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UPPER AND LOWER BOUNDS FOR THE DIFFERENCE
BETWEEN THE WEIGHTED ARITHMETIC AND HARMONIC
OPERATOR MEANS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some new upper and lower bounds for
the difference between the weighted arithmetic and harmonic operator means
under various assumption for the positive invertible operators A, B. Some
applications when A, B are bounded above and below by positive constants
are given as well.

1. INTRODUCTION

Throughout this paper A, B are positive invertible operators on a complex
Hilbert space (H, (-,-)). We use the following notations for operators

AV,B:=(1-v)A+vB,
the weighted operator arithmetic mean,
Af, B = A'/? (A‘l/QBA—l/Q) Cav2,
the weighted operator geometric mean and
ALB = ((1—v) A +vB )"

the weighted operator harmonic mean, where v € [0, 1].

When v = %, we write AVB, A{B and A!B for brevity, respectively.

The following fundamental inequality between the weighted arithmetic, geomet-
ric and harmonic operator means holds

(1.1) Al B < Af,B < AV, B

for any v € [0,1].

For various recent inequalities between these means we recommend the recent
papers [3]-[6], [8]-[12] and the references therein.

In the recent work [7] we obtained between others the following result:

Theorem 1. Let A, B be positive invertible operators and M > m > 0 such that
(1.2) MA> B >mA.
Then for any v € [0,1] we have
(1.3) rk(m, M)A < AV,B — A!l,B < RK (m, M) A,
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2 S.S. DRAGOMIRY2

where r = min{v,1 — v}, R = max{v,1 —v} and the bounds K (m,M) and
k(m, M) are given by
(14) K (m,M)

(m—1)2m+1)"" if M <1,

= max{(m—1)2(m—|—1)_1,(M—1)2(M—|—1)_1} ifm<1<M,

(M—-1)*(M+1)"" ifl<m
and
(M =1 (M+1)"" if M <1,
(1.5) E(m,M):=<¢ 0ifm<1<M,

(m—1>%*m+1)"" if 1 <m.

In particular,
(1.6) %k(m,M)ASAVB—A!Bg %K(m,M) A.

Let A, B positive invertible operators and positive real numbers m, m’, M, M’
such that the condition 0 < mI < A <m'I < M'I < B < MI holds. Put h := %

and h' := 2 then for any v € [0, 1] we have [7]

m/’

(1L7) r(W =1 MW +1)"A<AV,B—AL,B<R(h-17*(h+1)""4,

where 7 = min {v,1 — v}, R = max {v,1 — v} and, in particular,
1., 2. -1 1 2 ~1
(1.8) i(h —1)"(W+1) A< AVB - AIB < i(h_l) (h+1)"" A

Let A, B positive invertible operators and positive real numbers m, m’, M, M’
such that the condition 0 < mI < B <m/I < M'I < A< MI holds. Then for any
v € [0,1] we also have [7]

(1.9) r(W =1 +1) (W) "A< AV,B— Al,B
<R(Mh—1)7(h+1)""n 14,
and, in particular,

(1.10) S =P )T () A< AVB - AIB

< % (h—1)2(h+1)""h A

Motivated by the above facts, in this paper we establish some new upper and
lower bounds for the difference AV, B—A!, B for v € [0, 1] under various assumption
for the positive invertible operators A, B. Some applications when A, B are bounded
above and below by positive constants are given as well. A graphic comparison for
upper bounds is provided as well.
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2. MIN AND MAX BOUNDS
The following lemma is of interest in itself.

Lemma 1. For any a, b > 0 and v € [0,1] we have

H’EZX_{Z)G,} SAV(a?b)_Hu(a,b) SV(l—y)

(b—a)*
min {b,a}’
where A, (a,b) and H, (a,b) are the scalar weighted arithmetic mean and harmonic
mean, respectively, namely

(2.1) v(l—v)

AV (a,b) = (]. — I/)CL“F vb and Hl/ (a7b) = (:l—:;ﬁ

In particular,

1 (b—a)?

