Received 02/06/15

SOME INTEGRAL INEQUALITIES OF HERMITE-HADAMARD
TYPE FOR GG-CONVEX FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some related integral inequalities of Hermite-Hadamard type for
G G-convex functions defined on positive intervals are given. Applications for
exponential integral mean are also provided.

1. INTRODUCTION

We recall first some facts on GG-convex functions and Hermite-Hadamard type
inequalities.

The function f : I C (0,00) — (0,00) is called GG-convexr on the interval I of
real umbers R if [4]

(L.1) FE@2) < @1

for any z,y € I and X € [0, 1] . If the inequality is reversed in (1.1) then the function
is called GG-concave.

This concept was introduced in 1928 by P. Montel [50], however, the roots of the
research in this area can be traced long before him [51].

It is easy to see that [51], the function f : I C (0,00) — (0,00) is GG-conver if
and only if the the function g : Inl — R, g =Inof oexp is convex on In [.

It is known that [51] every real analytic function f(z) = > " ¢,a™ with non-
negative coefficients ¢, is a GG-convex function on (0,7), where r is the radius of
convergence for f. Therefore functions like exp, sinh, cosh are GG-convex on R, tan,
sec, Csc, % — cot x are GG-convex on (O, g) and i, In ﬁ or }J_r—i are GG-convex
on (0,1). Also, I' function is a strictly GG-convex function on [1, 00).

It is also known that [51], if a function f is GG-convex, then so is z f? (z) for
all « € R and all 8 > 0. If f is continuous, and one of the functions f(x)® and
f(el/197) is GG-convex, then so is the other.

As pointed out in [51], the Lobacevski’s function

L(z):= /090 In (cost) dt

is GG-convex on (0,7/2) and the integral sine

Si (2) = / st o
0 t

is GG-concave on (0,7/2).
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We recall the classical Hermite-Hadamard inequality that states that

b
(1.2) f(“;b><1a/ f(t)dtgw

for any convex function f : [a,b] — R.
For related results, see [1]-[20], [23]-[28], [ 9]-[38] and [39]-[54].
We define the logarithmic mean L (a, ) f two positive numbers a, b by
b—

ifb#a

Inb—Ina
L(a,b):=
bif b=a.
In 2010, Zhang and Zheng [63] proved the following inequality for a GG-convex
function f on [a, b]:

(1.3) iﬂéﬂgffmeLmﬂ@wﬂm.

In 2011, Mitroi and Spiridon [49] established amongst other the following double
inequality:

b—L(a,b) L(a,b)—a

1 b
ﬂ@.W@W@m@ﬂ/mmW%W@W“U@W“,

where f : [a,b] C (0,00) — (0,00) is GG-convex and I (a,b) is the identric mean of
positive numbers a, b

i(Z—Z) e ifb#a

bifb=a.

I(a,b):=

In 2013, Iscan [42] also proved the following result:

(1.5) f(f < hla/ = ab dt

[t
< <
nb— 1na / lar<L(f(a).f

provided that f : [a,b] C (0,00) — (0, 00) is GG-convex.
In the recent paper [27], by using some results for GA-convex functions from
[25], we proved amongst others the following results:

Theorem 1. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function on [a,b].
Then for any A € [0, 1] we have

(1.6) f(Vab) < s (a%b%)r” L (a?b%)r

1 ®In f (1)
<
= exp (lnb—lna/a t dt
A

<T@ O 1 @F < VT@ T )

and
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Theorem 2. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function on [a,b].
Then we have the inequalities

FOL f4<a>a>

1
b)8< Fo) T @

U e R

Inb—Ina Ja

1 b In f(s) JL@b  fl(a)a
exp (111 b—Ina fa s ds

S

Motivated by the above results we establish in this paper some new inequalities
of Hermite-Hadamard type for GG-convex functions. Applications for exponential
integral mean are also provided.

