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ADDITIVE REFINEMENTS AND REVERSES OF YOUNG’S
OPERATOR INEQUALITY VIA A RESULT OF CARTWRIGHT
AND FIELD

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some new additive refinements and re-
verses of Young’s operator inequality via a result of Cartwright and Field.
Comparison with other additive Young’s type inequalities are also provided.

1. INTRODUCTION

We have the following inequality that provides a refinement and a reverse for the
celebrated Young’s inequality

(b= a)®

(b*a)2 <(1-v)a+vb— lfubu<1 (1—v)——
viaTy “ _QV g min {a, b}

max {a,b} ~

(1.1) %V (1-v)

for any a,b > 0 and v € [0, 1].

This result was obtained in 1978 by Cartwright and Field [1] who established a
more general result for n variables and gave an application for a probability measure
supported on a finite interval.

Throughout this paper A, B are positive invertible operators on a complex
Hilbert space (H, (-,-)). We use the following notations for operators

AV, B :=(1—-v)A+vB,
the weighted operator arithmetic mean and
Af, B = AV? (A’l/zBA’1/2>V A2,

the weighted operator geometric mean. When v = % we write AVB and AtB for
brevity, respectively.
The famous Young inequality for positive invertible operators A, B says that if

v € [0,1], then
(1.2) At,B < AV, B.

The inequality (1.2) is also called v-weighted arithmetic-geometric operator mean
inequality.
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In the recent paper [12], by the use of Cartwright and Field inequality (1.1),
Minculete and Furuichi showed amongst other that

(1.3) %u (1-v)(AB"'A—2A+B) < AV,B - A}, B

1
< 5u(1 —v)(BAT'B-2B+A),
provided that A < B, and

(1.4) %y (1-v)(BA'B-2B+A) <AV,B- A4,B

< 11/(1—V) (ABT'A-24+ B),

2
provided that B < A.

For other inequalities between the operator means Af, B and AV, B see [2]-[11],
[13]-[14] and the references therein.

In this paper, several other lower and upper bounds for the Young’s difference
AV, B — Af, B under various boundedness assumptions for the involved operators
A and B are given. Comparison with other additive Young’s type inequalities are
also provided.

2. A REFINEMENT AND REVERSE OF YOUNG’S INEQUALITY
We have:

Theorem 1. Let A, B be positive invertible operators and M > m > 0 such that
(2.1) MA> B >mA.
Then for any v € [0, 1] we have

1 v(l-v)
2 max {M, 1}
< AV,B - At,B
1 v(l-v)

2 min {m, 1} (B-A)A7H(B - )

(2.2) %V(lfz/)c(m,M)A

IN

(B—A)A Y (B - A)

IN

%y(l—y)C(m,M)A,

IN

where
(M—-12%if M <1,
c(m,M):=< 0ifm <1< M,
L% if 1 < m
and
D% M < 1,
C (m, M) := %maxt(m—l)Z,(M—l)Q} ifm <1< M,
(M —1)% if1 <m.
In particular,
1
8max {M, 1}

1 -1 1
m(B*A)A (B*A)Sg

(2.3) éc (m, M)A < (B—A)A ' (B—A) < AVB — A4B

< C (m, M) A.
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Proof. If we write the inequality (1.1) for a = 1 and b = = we get

ﬂ<1—u+uw—x”< v(l—v)
max {z,1} — -

(2~ 1)°

1
(2.4) §u (1-v) m

N =

for any = > 0 and for any v € [0,1].
If © € [m,M] C (0,00), then max{z,1} < max{M, 1} and min{m,1} <
min {z,1} and by (2.4) we get

. 2 2
1 ming ¢y, ) (2 — 1) 1 (x—1)
. “y(l- ’ < v(l-v) 2
(25) U= nrtr =2 T 1
<l-v+4+vx—2"
1 —1)°
<sv(l—-v) (.w )
2 min {m, 1}
< ly( o ) maxme[.m,M] (‘T - 1)
2 min {m, 1}

for any = € [m, M| and for any v € [0,1].
Observe that
(M —1)?%if M <1,
min (z—1)>={ 0ifm<1<M,