2.2 -
(22) 4 max {b,a}
where

b 2ab
A(a,b)::a;r and H (a,b) := @

Proof. Consider the function &, : (0,00) — (0, 00) defined by

f,/(m):l—y—&—yx—m,
where v € [0,1].
Then
C(l-v+v)[l-v)z+v] -2
(23) El/ (‘Z') - (1_1/)33_'_”
B 1-v’z4+v(l—-v)a+v(l—v)+ 12z —=x
N l1-v)yz+v
_ v(l—-v)z? —=2v(1—v)z+v(l—v)
l-viz+v
vl —v)(z—1)°
Q- v)z+rv

for any > 0 and v € [0,1].
If we take in the definition of ¢, x = % > 0, then we have

b 1
%) = 214, (a,b) — H, (a,b)].
& (1) =11 @) - A, )
From the equality (2.3) we also have

(0)- 25205

Therefore, we have the equality

v(1—v)(b—a)

(2.4) A, (a,b) — Hy (a,b) = A, (b,a)

for any a, b > 0 and v € [0, 1].
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Since for any a, b > 0 and v € [0, 1] we have
min {a,b} < A, (b,a) < max{a,b}

then
2 2 2
25) v(l—v)(b—a) S11(171/)(177(1) S1/(17.V)(b—a)
max {a, b} A, (b, a) min {a, b}
and by (2.4) we get the desired result (2.1). O
Remark 1. We show that there is no constant K1 > 1 and Ko < 1 such that
(2.6) u(l—u)M<A(ab)—H(ab)<u(1—y)M
' max {b,a} = 7" v min {b,a}’
for some v € (0,1) and any a, b > 0.
Assume that there exist K1, Ko > 0 such that
(b—a)’ (b—a)’
. - 1 1 < v b) - v b S - . 1 1>
(2.7) Kiv(l-v) max (b.a} = A, (a,b) — Hy (a,b) < Kov (1 —v) win (b, a]

for some v € (0,1) and any a, b > 0.
Let € > 0 and write the inequality (2.7) for a > 0 and b= a+¢€ to get, via (2.4)
that

g2 v(l—v)e? g2
2.8 Kiv(l—- < Kov(l—v)—.
(28) wl l/)a—l—a*(l—y)e—ka* 2V ( V)a
If we divide by v (1 —v)e® > 0 in (2.8), then we get

1 1 1
2.9 K < < Ko—
(29) Yate T (1—ve+a Cd’

for any a >0 and € > 0.
By letting € — 0+ in (2.9), we get K1 <1 < Ko and the statement is proved.

We have the following operator double inequality:

Theorem 2. Let A, B be positive invertible operators and M > m > 0 such that
the condition (1.2). Then for any v € [0, 1] we have

v(l—v) .
(2.10) V(l—y)c(m,M)Agm(B—A)A (B—A)
<AV,B-AlB
v(l—v) 3 i
= min {m, 1} (B-AHAT(B-4)

<v(l-v)C (m, M)A,

where
(M —1)* if M <1,
c(m,M):=< 0ifm<1<M,
%if1<m
and
(=% if M < 1,
C (m, M) = %max{Z(mfl)Q,(Mfl)Q} ifm<1<M,

(M —1) if 1 <m.
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In particular,

1 1
. - <— -  _(B-— (B A)< — Al
(211)  Gelm M) AS o (B A) A7 (B - A) S AVB - Al
1 1
< — -1 — < — .
= T (1) (B-—A)A"(B-A)< 4C(m,M)A

Proof. If we write the inequality (2.1) for a =1 and b = z, then we get

(95—1>2 -1)~1
(212) V(l_V)mgl_V+Vx_((l—V)+Vﬂf )
(z —1)°
sv =Y Tty

for any = > 0 and for any v € [0,1].
If 2 € [m,M] C (0,00), then max{z,1} < max{M,1} and min{m,1} <
min {z, 1} and by (2.12) we get

minmE[m,M} (.73 - 1)2 ’ (1 - Z/) (IE - 1)2
max {M, 1} - max { M, 1}
<l-v+ve-— ((171/)+1/I71)_1