(1.8) 1

2. NEwW RESULTS

We start with the following inequality for powers of GG-convex functions:

Theorem 3. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function on [a,b].
(i) If p € (0, %] , then we have

(2.1) f (\/@) < oxp [ 1 /ab lnf(t)dt]

Inb—1Ina t

1 b1 Vab &
= <lnblna/a gfp ® 1 (t) dt)

1 b1 K 1 0
<|(—— | Zy% <
- (lnb—lna/a tf (t)dt> - lnb—lna/a t dt

< L(f(a), [ (b))

(i) For p > 0, but p # %, we also have

(2.2) f (\/%) < oxp [ 1 /b In f (t) dt]

Inb—1Ina t

L (Y )
s (lnblna/a ?f 7 (t) dt)

1

1 b1, K
< - _ f4p
- lnb—lna/a tf (1) dt

1-& L

< [Lop—a (f(a), f(O))] 2 [L(f (@), f (0))]* .
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If we take p = 1 in (2.1), then we get

(2:3) f(m) < exp llnb llna/ 20y 1

(s [ ror (2)e)

= <lnb—lna/ th)

< irg | a<ru@ o).

The case p = % produces

(24) f (\/7)) < exp [ ! / Inf(t ) ]

Inb—1Ina

f(t)
<
lnb lna/,, dt_lnbflna t dt

Also, if we take p =1 in (2.2)7 then we get

(25) f (\/c%) < oxp l 1 /b lnf(t)dtl

Inb—1Ina /, t

1 b1 Vab
S\llnb—lna/a tf(t)f<t> dt

< \/ S / LW < JAT@. TOWIT @ T0)
~\Ilnb—1Ina J, t - ’ ’ '

We also have:

Theorem 4. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function on [a,b].
Then for every s € [a,b] we have the inequality

b
(2.6) (Inb—1Ins) f(b)+ (Ins—1na) f(a) — / @dt

b b
2/0. f(t)ltnf(t)dt—lnf(s)/; @dt.

If we take in (2.6) s = G (a,b) = Vab, then we get

2.7) (Inb—Ina) M—/bf(t)dt

/7f LEA R /f dt.



SOME INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE
Also, if we take s = I (a,b), then we get from (2.6) that
P f )
(28)  (mb—InT(a,b)) f(b)+ (Inl(a,b)—Ina)f(a)— / L0 4
a

/‘f L0 PR (/f

Since simple calculations show that

Inb—1InT(a,b) = W
and b L(ah)
Inl(a,b)—Ilna= “L(b) (Z’) )
then the inequality (2.8) can be written as
L(a,b) — b—L(a,b ’
b n b
> / Mdy ~nf (7 at) [ @dt.
Moreover, if we take the integral mean in (2.6), then we get
b
(2.10) (Inb—1InT(a,b)) f(b)+ (In1(a,b) —Ina) f (a) — @dt

b n b b ‘
2/{1 f(t)ltf(t)dtbia/a lnf(s)ds/a #dt.

This can be also written as

(2.11) L%&s)b—)af(beLL (a.b) / I 4

/f hlf()dt*bia/lf /f "

From a different perspective we have:

Theorem 5. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function on [a,b).
Then we have the inequality

b
CYSR AIES (G Wy o

2
v f () a0 1 “Inf (¢)
z/a Tlnf(t)dtf/a : dtlnb—lna/a ——dt > 0.

Also, we can state the following result as well:

Theorem 6. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function on [a,b].
Then we have the inequality

b f(t)Int b f(t)lnt
(2'13) f(b) (hlb M) +f(a) <fa dt ) / f

[P L0 g N f(t)d

f f ( <fb f(t)tlnfdt>>
1 ft 1nf exp |~ >0
/ / S0 gy
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Finaﬂy7 we ha,Ve

Theorem 7. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function on [a,b].
Then we have the inequality

! L (t) %
(2.14) <lnb—lna/a ; dt>

> <lnbilna /ab (@) [fgp (?)th)

1

a®pl—« L
1 f2p (t)
> —_—
= (1 — 201) (lnb —In a) / g gt
al—apa
a“bl—a N %
> 1 / Mdt
=z (1—20() (lnb_lna) j
al—apa
1 R0
nf(t
> >
> exp (1 —-2a)(Inb—Ina) / : o 7f(\/%>’
al—apa

for every a € [0,1]\ {3} and p > 0.

