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FURTHER INEQUALITIES FOR LOG-CONVEX FUNCTIONS
RELATED TO HERMITE-HADAMARD RESULT

S. S. DRAGOMIR!:2

ABSTRACT. Some unweighted and weighted inequalities of Hermite-Hadamard
type for log-convex functions defined on real intervals are given.

1. INTRODUCTION

A function f : I — (0,00) is said to be log-conver or multiplicatively convex
if log f is convex, or, equivalently, if for all z,y € I and ¢ € [0,1] one has the
inequality:

(1.1) fltz+ 1 =t)y) <[f @] [f @) "

We note that if f and g are convex and ¢ is increasing, then g o f is convex;
moreover, since f = exp (log f), it follows that a log-convex function is convex, but
the converse may not necessarily be true. This follows directly from (1.1) because,
by the arithmetic-geometric mean inequality, we have

F@T [f @I <tf @)+ (1= f(y)

for all z,y € I and t € [0,1].
Let us recall the Hermite-Hadamard inequality

(1.2) f<a;b)§bia/abf(x)dx§f(a);f(b)’

where f: I CR — R is a convex function on the interval I, a,b € I and a < b.
For related results, see [1]-[22], [25]-[29], [30]-[40] and [41]-[53].

Note that if we apply the above inequality for the log-convex functions f : I —
(0,00) , we have that

(1.3) In [f (“‘;bﬂ < bia/ablnf(“’)dxﬁ hlf(a)—;lnf(b)’

from which we get

(1.4) f(“;b)gem

b
b;/wmqgf@m>

that is an inequality of Hermite-Hadamard’s type for log-convex functions.
By using simple properties of log-convex functions Dragomir and Mond proved
in 1998 the following result [32].
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Theorem 1. Let f : I — (0,00) be a log-convex mapping on I and a,b € I with
a < b. Then one has the inequality:

b
w1 (*57) <55 [ VI@ @ ade < V@0,

The inequality between the first and second term in (1.5) may be improved as
follows [32]. A different upper bound for the middle term in (1.5) can be also
provided.

Theorem 2. Let f : I — (0,00) be a log-convex mapping on I and a,b € I with
a < b. Then one has the inequalities:

(1.6) f(a;—b> < exp [b_la /ablnf(x)dx]

b
i [ V@ @b a)ds

1
“b—a

IN

b
/f(m)deL(f(a),f(b)),

where L (p,q) is the logarithmic mean of the strictly positive real numbers p,q, i.e.,

pP—q .
L = L = p.
(p,q) np _Ing if p#q and L (p,p) :==p

The last inequality in (1.6) was obtained in a different context in [43].
As shown in [59], the following result also holds:

Theorem 3. Let f: I — (0,00) be a log-convex mapping on I and a,b € I with
a < b. Then one has the inequalities:

(L.7) f(“;b)g(@[lbmdx)zs@/a”m)dm.

We define the p-logarithmic mean as

[M]% with a # b
L, (a,b) == (p+1)(b—a)

a, ifa=">

forp #0,—1 and a,b > 0.
In the recent work [28] we generalized the inequality (1.6) as follows:
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Theorem 4. Let f : [a,b] — (0,00) be a log-convez function on [a,b]. Then for
any p > 0 we have the inequality

(1.8) f(“‘;[)) < exp [bia/:lnf(x)dx]

< (bia/abf%(x)dxy

{ [Lop—1 (f (@), f O))' "% [L(f (a), f (0)]% , p#

L(f(a)af(b))7 p:%~
Ifpe (O, %) , then we have

(1.9) f(a;b><e><p[bi /1Hf() ]
g(bfa/abfwmw(wbz)dxy
< <b1a/abf2p<w)d:c);p < bla/abfu)dm-

Remark 1. If we take in (1.8) p =1, then we get

(1.10) f(a;b><exp[bi /lnf() 1
_(_a/f 0t b a)d )
g(bla/abf2<w>dx>2

<[A(f (@), O [L(f (@), f(B))2 .