(z —1)*
min {m, 1}

(2.13) v(l—v)

<v(l-v)

MaXge[m,M] (.’17 - 1)2
min {m, 1}

<v(l-v)
for any = € [m, M] and for any v € [0, 1].
Observe that

(M —1)%if M <1,
min (z—1)>={ 0ifm <1< M,

welmM] (m—1)%if1<m
and
(m—1)" if M <1,
I{l&u}:w](a:—lfz max{(m—l)Q,(M—l)z} itm <1< M,
re(m,
(M —1)% if 1 <m.
Then
i (1) (M —1)% if M <1,
@€ [m, M] ={ 0ifm<1<M, = ¢ (m, M)
max {M, 1} (m—1)2 .
e if 1 <m
and

Maxge[m, i (T — 1)2
min {m, 1}
= 5 Af < 1,

_ %maxt(m—l)Q,(M—l)Q} ifm<1<M, =C(mM).
(M —1)? if 1 < m.
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Using the inequality (2.13) we have

(2.14) V(l—l/)c(mM)<y(l—V)ﬂ
’ T max {M, 1}
<l—-v+4ve-— ((1—V)+V$_1)71
(e~ 1)
sv(l- min {m, 1}

for any z € [m, M| and for any v € [0,1].
If we use the continuous functional calculus for the positive invertible operator
X with mI < X < M, then we have from (2.14) that

v(l—v)
(2.15) v(L=v)elm M)I < ooy

<AQ-v)I+vX - ((1—y)I—|—uX_1)71

v(l—v)
~ min{m, 1}
v(l—v)C(m,M)I

(X - 1)

(X -1y

A

for any v € [0,1].
If we multiply (1.2) both sides by A='/2 we get MI > A='/2BA~1/2 > mI.
By writing the inequality (2.15) for X = A~1/2BA~1/2 we obtain

(2.16) v(l—v)e(m,M)I

v(l-v) (A—1/2BA—1/2 -~ 1)2

~ max {M, 1}

<A =) T+vAY2BAY2 — ATV2 (1 —p) A 4 wB ) A2
< 71/.(1 —v) (A*WBA*V2 - I>2

~ min{m, 1}

<v(l—-v)C(m,M)I

for any v € [0,1].
If we multiply the inequality (2.16) both sides with A/2, then we get

v(l—v)

2
(217)  v(l—-v)e(m, M)A < AL/ (A—l/QBA—l/2 - 1) AL/

~ max {M,1}

<(1-v)A+vB- ((1 —v) At 4+ VB_1)71

< V(l —v) AL/2 (A—1/2BA—1/2 _ I>2A1/2
min {m, 1}

<v(1-v)C (m, M)A,
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and since
2
AL/2 (A—1/2BA—1/2 _ I) AL/2
— A1/2 (A—1/2 (B — A) A—1/2)2A1/2
_ A1/2A71/2 (B 7 A) A71/2A71/2 (B . A) A71/2A1/2
—(B-A) AT (B A),
then by (2.17) we get the desired result (2.10). O

When the operators A and B are bounded above and below by constants we
have the following result as well:

Corollary 1. Let A, B be two positive operators and m, m’, M, M’ be positive
real numbers. Put h := % and h' := %
(1) fO<mI <A<m'I<MI<B<MI, then

(W —1)? v(l—
h

(2.18) v(l-v) V) (B— A) A1 (B - 4)

<v(l-v)(B-A)A'(B-A)
<v(l—v)(h—1)>A4,
and, in particular,

(W —1)° 1

) < —(B- “1(B-A)< — Al
(2.19) A< 5 (B-A)ATH (B A) <AVB - AIB
gi(B—A)A‘l(B—A)gi(h—l)QA.
(i) If 0 <mI < B<m'I<M'I<A<LMI, then
/_ 2
(2.20) V(l—u)(hh/ A<v(1—-v)(B—A) A (B - A)

< AV,B - Al,B
<v(l—v)h(B—A)A™ (B - A)

(h—1*

<v(l-v)

and, in particular,

1 (K -1\
2.21 | —— ) AL
ey (5) as

<

(B—A)A ' (B—-A) < AVB - A'B

(h—1)
4h
Proof. We observe that h, b’ > 1 and if either of the condition (i) or (ii) holds,

then h > h'.
If (i) is valid, then we have

h(B—A)A™'(B-A)< A.

