zs (a,d)‘
. (bx)Z(xa)+(b3$)3] [(dy)éy0)2+(ygc)3] ;Zg (b, ¢)
. (bx)Z(wa)+(b3w)3] (y60)3 gfgfs (b,d)’}
[ { (b-a)°(@d=y)| 2°f
(b-a)(d—0) 36 910s
+(b—6x)3 l(d—y)i(y—c)+(d;y)3] gtg; (a,d)‘
. (b_x)z(x_a)+(b;x)3] (d—6y)3 ;;J;(,c)
. (b—x)Z(m—a)+(b;w)3] [(d—y)Z(y—C)jL(d;y)B} ;;’; (b,d)‘}
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By using [[wll;y 215 (e.) S 1@lla,p)x[c,q) 0 the last expression in (2.10), we get the
inequalities (2.4). O

Corollary 2. Under the same assumptions of Theorem 2 with w(u,v) = 1, then
the following inequality holds:

(2.11) [(b—=z)(d=y)f (b,d)+ (b—=)(y—c)f(bc)
+(@—a)(d=y)f(a,d)+(z—a)(y—c)f(ac)

b
—/ (d—y) f(td)+ (y— ) f (t.c)]dt

d
- / [(b— ) f(b,5) + (& — a) f(a,5)] ds

b pd
+ / f(t,s)dsdt
1

< m[A($7ZU)+B(x,y)+C(x,y)+D(x,y)].

Corollary 3. Let x = ’ITH’ and y = C;d in Corollary 2. Then the following
inequality holds:

c a a,c ’
|f<b,d>+f(b, RE(RSC >2(bl_a)/a [F (t.d) + £ (t,0)] dt

1 d 1 b pd
s e+ st g [ [ (s s

(b—a)’(d—c)’

= 16
92 f 92 f 92 f 92 f
‘Btas (a C)' * ‘Btas (“’d)‘ * ‘Btas b, c)‘ * ‘Btas b, d)‘

4

which is proved by Sarikaya et al. in [13].

Theorem 3. Let f : A C R?> — R? be a partial differentiable mapping on A :=
2 ¢ (4
[a,b] X [¢,d] in R?* with a < b and ¢ < d. If oJ

, @ > 1,148 a convex function
otos| 1 f
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on the co-ordinates on A, then for all (z,y) € A one has the inequalities:

(2.12) </ / (u, v dvdu) f(,d)— </ / w(u,v dvdu) f(b,e)
—(//dwuvdvdu> (// uvdvdu) (a,c)
—/ l( tvdv) (/y w(t, v)dv)f( )]dt
—/ l( w(u, s du) (/:w(ws)du) f(a,s)] ds
/ / (t,s) f (t,s)dsdt
< {@ =) (5= " (A @) 0l 0o

[(b—a)(d— C)] (p+1)7

+(@—a) "7 (=) (B (@) [0l gy
+(0-2)"F (5= )" (C1 (@) 7 0]l by oy

+ =2 (A=) (D @) 0l

Hw||[a7b]><[c7 d] 141 141 1
< (x—a) "7 (y—c) "7 (AL (z,y))7
(=) (= b+ 1)7 3 ! !
+(w—a)tT(d—y)'tT (B ( T+ =) (y— )T (O (2, y))7
Y (b l,)1+ (d—1y) 1+ }

1 1 _
where;+5f1.

Proof. From Lemma 1, we have

.13 |<// wdvdu) F () (/b/ wdvdu) 9
_<// uvdudu) </ wuvdvdu) (a, <)
L [(fomsia-([renw) o]
/[( d> ([ ) g6 ]
[ senna
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< [ [ //“’<>dd] oL
v /yd{ / /ysw(w)dvdu: TS (1,5)]dsct
+/:/cy [ /:/ysw(“’”)d”d“ 5;"; (t,5)| dsdt
+/zb/yd Uxt/ysw(u,v)dvdu: ;Z (. 5)| dsdt

dsdt

By using the well known Hélder inequality for double integrals, then one has:

‘(// wdvc@ () - /b/wdvdu)f
(// Mdvc@ it ([ [ wtwartoas) 0.
([ et ) = () s
‘/dW d) )= ([t ) s as>]
oL [

< ( L) w(u, v)dvdu dsdt) ' ( o a:a £ s) qudt) '
@ pd| ptops @
+ </a /y /x/yw(uw)dvdu dsdt) < 8t3 (t,s) dsdt)
+ </b/9 /t/sw(u v)dvdu dsdt) (/ /y °f (t,s) dsdt)é
ede |ty tds
bopd| ptops q
+ <L/y /x/yw(u,v)dvdu dsdt) ( 8156 (t,s) dsdt)