If we take p = % in (1.9), then we get

(1.11) f(a;rb>§exp [bi /hlf()
< /\/f fla+b—2x)d )2
s(bfa/a de) sﬁ/ f(2)d

<

N

=
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This improves the inequality (1.7).
Motivated by the above results, we establish in this paper some new unweighted

and weighted inequalities for log-convex functions, some of them improving earlier
results. Applications for special means are also provided.

2. NEwW RESULTS

The following result holds.

Theorem 5. Let f : [a,b] — (0,00) be a log-convex function. Then for every
t €10, 1] we have

b
(2.1) x)dx > / (a+0b— )" dz
ta+(1 t)b
f(w)du, ift#
(1—¢ a+tb
F(), ift=4.

Proof. The cases t =0, 1 5, 1 are obvious.
Assume that ¢ € (0,1) \ {%} . By the log-convexity of f we have

(2.2) @ [flatb—a) = f(L-t)z+t(a+b-u)
=f(1-2t)z+t(a+D))

for any z € [a,b].
Integrating the inequality (2.2) over x on [a, b] we have

b b
/[f(m)]l_t[f(a—i—b—x)]tda:z/ F((1=26) 2+t (a+ b)) da.

Since t # %, then u := (1 —2t)x + ¢t (a+b) is a change of variable with du =
(1—2t)dz.

For z = a we get u = (1 —1t)a + tb and for x = b we get u = ta + (1 —¢)b.
Therefore

ta+(1—t)b

f(u)du

b
/ f(l=2)z+t(a+b))de= o

(1—t)a+tdb

and the second inequality in (2.1) is proved.
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By the Holder integral inequality for p = &, ¢ = 1 we have

b —
[ @ farb - da
(o) (L
b -t b t
(af(x)da:> (/a f(a—|—b—x)dx>
— (/abf(:c)dx>1_t </abf(:c)dx>t = /abf(x)d:c,

that proves the first inequality in (2.1). [l

-

IN

t
dx)

Corollary 1. Let f : [a,b] — (0,00) be a log-convex function. Then for every
t€[0,1]\ {3} we have for p >0 that

1

(2.3) (b i p / % (2) dm) v

’ 5
> (bia/ [f2p (x)]l—t [f2p (aJFbx)]tdx)
1 ta+(1—t)b 3
2\ T=mo-a / 127 (u) du
(1-t)a+tb
) tat(1—t)b L
S (1—2t)(b—a) / FP (u) f7 (a + b — u) da
(1-t)a+tb
1 ta+(1—t)b .
a+
> exp (1—2t)(b—a) / In f (u) du Zf( . )
(1-t)a+tb

Proof. Follows from Theorem 5 applied for the log-convex function f2P with p > 0
and by Theorem 4 applied for the interval [(1 —¢)a + tb,ta + (1 — ¢t) b] when t €
(0,3)or [ta+ (1 —t)b, (1 —t)a+th])) when t € (1,1) ). O

If we take p =1 in (2.3), then we get

b % b
(24) (bfa/f%x)dx) z<bfa/ [fz(ff)]l_t[f2(a+b—:c)]tdx)

1

ta+(1—t)b 2

Nl

1
B (I A
(1—t)a+tb
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. ta+(1—t)b B
>((12t)(ba) / f(u)f(a+bu)dx)
(1—t)a+tb
. ta+(1—t)b )
a+
(1—t)a+tb

If we take p = 5 in (2.3), then we get

(2.5) — / f
= b—a/a @) [f(a+b—2)" do
1 ta+(1—t)b
20— f (u) du
(1—t)a+tb
1 ta+(1—t)b
Zm V@) f(a+b—u)de
(1-t)a+tb
1 ta+(1—t)b .
a+
> exp (1—2t)(b—a) / lnf(u)du]>f( . )
(1-t)a+tb
Corollary 2. Let f : [a,b] — (0, oo) be a log-convex function. Then for every

teOl\{}wehcweforpe( )that

(2.6) m/ f(x)de

b
> [ @I et b—a)) do
. ta+(1—t)b
Tomea ) T
(1—t)a+tb
X tat(1—t)b %
N\ / fg”“”“)
(1—t)a+tb
) ta+(1—t)b ﬁ
> (1=2t)(b—a) / fp(u)fp(a+bu)du>
(1—t)a+tdb

ta+(1—t)b

Zexpml(b_a) / lnf(u)du]>f<a;b).