#Elm, M] (m—1)2 if1<m
and
(m—1)" if M <1,
rFaX](z—l)2: max{(m—l)z,(M—l)Q} itm <1< M,
ze[m,M
(M —1)%if 1 <m.
Then
min (5 —1)? (M —1)?%if M <1,
@€[m. M) ={ 0ifm<1<M,  =c(m M)
max {le} (m—1)% .
e if 1 <m
and

MaXge[m,m (T — 1)°
min {m, 1}
UEDTS VS Y
={ Lmax{(m—1)% (M- 1)2} ifm<1<M, =C(mM)
(M —1)% if 1 < m.
Using the inequality (2.5) we have

2
(2:6) %V(l—V)C(m,M) < ;u(l—y)nf;{ﬂzl}
<l-v+ve—z
1 (z— 1)
= 51/(1_ )min{m71}
< %V(I—V)C(m,M)
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for any z € [m, M| and for any v € [0,1].
If we use the continuous functional calculus for the positive invertible operator
X with mI < X < M, then we have from (2.10) that

(2.7) %u(l—u)c(m,M)IS ;2(}:{;4)1}()( )°
<(1-v)I+vX-X"¥

1 v(1l-v) 2

S Smmgm1y &

< %I/(l—y)C(m,M)I

for any v € [0,1].
If we multiply (2.1) both sides by A71/2 we get MI > A~'/2BA~1/2 > mI.
By writing the inequality (2.7) for X = A=/2BA~'/2 we obtain

1 1 v(l-v) —1/2 1 4—1/2 2
&) w(l- <z 20 -

(28)  Grl=v)e(m M) < 5oy (A BA I)
<(1—v)I+vAV2BAV2 - (A*WBA*W)V
< 1vd-v) (A’I/QBA’1/2 — ]>2
~ 2min {m, 1}
< %V(l—u)C(m,M)I

for any v € [0,1].
If we multiply the inequality (2.8) both sides with A'/2, then we get

2
(2.9) %ya_y) (m A<t PA=V) (a2BA~Y2 1) 41

~ 2max{M,1}
(1-v)A+vB - AV (A2BA 1/2)”,41/2
2

< 1 v(l-v) A1/2 (A 12 4-1/2 _ I) A1/2
2 min {m, 1}

< S (1=v)C(m, M) A,

IN

N

and since

AL/2 (A—1/2BA—1/2 _ I)2A1/2

— Al/2 (A—1/2 (B — A) A—1/2)2A1/2
— AYV2AYZ (B A) ATY2AY2 (B A) A71/2 41/
—(B-A) AT (B A),

then by (2.9) we get the desired result (2.2). O

When the operators A and B are bounded above and below by constants we
have the following result as well:

Corollary 1. Let A, B be two positive operators and m, m’, M, M’ be positive
real numbers. Put h := R and h' ==

m"
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(i) If0o<mI < A<m'I<M1I<B<MI, then

1 (W —1)? 1v(1-v) .
. “v(l-v)—F A< - (B- -
(2.10) v (l—v) A S (B A) AT (B - 4)
< AV,B — At,B
< gr(1-v)(B-A) A7 (B~ 4)
g%u(l—u)(h—l)QA,
and, in particular,
(' —1)* 1 -1
(2.11) 2 A< —(B-A)A'(B-A) < AVB - AtB
8h 8h
g%(B—A)Afl(B—A)g%(h—l)r"A.
(1) If 0 <mI < B<m'I<M'I<A<MI, then
!/ _ 2
(2.12) ;y(lu)<hh/1) Ag%y(lfu)(BfA)A*I(B—A)
< AV,B — A4,B
g%y(l—y)h(B—A)A_l(B—A)
1 (h—1)?
< Z —
_21/(1 v) - A
and, in particular,
1 /0 —1\° 1 .
(2.13) Gy A< (B-A)AT (B - A) < AVB - AzB
1 _ (h—1)*
<= - WB-A)< .
ShB-HAT(B-A) < A

