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ABSTRACT

In this paper, a new weighted identity involving harmonically symmetric functions and differentiable functions
is established. By using the notion of harmonic symmetricity, harmonic (s,m)-convexity, analysis and some
auxiliary results, some new Fejér type integral inequalities are presented for the class of harmonically (s,m)-
convex functions.

1. INTRODUCTION

A function f: I C R — Ris called convex function if f(Ax+ (1 —A)y) <Af(x)+(1—A)f(y) forallx,y e[
and A € [0,1]. There are many results associated with convex functions in the area of inequalities, but one of
them is the classical Hermite-Hadamard (see [21]) inequalities:

a+b 1 b fla)+ f(b)
(L.1) 1057 < 5 | rear < BT
for all a,b € I, with a < b. The inequalities in (1.1) hold in reversed direction if f is a concave function. A vast
literature have been produced by a number of mathematicians for convex functions but (1.1) is considered to be
the most famous inequality for convex mappings due to its usefulness and many applications in various branches
of pure and applied mathematics. The definition of classical or usual convex functions has been generalized
in a variety of ways and as a consequence many researchers have established a number of Hermite-Hadamard
type inequalities by using different generalizations of the classical convexity, see for instance [2]-[23] and the
references mentioned in these papers.
One of the generalizations of classical convexity is the harmonic (s,m)-convexity in second sense, which unifies
the notion of Harmonically convex and Harmonically s-convex functions in second sense introduced by Imdat
Iscan in [12],[13] as stated in the definition below.

Definition 1. [1] The function f: 7 C (0,00) — R is said to be harmonically (s, n)-convex in second sense, where
s€(0,1] and m € (0,1] if
mxy ro 1=t s s
— 1 )= - T <t 1—1t
fmramne) =Gt ) SEf +m1=0'F0)
Vx,y€landz € [0,1].
i
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Remark 1. Note that for s = 1, (s,m)-convexity reduces to harmonically m-convexity and for m = 1, harmonically
(s,m)-convexity reduces to harmonically s-convexity in second sense (see [13]) and for s,m = 1, harmonically
(s,m)-convexity reduces to ordinary harmonically convexity (see [12]).

Proposition 1. Ler f: (0,00) — R be a function

a) if f is (s,m)-convex function in second sense and non-decreasing, thenf is harmonically (s, m)-convex function
in second sense.

b) if f is harmonically (s,m)-convex function in second sense and non-increasing, then f is (s,m)-convex function
in second sense.

Remark 2. According to proposition 1, every non-decreasing (s,m)-convex function in second sense is also
harmonically (s,m)-convex function in second sense.

Example 1. (see[3]) Let 0 < s < 1 and a,b,c € R, then function f : (0,0) — R defined by

a, x=0
f(x){ bx’+¢, x>0

is non-decreasing s-convex function in second sense for b > 0 and 0 < ¢ < a. Hence, by proposition 1, f is
harmonically (s, 1)-convex function.

Proposition 2. Ler s € [0,1], m € (0,1], f: [a,mb] C (0,00) — R, be an increasing function and g : [a,mb] —
la,mb], g(x) = - +”,1n“1ffx, a < mb. Then f is harmonically (s,m)-convex in second sense on [a,mb) if and only if
fog is (s,m)-convex in second sense on [a,mb).

The following result of the Hermite-Hadamard type holds.

Theorem 1. Let f:1 C (0,00) — R be a harmonically (s, m)-convex function in second sense with s € [0,1] and
€(0,1). If0<a<b<ooand f € Lla,b), then one has following inequality

ab b f(x) .
b—al, x—zdxgmm[

fla)+mf(%) f(b) +mf(%)]
s+1 ’ s+1
Corollary 1. Ifwe take m = 1 in Theorem 1, then we get
b
b [P 14 SO HIO)
b—als x s+1

Corollary 2. Ifwe take s =1 in Theorem 1, then we get
b [? a)+mf(L b)+mf(£
b [T o (L) O I (E)
b—als x 2 2
Chen and Wu [4], established the following weighted Fejér type inequality for the harmonically convex func-
tion as follow