(1—t)a+tb
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Follows by Theorem 5 and Theorem 4 for p € (0, 3) .
If we take p = % in (2.6), then we get

b
(2.7) ﬁ/ f(z)dx

b
> o [ U@ @b o) de
ta+(1—t)b
1
>
“1—20(b—a) f(u) du
(1—t)a+tdb
ta+(1—t)b 2
1
sl d
“la—200—a) f (u)du
(1—t)a+tb
ta+(1—t)b 2
1
> — v b—u)d
>N gy [ VWi
(1—t)a+tb
ta+(1—t)b
1 a+b
> — > .
2o gy | w20 ()
(1—t)a+tb
If we use the inequality
ta+(1—t)b
1
2. d
(28) L [r@as gglas [ twa
(1—t)a+tb

where ¢ # 1, for the log-convex function f : [a,b] — (0,00), f (z) = 1, then we get
Inb—1Ina < In(ta+ (1—1t)b) —In((1 —1t)a—+1td)

b—a ~ (ta+(1—-1t)b) —(((1—t)a+1td))
which, in terms of logarithmic mean, is
(2.9) L(ta+(1—-t)b,(1—t)a+1tb) > L(a,b)

for any ¢t € [0,1]\ {3} .
When ¢ = 1 the inequality (2.9) becomes A (a,b) > L (a,b) that is also true.
For g # 0, —1 define the L,-logarithmic mean as

1
(bq+1,aq+1 ) q ifb+a
Lq (a7 b) — (q+1)(b7a)
aif b= a.
If we use the inequality (2.8) for the log-convex function f : [a,b] — (0,00), f (z) =
L with p >0, p # 1, then we have for any ¢ € [0,1] \ {%} that

ta+(1—t)b
1

b
1
Py > —Pq
b—a/a ST T - a) / woe
(1—t)a+tb
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- b —a T (tat (L)) " (L= t)at i) "
(L=p)(b—a) = (L-p)[ta+ (1 —=1)b) - (1 -t)a+1b))’
which can be written as

L=} (a,b) > L} (ta+ (1 —t)b,(1 —t)a+1tb).

Therefore we have
(2.10) L_,(ta+(1—1)b,(1—t)a+1tb) > L_,(a,b)
for any p > 0, p # 1 and for any ¢ € [0,1] \ {%} The case t = % reduces to the
known inequality A (a,b) > L_, (a,b) for any p > 0.
3. WEIGHTED INEQUALITIES
We have the following generalized weighted version of the inequality (1.5).

Theorem 6. Let f : [a,b] — (0,00) be a log-convex function. If w : [a,b] — [0,00)
is integrable and f; w (z) dz > 0, then

b P(x) fP(a —z)dz =
(3.1) f(“‘z”’)s(faw(”)ff}ifx)(d;b ”) SNOHO

for any p > 0.
In particular, we have

b 3
(32) f(“;b)s(faw(m)ff}x;fx;b‘”dm) <VI@ I,

Proof. We know that, see [32] or [35, p. 198], if g is log-convex, then

(33 s(%572) < Va@gtati—a) < Valas

for any x € [a,b].
For any p > 0 the function f? is log-convex and by (3.3) we have

(3.4 (7)) s P @ a0 < @

for any z € [a,b].
If we multiply (3.4) by w (z) > 0 and integrate, then we get

2 (“‘2”’> /abw(as)dx</abw(a:)fp(x)f”(a+b—x)dx
b

< 7 (a) 17 (b) / w(z) de

a

namely
b
(35)  f (a + b) L@ s (;:) fPla+b—1)ds
? S} w (@) da
Taking the power % in (3.5) we get the desired result (3.1). 0

