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HOLDER-TYPE AND QI-TYPE INEQUALITIES FOR ISOTONIC
LINEAR FUNCTIONALS

LOREDANA CIURDARIU

ABSTRACT. In this paper are given new variants for subdividing of Holder-type
inequality and Minkowski-type inequality in the case of isotonic linear func-
tionals and then some variants of Qi’s inequality for isotonic linear functionals
using a new Young-type inequality. Also are presented some applications for
integral on time scales.

1. INTRODUCTION

In [1] are given new results which extend many generalizations of Young’s in-
equality given before. We recal now these results below in order to use them in the
next sections.

Theorem 1. Let A\, v and 7 be real numbers with A > 1 and 0 < v <71 < 1. Then

v Y _ Av(a,b)* — Gy(a,b)* A%
(;) = A‘r(aab))\ GTEavbi)\ = (17') 7

for all positive and distinct real numbers a and b. Moreover, both bounds are sharp.

The following important definition is given in [3], [5] and we will recall it here.

Let E be a nonempty set and L be a class of real-valued functions f : E — R
having the following properties:

(L1) If f,g € L and a,b € R, then (af + bg) € L.

(L2) If f(t) =1forallt € E, then f € L.

An isotonic linear functional is a functional A : L — R having the following
properties:

(A1) If f,g € L and a,b € R, then A(af + bg) = aA(f) + bA(g).

(A2) If f € L and f(t) > 0 for all t € E, then A(f) > 0.

The mapping A is said to be normalised if

(A3) A(1) =1.

The following Holder-type inequalities are obtained from Theorem 1.1 which
is given in [1] and will be used in the next sections as an important tool in our
demonstrations.
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Theorem 2. If L satisfy conditions L1, L2 and A satisfy A1, A2 on the set E. If
f and g are positive functions then:

1[1A(pr)A(gq“T>)}< . AUg)
pT A7 (fr)AT=7(g9) A (fP) At (g9)
L[ AUPAGI)
S -7 [1 AT(fP) AL (g7) ] '

The following two generalizations of reversed Holder’s inequality for isotonic
linear functionals were given in [7] and [8] and will be also used in the next section.

Theorem 3. ([7]) Let A : L — R be an normalised isotonic linear functional
and p, ¢ > 1 with%—&—% =1. Iff, g : E — R are such that fg, fP, g¢ € L
and 0 < my < f < My <00, 0 < mg < g < My < oo for some constants
mi, Ml, ma, M2 then

armaren < ((32) (52)) aura

mi ma

where U = max{%, %} and K (h) = (h;f;)Q, h > 0 is the Kantorovich’s ratio.

Theorem 4. ([8]) Let A: L — R be an normalised isotonic linear functional and
p,gq>1,p, q#2 with%Jr%:l, If f, g: E — R are so that fg, fP, g9, f2g% €
Land 0 <m; < f< M <00, 0<mg <g< My, < oo for some constants
my, My, mao, My then

AlftgY) (L 29) VA AGT +2sA(50d) _

A(fP)A(g7) A(fP)A(g9) -

<ou ()" (2)) s

where s = min{%, %}, U = max{2s,1 — 2s} and D, , = min{S(h), KY(h)}, b > 0,
and S(h) is the Specht’s ratio, i. e.

Cam ke (0.1) LI(L o0
S(h) =< emnmT)’ if h e (0,1) U(1, 00);
1, if h=1.

2. Subdividing of Holder’s inequalities for isotonic linear functional

In this section will be given several generalizations of some inequalities from [11]
in Theorem 5, 6 and 7 using new Young-type inequality and reverse of Young’s
inequality given in [1], [7] and [8]. Then a consequence for integral on time scales
will be presented.



3

t

Theorem 5. Lets,tER,p:%, and q = 2=} such that s <1<t ors>1>1,

and L satisfy conditions L1, L2 and A satisfy conditions A1, A2 on the set E.
s S t] t s t
If f2, f%, g%, g, fg, (F9)'s (f9)', frign, frign, (fg) '@ € L and
f, g are positive functions then

A(fg) < AT (f*7) A7 (g"0) [A(S"7)A(g*)] 77 ll -2 (1 - A(fﬁgqj) )1 -

P\ ARI(fr) AT (g%0)
.ll_pl (1_ A(f7 ) ) " ll_pl (1_ A((fg)7 ) )]
P\ ARE(fr)AT (gt) P\ AT ((f)) AT ((f9)*)

Afg) > AP (f) AR (g') [A(F7)A(g*")] 7" ll Y (1 - AJA(fmgﬂ) )] p.

q (fo) AT (g59)
,[1_q1 (1_ A(f7 g ) - ll_ql (1_ A(fg)7r ) )]
q AR (ft9) AT (gt) q AP ((f)) AT ((f9))