Theorem 2. [4] Let f : 1 C R\{0} — R be a harmonically convex function and a,b € I witha < b. If f € L([a, b)),
then one has

2ab | [ g(x) b g(x)f(x) fla)+f(b) [*g(x)
1.2 — rdx < < 2=
(1.2) f(a—&—b)/a 2 dx_/a 2 dx < > /a 2 dx,
where g : [a,b] — R is non-negative, integrable and satisfies
ab ab
g(;) o g(a+b—x)

The main purpose of the present paper is to introduce a new notion of harmonically symmetric functions and
to establish an identity involving a harmonically symmetric function and a differentiable function. We will prove
some Fejér type inequalities by using this identity related with the second part of the inequality given above by
(1.2).We believe that our findings are novel, new and better than those already exist and will open new ways for
further research in this field.



2. MAIN RESULTS

Throughout this section, we take L(t) = % andU(r) = %. The Beta function, the Gamma
function and the integral form of the hypergeometric function are defined as follows to be used in the sequel of
paper
[(a)['(B)

I'a+p)

[(a) :/ t“ e ldt, a >0
0

B(a,B) = - /Olt"“l(l P dr, a0

and
2R (0, B:y,2) = (ﬁ - / PIA=) P 1 =) %t y> B >0, |z < 1
The notion of harmonically symmetric functions is defined as follows:

Definition 2. We say that a function g : [a,b] C R\{0} — R is harmonically symmetric with respect to 2’”’ if

holds for all x € [a, b].

Now, we give the weighted integral inequality by using which we establish our results in this article.

Lemma 1. Ler f: I C R\{0} — R be a differentiable function on I° and a,b € I° with a < b and let g : [a,b] —
[0,00) be continuous positive mapping and harmonically symmetric to az_‘ﬁ If f' € L(|a, b)), then the following
identity holds

fla)+f(b) gx
2 p d _/

_b—a [! Ul g(x) / /
" 4ab Jo ( /Lm xde> {(U(t))zf (U(t)) = (L(2))*f'(L(r)) | dt

Proof. Since, g : [a,b] — [0,00) is harmonically symmetric to %, then g(U(¢)) = g(L(t)). Consider

b—a

= S L ) [worrwo - wopr e

(e
([ e wap+swan);

S

SIS
r

—a

ab

[ €0)+ L)) + s

b)) (/ah g)E?dx) — bc;?a Olg(U(t)f(U(;)dt

a1
ab /Og(L(t)f(L(t)dt]
a)Jrf(b))/ab g)E 2/a+b g(x dx+2 a g(x){(x)dx}

X
— fla)+f(b) [P g(x) g(x)f(x)
a 2 o« X2 dx—/a x2

[\

S =
T

N —
T 1
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Now, we present new Fejér type inequalities for harmonically (s, m)-convex functions, which give the weighted
generalization of some of the results established in resent literature.

Theorem 3. Let f: 1 C (0,00) — R be a differentiable function on I° and a, 2 el’°, me (0,1] witha < b and let

g : la,b] — [0,00) be continuous positive mapping and harmonically symmetrzc to Zj_bb such that f' € L([a,b]). If

|f/|2 is harmonically (s,m)-convex on |a, %] for g > 1, then the following inequality holds

’Wth(x)dx_medx‘

x2 x2
b—a 2 1 ) b—a
< Arat el {n o) ({2864 12aR0s 1543050
— 2'B(s+1,1)0F (2,5 + 1,5 +2; bzb )+21SB(s+2 1).2F (2,
22—5b2 1 1
s I bR L3 ) +x§%mw
2—571,2 _
({223(2 s+1).2F1(2,2,5+3; b ba) %B(LH l).2F1(2,1,s+2;ZTZ)
227sb2
— (b+a)2B(27s+1).2F1( ,2,
2.1 +'2n (s+2,1)2F(2,5+2, s—|—3 )If( K >q}
Proof. From Lemma 1 and holder’s inequality, we get
fla)+f(b) [* bgx)f
’ (a)2 ()/a g%)dx_/a g(X))Cz(x ’_ - “ el
1 -5 :
([ a-owoza) ([ a-owerirwesa)
0 0
1 1-1 1 7
@2) ([ amnwora) ([ a-oworirwera)’]
0 0
By the harmonic (s,m)-convexity of | /|7 on [a,b] for g > 1, we have
[(a=nworirwasa= [0
Jo 0 (I+t)a+(1—1)b
, 2ab 4 1, ! s 2ab 2
M ara—op)| “ <3\ (b”q/o =00+ (T ar a=np) @
1,, a 1 ol 2ab 2
?'f(%”q/o (=) ((1+t)a+(l—t)b) a
2
(2.3) :{22aZB(s+1,2).2F1(2,s+1,s+3;b;a) 2? B(s+1,1)0F (2,5+1,5+2; be“)
2 2b2
+ 5 Bls+2,1)2R (2, 3 IO+ 55 BLs+2) 2R (2 L3 (DI