< f7(a) f7 (b).
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We also have the inequality

a+b f:w(x)\/f(x)f(a+b—x)dx
f( 2 )S f;w(x)dw :

(3.6) f(a) f(b),

that is a weighted version of (1.5).
If we take p = 1 in (3.1), then we get

b\ [w) VT@ Flatb—ade)
(3.7) f(a;)<<a ey )g F@) 7.

a

Using Jensen’s inequality for the power p > 1 (p € (0, 1)), namely
b P b
fa w(x)g(z)dx <(>) fa w () g7 (z) dz
f:w (x) dw - f;w (x)dz

we can start the following more precise result:

Corollary 3. Let f : [a,b] — (0,00) be a log-convex function and w : [a,b] — [0, 00)
be integrable and ffw (x)dz > 0.

If p> 1, then
a+b fjw(x)f(:z:)f(a+bfx)dx :
oo (5 )§< Ji w (@) da )

<V f(a)f (D).

< (f:w(m)fp(x)fp(a+b—x)dx>211’
- b
J,w(z)dx
Ifpe (0,1), then

a+b bw (@) fP () fPla+b—x)de \ >
B

b :
faw(x)f(x)f(a+b_”3)dx> <T@

< ;

[ w(z)dx
Remark 2. Let f : [a,b] — (0,00) be a log-convex function. We observe that if we
take in (8.1) w(x) = fP(a+b—1x), p> 0, then we get

b 2%
3.10 a—i—b) M b
(3.10) f( )< (o) <VT@ro
for any p > 0.
In particular, we have the inequalities
. }
3.11 “Jfb) Jo (@) dz .
(3.11) 1(5) < 5| <vIaTe
and
b
(3.12) (% gf;,,”;("”)d;g T 7).
o/ fx)
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If we take in (3.10) f (z) = 27, € [a,b] C (0,00), which is log-convex, then
we have

1

(3.13) (“jﬁii<ﬁm““>w<( F@7m)

fb xPdx

a

Observe that

and by (3.13) we have

(a;b>]ki(wpwwﬂﬁ_pwwn>é<( F@7rm)

that is equivalent to

This can be also written as

(3.14) G (a,b) < G(Lp(a,b),L_p(a,b)) < A(a,b).
If we take in the first inequality (3.14) p = 1, then we get
(3.15) G? (a,b) < A(a,b) L(a,b).

We have the following weighted version of (1.4).

Theorem 7. Let f : [a,b] — (0,00) be a log-convex function. If w : [a,b] — [0,00)
is integrable and fab w (x)dx > 0, then

fab w (z) mdm)
3.16 “
o f(ﬁw@ﬂx

ff w(z)In f () dm)
<ex
= < f; w (z) dz
1 (1’5 zw(z)de

1 _f(i’ zw(z)dx
o V=) e (- 555

1 fbxw(a:)dx ) ( fbxw(x)dx) ]
< a O N Ly Y
b-a [( ffw(:r)d:c ©) f;w(:c)dx (@)

Proof. Since In f is convex, then by Jensen’s inequality we have
f; w () xdx - f; w(z)In f (z) dz
fbw(x)dx B fabw(ac)dx .

Taking the exponential in (3.17) we get the first inequality in (3.16).
Since In f is convex, then

IN

(3.17) In f (

b—x
"~ hn f (a)

T —

(3.18) lnf(x)—lnf< ab+bma)<xalnf(b)+

b—a b—a ) " b—a
for any x € [a,b].
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By taking the weighted integral mean in (3.18) we get

fbw(x)lnf(w)dx
3.19 =
1 fbmw(a:)dm ) ( fbxw(x)dx> ]
< 2 Calmf) 4 (b TN
b—al( f;w(m)dx ) f;w(x)d:p (@)