For p = } in (2.14) we get

2
(2.15) ( 1 /b @dt>

lnb - lna
1 b b 2
"o (b

ot [l ()

a®pl—e 9
1 VI®

> (1 — 20() (lnb —In CL) / g i@

al—apa

2

. “7amdt

> (1—201) (lnb_lna) t
al—apa
1 " 110
> exp (1 —-2a)(Inb—Ina) / : o zf(\/%)

al—apo
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If we take p = 1 in (2.14), then we get

f

1 A0
(2.16) Inb— lna/a t dt
1 b

> i [ wer s (%)) a

a“bl—™
1 f (@)
= (1=2a)(Inb—Ina) / ;o
al—(xb(v
a®bt™
1 F@O (%)
2 (1-2a)(Inb—1na) / t dt
al—(xba
a“bl—™
1 In f (¢)
=P | T 50) (Inb— Ina) / P | > f (Vab).
al—(xb(v

Finally, by taking p = 1 in (2.14) we get

1 ")
(2.17) \/lnb—lna/a t dt

> \/ el e - (t”)}dt

H’ablfa
1 (@)
> dt
Al (1-2a)(Inb—1na) / t
alfaboc
aotbl—a t b
> 1 / I )f(T) dt
(1 -2a)(lnb—1na) t
al—aba
| s )
nf(t
> > .
=P 1 " 2a) (Inb - Ina) / g —f(\/%)
al—aba
3. PrROOFs

In the recent paper [26] we established the following inequalities for a log-convex
function g : [¢,d] — (0, 00):
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If pe (0,%], then we have

| /\

c+ d 1 d
(3.1) g < [d g (x) daz]

IN

b'A P

A&

e
/ a:) Sd—c g(x)dx
,9(d

\./('3

For p > 0, but p # 1, we also have

(3.2) g(c—;d) < exp [dic /Cdlng(a:)dx]

L
</>

< [Lap-1(9(¢), 9 ()] [L(g(c), g ()] .

If f:a,b] C (0,00) — (0,00) is a GG-convex function on [a, b], then by taking
g:= foexp; ¢ =1Ina and d = Inb we have that g is log-convex on [c,d] and by
(3.1) and (3.2) we get

(33)  foexp (W)

1 Inb
< -
< exp [lnb—lna/l In[f oexp ()] dx}

na

S

1 Inb
< (lnb—lna/l [f oexp (x)]p [f oexp (lna—i—lnb—x)]p dm)

na

L

1 Inb ) 2p
< p
- (hlb—lna/lna foexp ()] dz:)

Inbd
1 foexp(x)dr < L(foexp(lna), foexp(d))

T Inb—Ina Ji,,
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for p € (0, é] and

(3.4) foexp (lrla—2|—1nb>

1 Inb
< -
< exp llnblna/l In[f oexp (z)] dx

na

b2

< (lnbllna [foexp ()]’ [foexp(Ina+Inb— z)]” d:];) 3

1 Inb 9 i
< P
= <1nb—1na/hm [ o exp (x) dm)

S [L2p—1 (f O exp (11’1 a,) , f o exp (lnb))]l_ﬁ
X [L(foexp(Ina), foexp (lnb))}ﬁ
for p > 0, butp;é%,

The inequalities (3.3) and (3.4) can be equivalently written as

(3.5) f (\/CTb) < exp Lnbilna /llnbln [f oexp (x)] dm]

na

1 Inb p

= <lnb—lna/1na [f oexp (@ [f (exp )1 >
1 Inb 2 %

= <lnb—lna/1na [f oexp ()] d )

1 Inb

-

S foexp(z)dx < L(f (b))

7
Ina

(3.6) f (\/CE) < exp |}nb:na /llnbln [foexp(x

na

1 Inb \/7 ﬁ
= <lnb—lna/1na [f o exp () lf (exp(x))} dm)

1 Inb 2 %
< D
= (hlb—lna/lna |f o exp ()] dx)

< [Lap1 (f (a), £ (0)]' 7% [L(f (a), f (b))%

2p

Now, by making the change of variable exp (x) = ¢ in the integrals from (3.5) and
(3.6) we obtain the desired results (2.1) and (2.2).

In [26] we also obtained the following result:
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Let g : [c,d] — (0,00) be a log-convex function on [¢,d]. Then for any x € [c, d]
we have

d
(3.7) g<d><d7z>+g<c><zfc>f/ g (y)dy
d d
2/ g(y)lng(y)dy—lng<x>/ g () dy.