13
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x t ps p %
< dvdu| dsdt (t, d dt
> HwH[a,x]x[c,y] ( " y vau S > ( 6t(98 S s )
T pd t ps p P x pd 82f q %
w4 21xi0.d / / / / dvdu| dsdt / / (t,s)| dsdt
[a,z]x[y,d] a Jy z Jy a Jy Ot0s

dsdt)
dsdt>

pdsdt) (// \M 9
) (1

The first factors in the last integral in (2.14) are

b s
+ HwH[a:,b]x[c,y} < dvdu
T y

dvdu (t,s)

b
Hlwll iz xy,a ( ’ 8t83

(2.15) dvdu dsdt = / / x—t) (y —s)! dsdt
);D+1 (y )p+1
- (p+1)*
and similarly
z pd p p+1 p+1
_ d—
(2.16) / / / / dvdu! dsdt = (x—a)"" ( _ Y) 7
a Jy y (p+1)
b ry t p _ o\ptl _\pH1
/ / / / dvdu| dsat — L= WO
z Je y (p+1)
b pd t p _ooa\pFHl g \pH1
/ / / / dvdu| dsat = GZY oy
z Jy y (p+1)
o2 f |
On the other hand, since BTGP is convex function on the co-ordinates on A, we
know that
0% f e 0% f —t t—a, d—s s—ec \|?
‘atﬁs(’s) ‘81?88 (b—a Jrb—ab’d—cCer—cd>
(b—t)(d—s) | *f (b t) (s — ) *f !
< d
S b= ad—o a0 Y oza@—o |aws @
(t—a)(d—s)|*f (t—a)(s—¢) | O°f !
b b,d
Jr(b—a)(d—c) atas(’c) +( a)(d—rc) 87583(’ )
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hence, the second factors in the last integral in (2.14) are

(2.1
7 / / 81565

(b—a)’—(b—a)*| [(d=c)* = (d—y)°
. [ I }
(b—a) (d c)

(t, ) dsdt

4

Lo - <b4— 2] (v - o T
+<x—a>2 [(d—4c)2 ~(@-y)| 5;];@ o
- a>24<y o) gtaf ) }
(2.18) g;’; (t,s)| dsdt
| (=)’ = (-] =9 | g2y o
(b—a)(d—c) 4 5165 (%)
+[(b—a) —(b—2) }4[(d—c) ~(y-<)] ;Z(M)q
<w—a>24<d—y>2 gtaf v.of
+<:/ca>2[<d4c> ~(y—c)’] ggs(b’d)q}’
(2.19) //y a;af t,s) qudt
P I q
< o c>{(b ol — i a1 @0
+<b—x>24<y— 0’ ;af wal
Je-o' -0 ]4[(dc) (-] )
i {(ba)2(x4 il K NO) q},
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b d 2 q

/z /y 88758]; (t,s)| dsdt
1 (b—2)(d—y)* | &*f ‘

b—a)(d—c) 4 atos @ ¢

(b—:r)2 [(dfc)2 - (yfc)ﬂ 82 f q
+ 1 o105 @9

(=) = @=aP|(@-v)" | g2y o
+ 1 at0s ¢

(b—a)’—(@—a)’| [(d—c)®— (y— )| | 2 a

+ [ ]4[ } gtaj;(b,c) }

Putting (2.15)-(2.20) into (2.14) and by using [[wl|, .jx(e.y] < [0l 5x[c,a> Ve gt
required the inequalities(2.12). O

Corollary 4. Under the same assumptions of Theorem 8 with w(u,v) = 1, then
the following inequality holds:

(2.21)

IN

(b—) (d—y)f (b d) + (b—2) (y — Of (b.0)
(@—a) [d—y)f (a,d) + (2 —a) (y = ) (a.)
—/ab[(d—y)f(t,d)+(y—c)f(t,0)]dt

-/ (6 2) £,5) + (@ - 0) F(a )] ds

+/zb/cdf(t,s)dsdt
1

[(b—a)(d— )7 (p+1)7 {
+(x—a) 7 (d—y) "7 (B (2,))

Q=

(@ —a)'" 7 (y — )" (A (2,y))

Q=

+(b—2)FF (y— o) (C1 (2,9))