1 Jb ww(x)da _a 1, L aew()de
~In ([f oy Uiz =) e (- s )) |

By taking the exponential in (3.19), we get the second inequality in (3.16).
The last part of (3.16) follows by the weighted geometric mean-arithmetic mean
inequality. (|

Remark 3. If we take w (x) = 1, x € [a,b] in the first two inequalities (3.16), we
recapture (1.4).
If we take w (z) = L, z € [a,b] C (0,00) in (3.16), then we get

b1
(3.20) f(L(a,b)) <exp <lnb i — / HJ;(CC) dﬂc>
L(a,b)—a b—L(a,b)

<O @)
(L(a,b) —a) f (b) + (b= L (a,b)) f (a)

b—a ’

IN

where L (a,b) is the logarithmic mean, i.e.

lnll;:ilna zfa;éb
L(a,b) =
a if a=0.

If we take w (z) = &, x € [a,b] C (0,00) in (3.16), then we get

x

(3.21) f (W) < exp <b(iba /ab mi;(x) dac)
<yor” (k) (@)™ ()
< bia Kf&’bﬁ) a) f(b) + (b GLQ(EIGJ;)> f(a)} .

We also have the alternative result:
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Theorem 8. Let f [ b] — (0,00) be a log-convex function. If w : [a,b] — [0, 00)
is integrable and f x)dx > 0, then

fb w (x) xdac)
392) LT
(3:22) < J, w(x)dx

y ffw(m) In f (z)dx

= p( [ () do )

Lo@i@d (r@p)™ hee (fE)" d
f;w(:ﬂ)dm —\[f)* w(x)d

1 fab zw (z) dz ) ( f(f xw (x) da:) ]
< —a b b— 4t ——— a)l .
“b-a Kf:wmdx TO = )

Proof. Using Jensen’s inequality for the exponential function we have

eXp(ffw(w)lnf(x)dx> Jyw (@) Xp(lnf())
fbw(x)dx B faw
M
- b

’LU
a

<

and the second inequality in (3.22) is proved.
From (3.18) and the arithmetic mean - geometric mean inequality we have

—a b—a a b ﬁ e
(323) @ <O [f @] = (Bj Ezﬁa) (}f <(b)>>

for any x € [a,b].
By taking the weighted integral mean in (3.23) we get

fabw(x)dm
(a7 e (55)" e
e J; w (@) do

1 fbxw(m)dx ) ( fbxw(x)dx> ]
< g —a b b— t——F—— a
_b—a[<f;w(x)dx Fo)+ f;w(x)d:z: fia)

and the last part of (3.22) is proved. O
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Remark 4. If we take w(x) =1, x € [a,b] in (3.22), then we have

(3.24)  f <“;b) < exp <b_1a /ablnf(z) d:c)

b
<y [ f@dn< LG @) ) <

If we take w (z) = 1, z € [a,b] C (0,00) in (3.22), then we get

b n x
(3.25) f(L(a,b)) <exp (lnbilna/ In f ( )dx)

x
o1 /”f(as)
“Inb-Ina J, =

(o)™ 2 ()

fla)+f(b)
5 .

[f (b)]" Inb—1Ina
< (L(ab) —a) f(b) + (b= L(a,b)) f ()
b—a '

4. INEQUALITIES FOR SYMMETRIC WEIGHTS
We say that the weight w : [a,b] — [0, 00) is symmetric on [a,b] if
w(a+b—2x)=w(zx) for all x € [a,}].
It is well known that if f : [a,b] — R is convex and w : [a, b] — [0, 00) is integrable
and symmetric on [a, b], then the Fejér inequality holds
b
d
) T PRI CENT)
2 J, w(z)dzx 2
If f:[a,b] — (0,00) is a log-convex function on [a,b] and w : [a,b] — [0,00) is
integrable and symmetric on [a,b], then by (4.1) we have
I f<a+b> f:w(x)lnf(x)dx<lnf(a)+lnf(b)
- ff w (z) dx - 2

)

which is equivalent to

b
a9 () <ew (f“ wf(f;zf = dx) <T@ 7.