and

2ab 2
(I-t)a+(1 -l-t)b)

1 -1
| a=n@orirwora = [ -



2ab q

2ab
(I1-t)a+(1 +t)b)

/ 2
x| T=narasop) &

< @I [ -0

1 , b 1 s 2ab 2
m§|f(%)|q/0 (1-1) +1((1—t)a+(1+t)b) dr

—a 22-5q2p? b—a
- B(1 1).2F1(2,1 2, ——
b (b+a)? (Ls+1)2£(2 1,5+ b+a

Q4 ={22B(2,5+1)2F(2,2,5+3; b )

22 K 2b2
~ (b+a)y?
Moreover,

2.5) '/(;](1—t)(U(t))zdt:./O.l(l—t)((

B(2,5+1).2F(2,2,5+3; Z— )HF(a |‘1+2—B(s+2 1)2F1(2,5+2,5+3; 7)|f( )}

2ab
1+t)a+(1—1)b

)zdt

and

@0 /01<1 — (L) dr = /01(1 (G _z>azib<1 ) @

_ (2ab)*> , 2ab , a+b.
_b2_a2+(b_a) ln( 2b )'_A‘z(a5b)

A combination of (2.2), (2.3), (2.4), (2.5) and (2.6) gives required result. This completes the proof. |

Corollary 3. Suppose the assumptions of the Theorem 3 are satisfied. If g(x) = afba Sor all x € [a,b], then one

has the following inequality
fla +f b) " g(x) b g(x)f(x)
’ /a 2 —~dx— /a 2 dx‘

2
a _1 b—
< Sl en (@B n1Danes 1350
l—s b— 1 b—a ,
= 2B+ L D2R(2s 4 s+ 25— )+2‘B( +271).2F1(2,s+27s+3;7)}\f(b)q
1
m227sb2 b—a a q -1
= " B(1,s+2),F . 1041 i
B DR s 3 () 2 )
b—a 22-sp? b—a
22B(2,5+1)2F (2,2 ) = _B(l,s+1)2F(2,1,5+2;
X({ (7S+)21(77S+3’ b ) (b+a)2 (,S+)21(,,s+ ’b—i—a)
22—sb2
- B(2,5+1)1F
Grapt @22
1
m q
27 FBGs 2, 1)aR 2 i >|q) }

Theorem 4. Let f: I C (0,%0) — R be a differentiable function on I° and a, 2 € I° m € (0,1] with a < b and let
g la,b] — [0,00) be continuous positive mapping and harmonically symmetrlc to such that ' € L([a,b)). If
|f/|2 is harmonically (s,m)-convex on |a, m]for q > 1, then the following mequallty holds

‘ﬂ);ﬂb) [ [ (x)dx‘ < XD g,

b—a
X { ({ZB(S-F L, 1)2Fi(2g,s+ 1,5 +2; T) —21_SB(S+ 1,1)2F1(2q,




il >q)q

)

b
224-s 24B(1,5+ 1) F (2
+m (b—i—a) (1,s+1).2F(2q,

b

a
_22q S
) (bJra

; Y¥B(1, s+1)2F1(2q,1,s—|—2 }|f

+<{2B(1,s+1).2F1(261a

1

+ 2 B(s+1,1).2F1 (24,

2.8) 35

o)’

Proof. From Lemma 1 and holder’s inequality, we get

1

L LI0) 800 e [*8O ol Bt ([ 1 ptrar)