A simple proof of this fact is as follows.
Since the function In g is convex on [c, d], then by the gradient inequality we have

(3.8) lng(@)—lng(y) > LWz _y

for any « € [¢,d] and y € (¢, d).
If we multiply (3.8) by g (y) > 0 and integrate on [c, d] over y we get

d d
1ng(fﬂ)/ g(y)dyf/ g(y)Ing(y)dy
d d
2/ g#(y)(w—y)dy:g(y)(w—y)\er/ g9 (y)dy

d
=g<d><x—d>+g<c)<e—w>+/ g () dy,

which is equivalent to (3.7).
If f:a,b] C (0,00) — (0,00) is a GG-convex function on [a, b], then by taking
g:= foexp;c=1Ina,d =Inband x =Ins, s € [a, b], we have that g is log-convex
on [c,d] and by (3.7) we get

Inb
(Inb—1Ins) foexp(Inbd) + (Ins —Ina) f oexp (lna) 7/ foexp(y)dy

Ina
Inb Inb

> foexp(y)In(foexp(y))dy —In(f oexp(lns)) foexp(y)dy,

Ina Ina

that is equivalent to

(Inb—1Ins) f(b) + (Ins —Ina) f (a) — foexp(y)dy
Inb Inb
> foexp(y)In(foexp(y))dy —Inf(s) [ foexp(y)dy,

Ina Ina

that holds for each s € [a,b].

Now, if in this last inequality we make the change of variable exp (y) = ¢, then
we obtain the desired result (2.6).

We have the following result for log-convex functions that improves the trapezoid
inequality for the convex function h : [¢,d] — R

d
h(d);rh(C) - dic/c h(y)dy > 0.

We have [26] :



SOME INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE

11
Lemma 1. Let g : [¢,d] — (0,00) be a log-convex function on [c,d]. Then

d
(39) g(d);g(c) _ dic/ g(y) dy

d d d
Z/C g(y)lng(y)dy—/c g(y)dyﬁ/c Ing(y)dy > 0.

Proof. If we take the integral mean over z in (3.7), then we get
1

= [ b@a-n+s@E-ald- [ gw

d d d
/g(y)lng(y)dy—/ g(y)dyﬁ/ Ing (z) dx

>

and since
1 d)+g(c 1 e
[ ls@@-a)+g@ o= L0210 - [0y
d—c /. 2 d—c /.
then the first inequality in (3.9) is proved.

Since In is an increasing function on (0, 00), then we have

(9(x) =g () (Ing(x) —Ing(y)) >0

for any x,y € [c,d], showing that the functions g and In g are synchronous on [, d] .

By making use of the Cebysev integral inequality for synchronous functions g, A :
[c,d] — R, namely

I I I
7 /g(z)h(m)dzzd /g(az)dmd /h(x)d:p,
—CJc —CJe —CJc
then we have
I I I
>
d—c/c g(ac)lng(:zc)alm_a{_c/c g(ﬁv)d:vd_c/c Ing(x)dz,

which proves the last part of (3.9).

[l
If f:a,b] C (0,00) — (0,00) is a GG-convex function on [a, b], then by taking

g:= foexp; ¢c=Ina, and d = Inb, we have that g is log-convex on [c, d] and by
(3.9) we get

(3.10) f(b)+ f(a) 1 Inb

2 " Inb—1Ina Ina
Inb

foexp(y)dy

1 (y)In (f oexp (y)) dy

Inb Inbd
1
— dy——— 1 d
w/lna foexp(y) ylnb_lna’/lna n(foexp(y)) Y
> 0.

