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ON HERMITE-HADAMARD TYPE INEQUALITIES FOR
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA AND HUSEYIN YILDIRIM

ABSTRACT. In this paper, we have established Hermite-Hadamard-type in-
equalities for fractional integrals and will be given an identity. With the
help of this fractional-type integral identity, we give some integral inequali-
ties connected with the left-side of Hermite-Hadamard-type inequalities for
Riemann-Liouville fractional integrals.

1. INTRODUCTION

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are very important in the literature (see, e.g.,[20, p.137], [10]). These inequalities
state that if f : I — R is a convex function on the interval I of real numbers and
a,b € I with a < b, then

(1.1) f(a;b>gbia/abf(az)dxgw.

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of convexity
and it follows easily from Jensen’s inequality. Hadamard’s inequality for convex
functions has received renewed attention in recent years and a remarkable variety
of refinements and generalizations have been found (see, for example, [1, 2, 3, 4, 10,
11, 12, 13, 15, 16, 17, 19, 20, 26, 27]) and the references cited therein.

The classical Hermite-Hadamard inequality provides estimates of the mean value
of a continuous convex function f : [a,b] — R.

Definition 1. The function f : [a,b] C R — R, is said to be convex if the following
inequality holds

fOz 4+ (1=Ny) < Af(2)+ (1= A)[f(y)
for all z,y € [a,b] and X € [0,1]. We say that f is concave if (—f) is convex.

In [16] in order to prove some inequalities related to Hadamard’s inequality
Kirmac: used the following lemma:
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Lemma 1. Let f: I° CR — R, be a differentiable mapping on I°, a,b € I° (I° is
the interior of I) with a <b. If f'" € L([a,b]), then we have

s L s@as = 1 (“57)

—(b—a) [fo% Ef/ (b + (L= )t + [} (t = 1) /(ta+ (1 — t)b)dt]

Also, in [16], Kirmaci obtained the following inequalities for differeftiable map-
pings which are connected with Hermite-Hadamard’s inequality:

Theorem 1. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a < b. If the mapping |f’| is convexr on [a,b], then we have

b a —a
ﬁ/ f(m)dx—f( ;b> <0

- 8
Theorem 2. Let f: I° C R — R, be a differentiable mapping on I°, a,b € I° with
a <bandp > 1. If the mapping |f'|»~T is convex on [a,b], then
p—1

b_lafabf@)dx—f (7)< &5 (pil) {(r@ +airm) ™

(13) + (i@ o)

(1.2) (I @) + 1 ®)]) -

1
b—a 4 B
< - !/ ! b .
< (o) @i iron

Meanwhile, Sarikaya et al.[23] presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order a > 0.

Lemma 2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following equality for fractional integrals holds:
fla)+f(b)  T(a+1)

2 g e+ Sf)]

_ b;“/o (1= 0% — ] f' (ta+ (1 — £)b) dt.

It is remarkable that Sarikaya et al.[23] first give the following interesting inte-
gral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 3. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lyfa,b]. If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

Ly (; b) <1 (f_*al)l T2 ) + T2 f(a)] <

fla) + f(b)
2

with o > 0.
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In the following we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult [14, 18, 21].

Definition 2. Let f € Ly[a,b]. The Riemann-Liowville integrals J&, f and JZ f of
order a > 0 with a > 0 are defined by

I 1) = g [ =07 0 2>
and
b
T f(z) = ﬁ/ (t—2)° L f(B)dt, @ <b

respectively. Here, I'(t) is the Gamma function and JO f(z) = J)_f(z) = f().

For some recent results connected with fractional integral inequalities see ([5, 6,
7, 8,9, 22, 23, 24, 25, 28]).

The aim of this paper is to establish Hermite-Hadamard’s inequalities for Riemann-
Liouville fractional integral similar to the method in [23] and we will investi-
gate some integral inequalities connected with the left hand side of the Hermite-
Hadamard type inequalities for fractional integrals.

2. HERMITE-HADAMARD’S INEQUALITIES FOR FRACTIONAL INTEGRALS

Hermite-Hadamard’s inequalities can be represented in fractional integral forms
as follows:

Theorem 4. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lila,b). If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

fla)+ f(b)
2

a+b 29710 (a+1) 7, o
2 1(50) = ER ) [y S0+ Ty 1)) <

with o > 0.

Proof. Since f is a convex function on [a,b], we have for z,y € [a,b] with A = 1

) (Ere) <L

ie., with z = %a + %b, y=ta + %b

(2.3) 2f(a;b)gf(ta+22tb)+f<2ta+tb).

2 2 2
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Multiplying both sides of (2.3) by t*~!, then integrating the resulting inequality
with respest to ¢ over [0, 1], we obtain

f<a+b>
! 2
a—1 71) d a—1
/of f( o) ey

- ) f 225+ [ N (bfa (v >) F) 22

QO‘F(a) {
b—a)* L7(

IN

-1 t

o) SO+ Tfagsy f(a)]

2

i.e.

a+b 29710 (a + 1)
< *, b (a ]
(05) <o e S0+ gy @
and the first inequality is proved.
For the proof of the second inequality in (2.2) we first note that if f is a convex
function, then, for A € [0, 1], it yields

2 — 2 —
(e 250) < prw+ 2
and
2 — 2 —
r(3 e+ g0) < 5+ o,
By adding these inequalities we have
2 — 2 —
(2.4) f (;a—i— 2tb> +f <2ta+ ;b) < f(a) + f(b).