[ I g

(2.22) A<WA=""A<B<
m
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while, if (ii) is valid, then we have
1 1
2.23 A< B<—-A<A.
(223 TASBS A<
If we use the inequality (2.10) and the assumption (i), then we get (2.18).
If we use the inequality (2.10) and the assumption (ii), then we get (2.20). O

3. BounDS IN TERM OF KANTOROVICH’S CONSTANT

We consider the Kantorovich’s constant defined by

(h+ 1)
4h
The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (1) for any h > 0.

Observe that for any h > 0

(3.1) K (h) =

, h>0.

Observe that

2
K b 71:(b—a) for a, b > 0.
a 4ab

Since, obviously
ab = min {a, b} max {a, b} for a, b > 0,
then we have the following version of Lemma 1:
Lemma 2. For any a, b >0 and v € [0,1] we have
b
(3.2) 4v (1 —v)min{a,b} {K <) - 1} < A, (a,b) — H, (a,b)
a

- mmx(a e (1) 1]

For positive invertible operators A, B we define

AV B = % (A+ B) + %A”Z ‘A*W (B — A) A*W‘ AL/
and ) )
AV B i= 5 (A+ B) = 5 AV ‘A*W (B — A) A*W‘ A2,
If we consider the continuous functions fu, f-oo : [0,00) — [0, 00) defined by

foo(m):max{x,l}:%(m+1)+%|x—1|

and

oo (z) :max{@gl}:%(;10—&—1)—%|9L“—1|7
then, obviously, we have
(3.3) AViooB = AV2fy (A‘l/QBA‘l) AV2,
If A and B are commutative, then

1 1
AVioB = 5 (A+B) £ 5 |B— Al = BV.nA.
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Theorem 3. Let A, B be positive invertible operators and M > m > 0 such that
the condition (1.2) holds. Then we have

(3.4) dwv(l—v)g(m,M)AV_oB < AV, B - Al,B
<4v(l—-v)G(m,M) AV B,

where
K(M)-14ifM<1,
gm,M):=< 0ifm<1<M,
Km)—1il<m
and

K(m)—1if M <1,
G (m, M) ::{ max {K (m), K (M)} —-1ifm<1<M,
K(M)—14f1<m.

In particular,

(3.5) g(m,M)AV_..B < AVB — AIB < G (m, M) AV s B.

Proof. From (3.2) we have for a = 1 and b = = that

(36)  4v(l—v)min{l,a}[K(z)—1]<1—v4ve—((1—v)+va )"
<4v (1 —v)max{l,z}[K (z) — 1]

for any = > 0.
From (3.6) we then have

(3.7)

w(l—v)fow(2) zer[I}vElM] K(z)-1<l-v+vz—(1-v)+vat)

<4v(l—v) foo () max [K(x)—1]
z€[m,M]
for any z € [m, M].
Observe that

max [K (z)—-1] =

nax max {K (m),K (M)} —-1ifm <1< M,
xre|m,

K (M)—1if1 < m.
= G(m,M)

{ K(m)—1if M <1,

and

min [K (z)—1] =

0ifm <1< M,
z€[m,M]

K(m)—-1if1<m.
= g(m,M).