@9) A ([ worarwepa) ([ woprwora)’ )
By the harmonic (s,m)-convexity of |f|7 on [a,b] for ¢ > 1, we have
[ worrwora= [ ()™
0 " Jo ‘(A 4t)a+(1—1)b
, 2ab a 1, 1 R 2ab 2
Mg mara—ny) | 4=\ (b”q/o O (G ara—p) @
1 ,a 'l s 2ab 2
S [ 0= (o)
(2.10)  =a*{2B(s+1,1)2F (2q, ) 1B 1, 1) 0F (2,54 1,54 2: 24 }|f
e S(b“fa)qu(l s+1)2F (24,1, e
and | | sab
/ _ a 2
[ werar e = [ i)
, 2ab 4 1, 1 s 2ab 2
x f((l—t)a+(1+t)b) dr< 5\ (“)|q/o (G ar arp) ¥
b 1 5 2ab 2
|f(E)| /o (1-1) ((l—t)a—i-(l—H)b) !
(2.11)  =a*{2B(1,s+1).2Fi (24,1, ;a)722q_s(m)2‘73(1,s+1).2F1(2q,1,s+ ;bia)
ma2
+ (s 4 1,1).0F (29, O

By putting (2.10) and (2.11) in (2.9), we get desired result. i

Corollary 4. Suppose the assumptions of the Theorem 3 are satisfied. If g(x) = b“fba Sfor all x € [a,b], then one
has the following inequality
‘ / 80, / g(x)f(x)

b—
{({ZB s+1,1)2F(2g,s+ 1,5 +2; T) 21B(s41,1).0F (2g,5+ 1,5+

Cl2
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il >q)q

)

b
224-s 24B(1,5+ 1) F (2
+m (b—i—a) (1,s+1).2F(2q,

a 2 b\,
—244=s IB(1,s+1).,F(2g,1 +2
) (b a) (1,s+1)2F1(2¢,1,s }|f

)

+<{2B(1,s+1)~2F1(2%

1

IIre)”

Theorem 5. Let f: I C (0,0) — R be a differentiable function on I° and a, 2 el°, me (0,1] witha < b and let
g : la,b] — [0,00) be continuous positive mapping and harmonically symmetrlc t0 2 such that f' € L([a,b)). If

m
(2.12) —|—2 (S+] ]) 2F1(2q,

a+b
|f'|? is harmonically (s,m)-convex on [ f]forq > 1, then thefollowmg inequality holds
_lta(b—
();f( d*/g '<21 a( (1)” ||°°
a
b—
(2B<s+171>.2Fl<zq,s+17s+z;b“>|f< 281,54 1) 2F (24, 1,542 2 D)1 a)l
mlF(2Y9 = | F (b4 b—
+ |f(m)| - |f( )| (S+1 1) 2F1(26],S+1 s+2; a)
25 2b
1
2.13) 12205 (220 ()9 (@) )B(L s+ 1) 0F (24,15 4+2: 229 )
b+a m ’ Y b+a

Proof. From Lemma 1 and holder’s inequality, we get

1-1

L0 28 g [ ol < 2 ([ 1-oyetar)

(2.14) x{ (/01(U(t))24|f'(U(t))|th) é + (/OI(L(t))zq|f,(L(t))|th> q}

By the power-mean inequality (" + 5" < 2'~"(a+b)" fora >0, b > 0 and r < 1), we have

([worrwora) ([ worrwomr)’

1

@.15) sz‘é(/0 ORI WO [ e >>th)"

Since, |f’|7 is harmonically (s,m)-convex on [a, b] for g > 1, we obtain

[ worrweiac [ wops e
0

1,, s 2ab 5
<5l (b)|q/<) (1+1) ((1+t)a+(l—t)b) s
1, .,a ! s 2ab 2
s '“W'q/o ' (e a—ns) @
1, 1 s 2ab 2
+§\f @F [ O+ (ga s )