Theorem 9. Let f : [a,b] — (0,00) be a log-convex function on [a,b] and w :
[a,b] — [0,00) be integrable and symmetric on [a,b]. Then

a+b f:w(:c)lnf(x)dx
(*3) f( 2 ) p( f;w(x)dx >

(@) Vi@ [la+b—a)de _ [w(x)](z)de

ffw (z)dz f:w (z)dz

IN
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Proof. By Jensen’s integral inequality for the exponential we have
(4.4) op (L @) /TG T @ d b= 2y
| J, w (@) do
S w (@) exp (ln V@) fla+b- x)) d
Jyw (@) do
_ JPw (@) (@) Fla+b—a)de
: [P w (@) da |

Observe, by the symmetry of w, that

since, obviously

b

b
/w(a—i—b—x)lnf(a—i—b—x)dx:/ w(z)In f (z)de.

a

By (4.4) we then get the second inequality in (4.3).
By Cauchy-Buniakovski-Schwarz integral inequality we also have

b
/w(x)¢f(z)f(a+bfx)dw

g\//abw(w)f(w)dw\//abw(m>f((a+b—m))dx
=\//abwmf(x)dxwabwmf(x)dx
=/abw(fv)f dz

which proves the third inequality in (4.3). O

(z) dz,

The above inequality (4.2) may be generalized as follows by replacing f with f2P
for p > 0.
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Corollary 4. Let f : [a,b] — (0,00) be a log-convex function on [a,b] and w :
[a,b] — [0,00) be integrable and symmetric on [a,b]. Then for any p > 0 we have

a+b bw (x)In f (z) dz
Y (% )“"p(fa Fatris )
(f;w(x)fp(x)fp(aﬂ—x)dx)21p
2w () do

< (ffw@c) o <x>daz>;"
- f;w(x) dx

Remark 5. We observe that for p > 1 we have

atb Yw (z)In f (z)dz
(4.6) f("g) < oxp <fa fé’;(gg];;z) )
< <f;w(17)f(m)f(a+bm)dz>é
N b
faw(l')dx
: (f:w(x)fp(x)fp(a—%—x)dff)zp
N b
faw(-r)dilj

< (ffw?)f?p 2) da ) ’
faw

<

and for p € (0,1)

a+b Yw (z)In f (z) dx
Y (%) Sexp<fa f(b;uf;x) >
< (ffw(w)fp(x)fp(a+b—x)dx>21?
= b
Jow(@)dw
- (f:w(m)f(x)f(a+b—x)dx>2
= b
[ w(x) d

IA

(ffw(x) 2 (2) du )
S w '

Theorem 10. Let f : [a,b] — (0,00) be a log-convex function on [a,b] and w :
[a,b] — [0,00) be integrable and symmetric on [a,b]. Then for any p > 0 we have

Finally, we have:

1

(1) f(“;b)_(f f;bwdz)dx) < VF@I®.
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Proof. From (3.4) we have

(4.9) f2p<a+b> L <o)

2 fPla+b—2) fPla+b—ux)

for any « € [a,].

If we multiply by w (z) > 0 and integrate on [a, b] , then we get

fZP(a;b)/a f”?;(%x /fp () d

» » b w(z)de
PP [ et

Since, by symmetry of w we have

_ [wlat+b—z)dx
/fp a+bfx)_ “ fp(aerf:c / fP ’

which implies that

a (Hb)/ o /fp (e)d

< f7(a) 7 <b>/ 7“‘}”?‘5“”

and the inequality (4.8) is proved. (]

Remark 6. If we write the inequality (4.8) for the log-convex function f : [a,b] C
(0,00) — (0,00), f(x) =1, then we have for p >0

<a+b>1§ [P e rw (z) de ﬁg(\/@—l,

2 f; xPw (z) dx

that is equivalent to

(4.10) G (a,b) <

f; Pw (z)de \ >
f; x~Pw (z) dx

< A(a,b),

for any symmetric integrable weight w : [a,b] — [0, 00) .
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