By changing the variable exp (y) = ¢ in (3.10) we deduce the desired inequality
(2.12).
We have [26]:
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Lemma 2. Let g : [¢,d] — (0,00) be a log-convex function on [c,d]. Then

fcdyg(y)dy> (f yg (y > d
3.11 d) | d— 22222077 —c) - d
(3.11) g( )( fcdg(y)dy +9g(c) f .y /cg(y) Yy
d d IS yg (y) )
> In dy — dyln 0.
_/C g(y)Ing(y)dy /C g (y)dy g<f () dy

Proof. The first inequality follows by (3.7) on taking

[l yg ) dy
[29 () dy

€ [e,d]

since g (y) > 0 for any y € [c,d].
By Jensen’s inequality for the convex function In g and the positive weight g we
have

[29(y lng g(fg ydy)
e J2gy ’

which proves the second inequality in (3.11). O

If f:a,b] C (0,00) — (0,00) is a GG-convex function on [a, b], then by taking
g:= foexp; ¢c=1Ina, and d = Inb, we have that g is log-convex on [c, d] and by
(3.11) we have

Inb Inb
(3.12) f(b) <lnb— flnlgbyfoeXp( )dy> +£(0) (fhm yf o cxp (y) dy —1na>

Inb
lnafoexp( >dy lnafoeXp( )dy
Inb
[ et
Ina
Inb
> foexp(y)In(foexp(y))dy
Ina
Inb

o ex d
_ foexp(y)dyxln(foexp)< lnlfnb(f exp (y)) y)

Ina ma foexp(y)dy
> 0.

By changing the variable exp (y) = ¢ in (3.12) we get (2.13).
In [26] we also proved the following result:
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Let g : [¢,d] — (0,00) be a log-convex function. Then for every a € [0,1]\ {5}
we have for p > 0 that

d %
(3.13) (d i - / g2 (x) dm)

d
> (d ! / (g% (m)]l_a [9% (c+d—=)]" dm)

s

—C
1
act+(l1—a)d 2p
1
> P (u) d
“la-20)d-0) g7 (u) du
(1—a)ctad
act+(1—a)d ﬁ
1
S [ — P (u) g (c+d—u)d
(1—a)etad
) act+(1—a)d p
c+
> —_ 1 du| > .
=PI 20)(d -0 / ng (u) du —9( 2 )
(1—a)c+ad

If f:]a,b] C (0,00) — (0,00) is a GG-convex function on [a, b], then by taking
g:= foexp; ¢c=Ina, and d = Inb, we have that g is log-convex on [c,d] and by
(3.13) we have

1 Inb
( f? oexp (z) dx)

S

Inb—-1Ina /i,

1 Inbd
Y 2p 2p
- (ln b—1Ina /hla [f o exp (m)] [f exp (z

c~
Q

U

&
~
¥

In(aablfa) 2p
1

> 2p
“ 1 (1-2a)(Inb—Ina) / JToexp (@

In(al—abe)

1

ln(aabl_a) 2p

> ! / I
oex

| (1-2a)(Inb—1Ina) exp (@ exp (x

In(al—abe)
ln(a("b1 “

= exp (172a)(inb—lna) / lnfoexp(x)dx Zf(\/Cl»),

In(al=>be)

which, by changing the variable ¢t = exp x, is equivalent to (2.14).
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4. APPLICATIONS FOR EXPONENTIAL INTEGRAL MEAN
First, we consider the exponential integral Ei : R — R defined by

T et
Ei(x):/ —dt, z €R

— 00

and for b > a > 0 define the exponential integral mean by

Ei(b)—Fi(a) [, Sdt
Inb—lna  Inb—1Ina’

Ei, (a,b) :=

If we use the inequality (2.3) in the form

1 "Inf(t) 1 "I
(4.1) P [lnb—lna/a t dt] = lnb—lna/a t

< L(f(a),f (b))
for the GG-convex function f () = expt, then we get the basic inequality

(4.2) exp (L (a,b)) < Ei, (a,b) < L(exp (a) ,exp (b)) = E (a,b),
where )
E(a,b) := W, b>a>0.

From (2.12) for the GG-convex function f () = expt, we have
(4.3) A (exp(a),exp (b)) — Ei, (a,b) > (b—a) [E (a,b) — Ei, (a,b)] > 0.
If we use the inequality (2. 16) in the form

/ f(t
Inb— lna

[
(1—204)(1nb—1na /

abl o

al—apa
1 aablfozl f( )
n f (¢
> > vV
= &P (1-2a)(lnb—1Ina) / t dt _f( ab)
al—apa

for the GG-convex function f (t) = expt, then we also have
(4.4) Ei, (a,0) > Ei, (a'*b*,a%b'"?)

> exp (L (a'*b*,a%b'"*)) > exp (G (a,b))
for every o € [0,1]\ {3} .
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