{ K(M)—1if M <1,

Therefore by (3.7) we get

(3.8) Wwl—v)fo(@)gmM)<1l—v+ve—((1-v) +1/:c*1)_1
<4 (1 —v) foo () G(m, M)

for any = € [m, M] and v € [0,1].
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If we use the continuous functional calculus for the positive invertible operator
X with mI < X < MI, then we have from (3.8) that

(39) Wl —v)foa(X)gmM)<(1—v)I+vX—(1=v)+vX 7"
<Av (1 =v) foo (X) G (m, M)

for any z € [m, M| and v € [0,1].
By writing the inequality (3.9) for X = A=1/2BA~'/2 we obtain

(3.10)  4v(1—v)f o (A*I/QBA*I/Q) g (m, M)
< =v)T+vATY2BATY?2 — ATV2 (1 —v) A 4 uB 1) A2
<4v(l1—v) foo (A71/2BA71/2) G (m, M)

for any v € [0,1].
If we multiply (3.10) both sides by A'/? we get

dv(1—v)AV2f (A*1/2BA*1/2> AY2g (m, M)
<(1-v)A+vB—(1-v)A! —|—1/B_1)71
<dv(1—v)AV2f (A*I/QBA*I/Q) AY2G (m, M)

for any v € [0, 1], which, by (3.3) produces the desired result (3.4). O

We have:

Corollary 2. Let A, B be two positive operators and m, m’, M, M’ be positive
real numbers. Put h:= 2L and 1/ := 22 If either of the conditions (i) or (ii) from
Corollary 1 holds, then

(3.11) v(1—-v)[K(h)—-1AV_B < AV,B— A, B
<4v(l1—-v)[K(h) —1] AV B.
In particular,
(3.12) [K(h')—1]AV_B < AVB — AIB < [K (h) — 1] AV B.
Proof. If (i) is valid, then we have
A<h’A:%:A§B§%A:hA.
m m

By using the inequality (3.4) we get (3.11).
If (ii) is valid, then we have

1 1

—A<B<L< —A<A.

piEEE s
By using the inequality (3.4) we get

v (1-v) [K (1> - 1] AV_o B < AV,B - Al,B

h/

<dv(1-v) {K (i) - 1} AV..B,

and since K (%) = K (1) and K (+) = K (h), the inequality (3.11) is also ob-
tained. g
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4. FURTHER BOUNDS
The following result also holds:

Theorem 4. Let A, B be positive invertible operators and M > m > 0 such that
the condition (1.2) holds. Then we have

(4.1) py (M, M)A<AV,B—-Al,B<P,(m,M)A
for any v € [0,1], where
v(1—v)(M—1)> ZfM <1,

A=) M+v
pv(m,M):=q 0ifm<1<M,
bt )
and
A M <1,
P, (m, M) i= { max { “0ml dED @Rt g <1< 0,

7”((1;_”3%;32 if1<m.

Proof. Consider the function £, : (0,00) — (0, 00) defined by
x
fy(:v)—l—l/—‘rl/x—m,

where v € [0,1].
Taking the derivative, we have

l1-v)z+v—2a(l-v) (1—v)z+v]*—1

e TR s T B g
_ v(l—-v)(z—-1D[(1-v)z+v+1]
[(1—1/)&04—1/]2

for any 2 > 0 and v € [0, 1].
This shows that the function is decreasing on [0, 1] and increasing on (1, 00). We
have £, (0) =1—v, &, (1) =0 and lim, . £, () = oo.
Since, by (2.3)
v(l—v)(z—1)°

gy(x): (lfy)l'ﬁ*l/ 7:'[:207

then for [m, M] C [0,00) we have
V)M -D? e pp

(1—v)M+v
miany(m)z 0ifm<1< M, =p, (m, M)
rebm ] YA )® 56 ooy
(1—-v)m+v
and
L £, (z)
v(1—v)(m—-1)2 .
W lf M2< 1, ,
= { max { S DG it <1< M, = Py (m M),
VA)(M-1)? e oy

(1—-v)M+v
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Therefore
(4.2) pl,(m,M)§1—1/—|—1/x—((1—V)+V:E*1)_1§Py(m,M)

for any z € [m, M] and v € [0,1].
If we use the continuous functional calculus for the positive invertible operator
X with mI < X < MI, then we have from (4.2) that

43)  pm, M) I<(1=)T+vX — ((1=v)I+vX ) <P, (m,M)T

for any v € [0,1].
If we multiply (1.2) both sides by A~'/2 we get MI > A='/2BA~1/2 > mI.
By writing the inequality (4.3) for X = A='/2BA~'/2 we obtain