Proof. We observe that h, b’ > 1 and if either of the condition (i) or (ii) holds,
then h > h'.
If (i) is valid, then we have

M’ M
(2.14) A<WA=—"A<B< —A=hA,

m m
while, if (ii) is valid, then we have

1 1

2.1 —A<B<-A<A.
(2.15) FASB< A<

If we use the inequality (2.2) and the assumption (i), then we get (2.10).
If we use the inequality (2.2) and the assumption (ii), then we get (2.12). O

3. BounDS IN TERM OF KANTOROVICH’S CONSTANT

We consider the Kantorovich’s constant defined by

(h+1)?
4h
The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any

h>0and K (h) = K (+) for any h > 0.

(3.1) K (h) == , h>0.
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Observe that for any h > 0

Also, if a,b > 0 then
b (b—a)?
K(-|-1=—.
(a) 4ab

Since min {a, b} max {a, b} = ab if a,b > 0, then

HEZX_{Z,)Z} - DO o #E)
and H(l?n_{i)z} _ max {a,l;]l;(b— a)? = 4max {a, b} [K (Z) - J

and the inequality (1.1) can be written as
b

(3.2) 2v(1—v)min{a,b} {K <> - 1] <(1-v)a+vb—a "V
a

<l -mmax{a) K (1) -1

a

for any a,b > 0 and v € [0, 1].
For positive invertible operators A, B we define

AV B = % (A+B)+ %A”Q ‘A‘l/Q (B — A) A—l/Q‘ A2

and
1 1
AV B i= 5 (A+ B) = AV ‘A*W (B - A) A*W‘ A2,
If we consider the continuous functions fu, f—o : [0,00) — [0,00) defined by

foo(x):max{x,l}:%(x+1)+%|x—1|

and

Froe (@) = max{z,1} = 3 (2 +1) — 5l — 1],

then, obviously, we have
(3.3) AViooB = AV2fy (A‘l/QBA‘l) AV,
If A and B are commutative, then
1 1
AV B = 3 (A+B)+ 3 |B — A| = BV 1A.
Theorem 2. Let A, B be positive invertible operators and M > m > 0 such that
the condition (2.1) holds. Then we have
(3.4) 2w(l—v)g(m,M)AV_oB < AV,B — A, B
<20 (l1—v)G(m, M)AV B,

where
K(M)—1if M <1,
gm,M):=< 0ifm<1<M,
K(m)—-1il<m
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d
o K(m)—1if M <1,
G(m,M):=¢ max{K (m),K(M)} —-1ifm<1<M,
K(M)-1ifl<m.

In particular,

1
(3.5) %g(m,M) AV_ooB < AVB — AfB < iG (m, M) AV B.
Proof. From (3.2) we have for a = 1 and b = z that

(3.6) 2v(l—v)min{l,z}[K () -1 <1—-v+ve—2z"
<2v(l—v)max{l,2}[K (z) — 1]

for any = > 0.
From (3.6) we then have
(3.7 2w(l—v)fos(x) min [K(z)—1]

z€[m,M]
<l—-v+4+ve—2a2"
<20 (1 —=v) foo(x) max [K (z)—1]
z€[m,M]
for any = € [m, M].
Observe that
K(m)-1if M <1,

max [K (z) — 1] max {K (m), K (M)} —-1ifm <1< M,

w€lm,M] K (M)—1if1<m.
and
K(M)-1ift M <1,
min [K (z) -1 = 0ifm <1< M,
z€[m,M] K(m) —1if1<m.
— g(va).