Q=

+(b—2)"F (=) (D1 ()7}
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Corollary 5. Let x = “—H’ and y = C;d in Corollary 4. Then the following
inequality holds:

c a a,c b
‘f(b,d)Jrf(b, )+ f (a,d) + f (a,c) 1 )/ [f (t.d) + f (t,c)] dt

4 2(b—
—%;_d/cd[f(b,S)ﬂLf(a?S)]dSJr _C//fts ) dsdt
+<3'§;J;(a,c)q+9';zg(a,d)q+‘ggg(b,c)q+3‘(§f£(b,d) q>é
+<3‘;Z(a,c)q+‘§tzs(a,d)q+9’§tz§(b,c)q+3’§:£(b,d) q>é
(|5 o] o] b waf o] Zhof +o| 2 wal) ]

Theorem 4. Let f : A C R? — R? be a partial differentiable mapping on A :=
2 (4
[a,b] x [c,d] in R? witha < b and ¢ < d. If (;)158];

on the co-ordinates on A, then for all (x,y) € A one has the inequalities:

oo ([ [wtwiaens) s ([ [Cotunaan) s
([ vt ptas ([t ) .
K/y dw(t,v)du>f(t,d) </y (t,v)dv) f(t,c)] i
K / "ol s)du> ) = ([t syin) f(a,s)] "
of [ s

[(b—a)(d— C)] ||w||[a b x [¢,d]

, ¢ > 1, is a convex function

_/al’
_/d

IN

43 (p+1)»
X {(b,x)pﬂ +(x7a);ll+l]5 {(diy)p+l +(yic)p+1:|;
62 4 82 q 82 q 82 a~ s
X <‘ata‘i(a,6) Jr‘@t(’;;(a’d) Jr'@taj;(b ¢) +‘8taj;(b’d) >

1,1
where = + = = 1.
-
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Proof. From Lemma 1 and using the well known Holder inequality for double inte-
grals, we have

(2.33) |( A / " v)dvdu> £ (bod) - ( / [ute v)dvdu> 6,0

(/ [ wortnie) rtwas ([ [[wonnn) s
K/dw (v d“) (t,d) - ( / Uw)dv)f(t,c)] i
(et 5.0 [ vt ) st

+/ / w (t,s) f (¢, s)dsdt
b P 5 b pd i
( dsdt) < / / ‘ggg (t,5) ngdt>
P 5[ b pd q a
dsdt) (/ / ’(’981528]; (t,s) dsdt)

b
<l gxjeq <

The first factors in the last integral in (2.23) is

IN

w(u, v)dvdu

dvdu
Yy

p
(2.24) dvdu| dsdt

o Jo 1o

/a /c [t —xl”|s — y|" dsdt

[(b — )P (- a)p“} {(d — )Py — C)p+1]
(p+1)° :

62 q

Otds

second factors in the last integral in (2.14) is

eof ||

On the other hand, since

is convex function on the co-ordinates on A, the

dsdt

th—ab d—s +S_Cd 1
8t83 —aa b—a d—c " d—c

d ) an q 82f q
4 <‘ o195 9

g5 Y
Putting (2.24) and (2.25) in (2.23), we get the inequality (2.22). O

dsdt

o2 f
9105 0 ¢)

"

"
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Corollary 6. Under the same assumptions of Theorem 4 with w(u,v) = 1, then
the following inequality holds:

(226) (- ) (d—y)f (b.d) +(b—2) (y— O f (bs)
+@—a)[d=p)f (@d) + (@ —a) (y— ) (a,0)
—/ab (=) f (b d)+ (g — ) £ (1, db
-/ Y- ) £(brs) + (2 — ) Fla )] ds

b pd
+ /f(t,s)dsdt

[(b—a)(d—0)
4i (p+1)7

IN

X [(b - ;Z;)PH ¥z a)p+1}% [(d _ y)erl F(y— c)p+1:|%
0? T o2 a2 N
quim”)+&;WJ)+‘mé@m)+’&éw@)>,

Remark 2. If we take z = %t and y = <5 in (2.26), the inequality (2.26) reduces

to
yﬂa®+fwmyzﬂ%®+fwwy‘ﬂf@L%ﬂu®+fumﬂﬁ
1 d 1 b pd
s [ U0+ seas+ g s dsar
d(p+1)7
‘g;é(aac)q+‘§2€28];(a,d)q+’;zs(b,c)q+‘g:aé(b,d)q !
4

which is proved by Sarikaya et al. in [13].
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