(44)  p(m.M)I
<S(A=v)T+vAY2BAY? AT V2 (1 =) A 4 uB ) A2
<P, (m,M)I

for any v € [0,1].
If we multiply (4.4) both sides by A'/? we get

p(m, M)A<(1—v)A+vB—((1—v) A +vB™ )" <P, (m, M)A
for any v € [0,1]. O

Remark 2. If we consider

(M-1)
2(M+1) if M <1,

p(m,M):=¢ 0ifm<1<M,

m—1)% .
é(m-‘i)l) Zf]‘ <m

and

m—1)% .
7é(mi)1) if M <1,

m—1)2 12 )
P(m,M) := max{ﬁ,%} fm<1<M,

M-1)% .
% Zfl < m,
then by (4.1) we have
(4.5) p(m,M)A<AVB—-AB< P(m,M)A,
provided that A, B are positive invertible operators and M > m > 0 are such that
the condition (1.2) holds.

Corollary 3. Let A, B be two positive operators and m, m’, M, M’ be positive
real numbers. Put h := % and h' := %
(1)) If 0 <mI < A<m'I < M'I <B < MI, then for any v € [0,1]

B ;12 B 2
v(l—v)(W —-1) A< AV, B ALB< v(l—v)(h—-1) A
(1-v)h+v 1-v)h+v

and, in particular,

(4.6)

/132 2
W1 g <avp-ap<E-Uy

(47) 2(h +1) 2(h+1)
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(1) If 0 <mI < B<m'I<M'I<A<LMI, then for any v € [0,1]
v(1—v) (W —1) v(1—v)(h—1)
A< AV,B— Al,B < A
M(l—-v+vh) —— v - h(l—v+vh)

and, in particular,

(4.8)

(h' —1)* (h—1)*
—— - A< AVB-AIB< ———
20 (14+ 1) — ~ 2h(14h)
Proof. We observe that h, b’ > 1 and if either of the condition (i) or (ii) holds,
then h > h'.

If (i) is valid, then we have

(4.9)

!/
A<h’A:%,A§B§%A:hA,
m m
while, if (ii) is valid, then we have

1 1

EA <B< ﬁA < A.
If we use the inequality (4.1) and the assumption (i), then we get (4.6).
If we use the inequality (4.1) and the assumption (ii), then we get (4.8). O

5. A COMPARISON

We observe that an upper bound for the difference AV, B — A!, B as provided
in (1.3) is

L% A i M < 1,

m—1)2 (M—1)2
max{(mﬂ) ) M+1) }A

ifm<1<M,

By (v,m, M) A :=max{v,1 —v} x

(M—1)2

e Aifl<m

while the one from (2.10) is
UEBLYSTS VRSt

%max{(mf 1%, (M — 1)2},4

By (v,m,M)A:=v(1l—-v)x
ifm<1<M,

(M—-1%*Aif1<m

where A, B are positive invertible operators and M > m > 0 such that the condition

(1.2) holds.
We consider for x =m € (0,1) and y = v € [0, 1] the difference
z—1)° z—1)°
Dy (,y) = max{y, 1 fy}% —y(1 *y)%

that has the 3D plot on the box [0.3,0.6] x [0,1] depicted in Figure 1 showing
that it takes both positive and negative values, meaning that neither of the bounds
By (v,m, M) A and By (v,m, M) A is better in the case 0 <m < M < 1.
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FIGURE 1. Plot of difference D (z,y)

We consider for x = M € (1,00) and y = v € [0, 1] the difference

C a1

that has the 3D plot on the box [1,3] x [0,1] depicted in Figure 2 showing that

D2 (xvy) = max {yv 1- y}

FIGURE 2. Plot of difference Dy (z,y)

it takes both positive and negative values, meaning that neither of the bounds
B (v,m, M)A and Bs (v,m, M) A is better in the case 1 < m < M < oc.



UPPER AND LOWER BOUNDS 15

Similar conclusions may be derived for lower bounds, however the details are left

to the interested reader.
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