Therefore by (3.7) we get
(Bl) 2w(1l—v)feo(@)g(m M) <1l—v4ver—z"<20(1—V) foo (x) G (m, M)

for any « € [m, M] and v € [0,1].
If we use the continuous functional calculus for the positive invertible operator
X with mI < X < MI, then we have from (3.8) that

(3.9) WA -—v)fee(X)gm,M)<(1-v)I+vX — X"
§2y(1_y)foo(X)G(maM)

for any = € [m, M] and v € [0,1].
By writing the inequality (2.7) for X = A=/2BA~1/2 we obtain

(3.10) 2 (1= 1) fu (A*l/QBA*W) g (m, M)
<(1—v)T+vA"V2BAV? (A*WBA*W)V
<2 (l—v)foo (A71/2BA71/2) G (m, M)

for any v € [0,1].
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If we multiply (3.10) both sides by A'/? we get
2w (1—v) AYV2f_ (A—1/2BA—1/2) AY2g (m, M)
<(1-v)A+vBA— AV (A‘l/QBA‘1/2>V A2
<o (1—v)AV2f (A‘1/2BA‘1/2) AY2G (m, M)
for any v € [0,1], which, by (3.3) produces the desired result (3.4). O

‘We have:

Corollary 2. Let A, B be two positive operators and m, m’, M, M’ be positive
real numbers. Put h:= 2L and b/ := 2L If either of the conditions (i) or (ii) from
Corollary 1 holds, then

(3.11) 2v(1—v)[K(h)—1AV_B < AV,B — A4,B
<2v(1-v)[K (h) — 1] AVB.

In particular,

(3.12) % [K (h') — 1] AV_oB < AVB — AfB
< % [K (h) — 1] AV B.

Proof. If (i) is valid, then we have
M’ M
A<hA=-—A<B<—A=hA
m m

By using the inequality (3.4) we get (3.11).
If (ii) is valid, then we have

1 1
Y

By using the inequality (3.4) we get

A< A

2 (1 —v) [K (;/) - 1] AV_..B < AV,B — A, B

<2w(l-v) {K @) - 1} AV B,

and since K () = K (k') and K (+) = K (h), the inequality (3.11) is also ob-
tained. 0
4. COMPARISON WITH OTHER ADDITIVE INEQUALITIES

Kittaneh and Manasrah [9], [10] provided a refinement and a reverse for Young’s
scalar inequality as follows:

(4.1) r(f—\/l;)QS(l—u)a—i-ub_al—vbuSR(f_\/g)

where a,b > 0, v € [0,1], 7 = min {1 — v,v} and R = max {1l —v,v}. The case
v = % reduces (4.1) to an identity and is of no interest.

2
’
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In [2] we obtained the following logarithmic upper bound for the Young’s differ-
ence

(4.2) 0<)A—-v)a+vb—a "0 <v(l—v)(a—>b)(Ina—1Inb)
for any a,b > 0 and v € [0, 1], while in the subsequent paper [3] we obtained the

following refinement and reverse of Young’s inequality

1
(4.3) i (1—v)(na—Inb)* min{a,b} < (1 —v)a+vb—a'~"b"

< %1/ (1 —v)(Ina — Inb)* max {a, b},

for any a,b >0 and v € [0,1].

Consider the following functions of two variables obtained from the upper bounds
in inequalities (1.1), (4.1), (4.2) and (4.3) fora=1,b=2 € (0,00) and v =y €
(0,1), namely

Gito) = gul-p) pe

Uz (z,y) © =max{y,1-y}(Va—1)7,
Us(z,y) : =y(1—y)(r—1)Inz and
Us(z,y) : = %y (1 —y)max{z,1}1In’z.

We observe that the 3D plots of the differences U (x,y) — Uz (z,y) on (0,10) x
(0,1), Uy (x,y) — Us (z,y) on (2,4) x (0,1), Us (z,y) — Us (z,y) on (2,4) x (0,1),
Us (z,y) — Us (z,y) on (2,4) x (0,1) and Us (z,y) — U4 (x,y) on (3,6) x (0,1) show
that they take both negative and positive values, meaning that neither of the cor-
responding upper bounds are better in general.

It appears that U; (z,y) > Uyg (z,y) on the box (0,10) x (0,1) suggesting that
the upper bound in (4.3) is better than the one from (1.1). However we do not have
an analytic proof for it in general.

Similar conclusions may be derived for the lower bounds, however the details are
left to the interested reader.
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