! a
G W/o (1_t)x((l—t)a2+b(1+t)b)2th




.b_

= a*{2B(s+1,1).2F1 (24, D) 2" B(s+1,1).2F (24,

_., ab
+m2% s(b+a)2q3(1 s+1).2F1(2q,1, )If( )|
b—a b—a
2412B(1 1) F (2 : —2%—s(—_\2p(] DoFi(2g,1,s+2; —) Y (a)|d
+a { (,S—‘r )21( q,1, B b ) (b+a) (,S+ )21( q, S+ ’b+a)}‘f(a)‘
ma*q
+ 5 Bls+1,1) 2R (2g,5 4 1,5 +2; —)If( )|

using (2.15) in (2.14), we get

([fworrwors) ([ wormpwom)’

<274 (2B(s—|—1 1)2F (2,5 + 1,5 +2; L)\f( b)|?+2B(1,s+1).2F1(2g, 1, )|f( )N
! q__ | £
mlf( )|2S Lf(B)]7 Bls+1.1).0F; (2,54 Ls 42 bea)
/ b— %
(2.16) +22q‘s(b+ )(m |f( )W =1f (a)lq)B(l,SJr1)~2F1(261»1»S+2;b+z))

Applying (2.17) in (2.14), we obtain the required inequality. i

Corollary 5. Suppose the assumptions of the Theorem 3 are satisfied. If g(x) = ;2 b for all x € [a,b], then one
has the following inequality

a b) [bg(x b oa(x) f(x 2
[HO210) P4 o0,

X <21*$
) <

(2864 110aRCas 152 2P B 428005+ DaFi 24,142 5D @)l

1(bya —| £ (b)|4 b—
+m|f('")|zs 7 )] .B(s+1,1).2F1(2q7s+1,s+2;ﬁa)

1
DN ) b—a\d
N @B+ )2 20,15+ 270 )

b
2.17 22075 (—— )2 (m| f'
1) 2 a(
Theorem 6. Let f: 1 C (0,00) — R be a differentiable function on I° and a, 2 € I°, m € (0,1] with a < b and let
g :[a,b] — [0,00) be continuous positive mapping and harmonically symmetrlc to zab such that f' € L([a,b)). If

|f'| is harmonically (s,m)-convex on [a then the following inequality holds for q > 1

’m]

a b X b g(x)f(x b—a 1 1
f( )_;f( )/a ngdx_/a g(i{( )dx‘_(gb)u || (Sq+1)q

2@ i@ () (80, 2R R )

2 g1
@ osgrl g b 2g—1 29 2q—13g—2 b—a )\ ¢
(2.18) + 5 (257 —1)|f (a)|—|—m|f(m)|)(B(q_1 ,1).2F1(q_1, =T =1 B )) }




Proof. From Lemma 1 and by using the harmonic (s,m)-convexity of | /| on [a,b] , we get

fla +f glx
’ a / ‘_Sb ||°°

x[/ola—r)( valar+ [ (- <>>|dr}

- b8ab I8l {/01(1_f)(U(f))z[(IZH)‘Y|f/(b)|+m(12_t)~"|f’(:l)|]

.19) +[a-neor @ nC S

Now, by using hélder’s inequality, we get

[ - 0w@P [y @ m Sy

(Lol e [ ra) )

1 95 ,, a 2g—1 2q 3g—2 b—a,\ ¢
(@ = Dl @)+l () (50,2 an 20 M2 B2 ) T

(2.20)

ab
b+a

1

=225 o

)

Similarly, one has
[a-nwor S @nt Syl

7a2 1 ol , . b 2¢—1 29 2q—13¢g-2 b—a T
@21 =S HE T =Dl @]y () (B 2R (2 )"

Q=

)

g—1"g—1"g—1" b
|

Corollary 6. Suppose the assumptions of the Theorem 3 are satisfied. If g(x) = % for all x € [a,b)], then one
has the following inequality

f g 1 1
‘ ’ (sq+1)q

G e i >|+m|f’<,‘;>)(B(l,zq"‘ll>.2Fl(qqu,1,3j‘f;Z;j>)q

g—1

2 a1
@ osgrl g b 2g—1 29 2q—13g—2 b—a )\ ¢
(2.22) + 5 (257 —1)|f (a)|—|—m|f(m)|)(B(q_1 ,1).2F1(q_1, =T =1 B )) }
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