Then multiplying both sides of (2.4) by t*~'and integrating the resulting inequality
with respest to ¢ over [0, 1], we obtain

/ta 1f( +2b>dt+/ta 1f( a+ b>dt
0 0

< [f(a)+ FO) / ot

0

i.e.
2041—‘(04) a o f(a) +f(b)
b—a)* {J("’T“”)Jrf(b) + J(%M)_f(a) ST
The proof is completed. .

Remark 1. If in Theorem 4, we let a = 1, then the inequalities (2.1) become the
inequalities (1.1).
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3. FrRACTIONAL INEQUALITIES FOR CONVEX FUNCTIONS

We need the following lemma. With the help of this, we give some integral
inequalities connected with the left-side of Hermite-Hadamard-type inequalities
for Riemann-Liouville fractional integrals.

Lemma 3. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following equality for fractional integrals holds:

i [y SO Ty g@] 5D
(3.1)
- b;a{/olt“f’ (;a—l—22_tb>dt—/01taf’(2;ta+;b>dt}
with o > 0.

Proof. Integrating by parts

! t 2t
o pl _ = -
/Otf <2a+ 5 b)dt
2 t 2t ! t 2t 2
o “a+=——b)| - o Za4+ Z—b) ———dt
a—bf<2a+ 2 )0 /00‘ f(z“+ 2 >a—b
a+b

2 _a+b 2 [ [ 2 ot
b—a 2 )_a—b/b (b—a(b_x)> a—bf(x)dx

2 a+b n 209MID (r + 1)

I

1

I
~
—~

Tlage) S 0)

b—a 2 (b—a)*™
and similarly we get,
1
2—t t
L = t*f —b | dt
o= e (e )

1 1
200 1.2 t

— t —b|dt

. b—a/o f( 2 a+2)

a+b

b ert a—1
bfaf(a—; )= beaa/a (an(x_a)> f(x)bfadm

2 a+b. 2°"D(a+1) |
b—a’t 2 1 (h—a) ()4 S (@):

A
w
o

S~—

I

. 2 2—t ¢
tb—af<2 a+2b>

By using (3.2) and (3.3), it follows that

4 a+b. 22T (a+1)

11—12=—b7af(

2 )t gt [l O ) S

Thus, by multiplying the both sides by bTT“, we have the conclusion (3.1). (I
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Corollary 1. If in Lemma 3, we let o = 1, then the equality (3.1) becomes the
following equality

bfa/abf(x)dx—f(“;b)
[ [ o))

Using this Lemma 3, we can obtain the following fractional integral inequality:

Theorem 5. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|* is convex on [a,b] for ¢ > 1, then the following inequality for fractional
integrals holds:

201D ( + 1)
(b—a)”

(3.5)

Q=

b—a ’ ) .
e <za+2> (@ + DI @I+ (a+3)|f G)

+ ((a+3) I @]+ (a+ DIF B)) 7}

Proof. Firstly, we suppose that ¢ = 1. Using Lemma 3 and the convexity of |f’|,
we find

g Dy SO+ gy @] - 15
Lol P e )
< @l ol [ e

b—a / /
= m[lf (@) +1f ®)]-
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Secondly, we suppose that ¢ > 1. Using Lemma 3 and the power mean inequality,
and the convexity of |f/|?, we find

20710 (e + 1) 1, N a+b
el O CA CORICIREC ﬂ

e { ([l (or ) ) ([ e (e )

b;aﬁliné{(llridf%@ﬁ+2”jjwﬂv%wﬂdﬁq
+(Alfwjf“1vwwf+“jlf%mﬂdQé}

= e {(2(1 V%®F+(a+3))f%wq);

4 (a+1)% a+2) 2a+1)(a+2

+(2<(“+3)uwwﬁ+1u%wﬁ)q}.

IN

qﬁ>;}

IN

a+1)(a+2) 2(a+2)

The proof of Theorem 5 is complete. O
Remark 2. If we take « = 1 and ¢ = 1 in Theorem 5, then the inequality (3.5)
becomes the inequality (1.2) of Theorem 1.

Theorem 6. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.
If |f'|? is convex on [a,b] for ¢ > 1, then the following inequality for fractional
integrals holds:

29710 (a+1) 7, o a+b
S e SO+ g 10] -5

(3.6) < b4a(mi%>[(unﬂ+3v%mn)é+<3fu>ZV%@N)W

b—a 4 v , ,
< () e irol

Q=
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Proof. From Lemma 3, using the well-known Holder’s inequality and the convexity
of | f'|?, we find

2011 4 1) a+b
W[%w +f(b)“‘J(a+b) f(a)}_f( 9 )‘

_ q 3 1

b—a t“pdt { a+ 2b) dt) + ( /

4 0

b—a 1 7
4 ap+1

IN

th>;}

S(2-t t
f(2 a—|—2b

=

IN

[ oI+ %‘f' (b)q} dt)q
! </01 [22t [ (a)]* + g I W} dt>é}

e (@) Kf (a))lz3|f’ <b>>|)3 ) <3|f’ @)+1f <b>>|)3] .

Let a; = 3|f'(a)|?, by = |/ ()|%, a2 = |f'(a)|?, ba = 3|f'(b)|?. Here, 0 < % <1 for
q > 1. Using the fact that,

Z ap + by)’ Z aj + Z b
k=1 k=1 k=1
For (0 < s < 1), ay,ag,...,a, >0, by, ba,....,b, > 0, we obtain
20710 (e + 1) 7, o a+b
S ey S0 gy S@] - 1050
b— 4 % 1 1
< & (ap+ 1) (B @I+ 17O+ (@ +317 6]
b— v
< () elr@i+ o

< 5t () @i+ o

which completed proof. O

Remark 3. If we take « = 1 in Theorem 6, then the inequality (3.6) becomes the
inequality (1.3) of Theorem 2.
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