Proof. By inequality given in Theorem 2 applied for p = f:i >1,q= s:i we have

1—t
—t

Afg) = A (I(F9)1 = [(£9)15) <

A((fg)ritan) )] .
((£9)*) A% ((f9)")

p
> 1 we get

< AT (f9)") - AT ((£9)") [1 -2 (1 -

s—1
1-t

1=t s—t o os=l o5t A(f%g%)
A((fg9)°) < As=i(f*1=r) A= (g T) [1 B (1 - —3 T >]
’ ’ P\ AR (pr)a ()

Applying again Theorem 2 for

and

1— s—t s— s— A g
Allfo)) < A (A |1 - 2 (1 AV )
P\ AT () AT (g10)
Taking into account these three inequalities we obtain the desired inequality.
The second inequality will be checked by using the second inequality from The-

_ s—t _ s—t
orem 2 for p= 3= > 1l and ¢= 2=.
|

Theorem 6. Lets,t € R, p = %7q= i:i such thats <1 <tors>1>t,and L

satisfy conditions L1, L2 and A a normalised isotonic linear functional A: L — R.
If fsP, ftP g% g% fg € L and f,g are positive functions with 0 < m; < f <
My < o0, 0 <mg < g< My < oo for some constants my, My, mo, Mo then

3 s S s 3 t
Afgy i (MITMETTN pey (MIPMyTN oy (MM
mi T mst miPmy’ mPmi | =

> AW (f) A9 (g°1) Aa (f'7) A% (1),

where U = max{%,% .
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Proof. We use the same reason as in [10]. Therefore for p =
write

Alfg) = A (19 1= 1(£9))7 ) = Al(f9)** <fg>t%)
and by Theorem 3 we obtain:
o (MEMERY
Ao (St ) = AH(F0)) A ()"
But, by applying again Theorem 3 we have:

A(f0))EY (Sty ) = A (7)) Ak (o)),

and also
MM 1 1
A((f9)HKY (H) > A7 ((f9)")A7 ((f9)").
my my
Taking into account last three we will obtain the desired inequality.
|

Theorem 7. Let s,t € R, p = ‘;:i, q = ;:i such that s <1 <t ors>1>t,
s+t # 2 and L satisfy conditions L1, L2 and A a normalised isotonic linear
functional A: L — R.

If 0, f'%, 97, 9", fg, (f9)*s (f9)', f¥yg 7“7 9%, (J9)
are positive functions with 0 < m; < f < M; < oo,
some constants mq, My, mso, My then

o
/\ )|
3.
N
IN
Q
IN
3
A
8
S
3

s+t sp sq t tq
My M\ 2 11 M\ 2 [ Mo z 11 M\ 2 [ Moy 2
A D DE - D3
(f9) P,q <(m1m2> ) P,q (( 1) ( 2) P,q ) 3

> (1= 25) VA9V AF9)) + 251 A((f9)
(= 25) VAT A(gD) + 251 A(f F g F)| T
: [ (1-2s, W+281A f%pg%q)F

AG=D () AG=DE3) (o) AG DG D) (p1) AL 2 (gt),
where Dp > S(h), s1 and U are like in Theorem 4.
Proof. For p = fj we write

F9)'15) = A(f9)"F (f9)'")
and by Theorem 4 we get

M M
A(fg)Dp,q< -2

m1m2

N (1 —2s1)/A((f9)*)A(
B \/A((fg)s)A((fg)t)

v g
B-@\H
m\»—A
/\
v
I/~
35
S~
wlg
~—
)
D~
Q|
[N
/N
I/~
|5
S~
N
I/~
S5
S~

m‘g



t

[(1—250)VA((F9)*)A((f9)") + 251 A((f9) )] - A7 "3 ((fg)") A

s (M (MNP ios (M M,
ot () () )it (G0) ()

taking mto account that (mimg)r < (fg)» < (M1 Ms)? and (mlmz)é <(fg)
(M, My) .

Now applying again Theorem 4 for i:i > 1 we find

A((f9)") Dy ((ﬁf) (fj)) >

(1 —2s1)\/A(f*P)A(g%9) + 251 A prgTQ) A
(fs”)( 7)

1—281 \/ gp sq +281A f

A((£9)") Dyq ((j‘f) (M2)> >

(1= 25) VA AG™) + 251 AU %) 1 1
> oy (/'7) A% (g1)

[(1— 2s1)/A(FP)A(g19) + 251 A(f T g7 )] - Av 2 (f'P)Aa~3 (g4),

using the hypothesis that 0 <m; < f < M; <00, 0 <mg < g < My < 00.
Now, taking into account the last three inequalities, we get the desired inequality.
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_ s—t

Consequence 1. Let s,t € R, p = =L T such that s < 1 <t or

-t
s>1>t, and
(i) Let a,b € T. If f,g € Crq(T,R), are two positive functions then

/a ' fa)g(e) e < / ' (@) g [ / b gtq<x>Ax] ’ [ / () A / () Aa
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(ii) Let a,b € T and f,g € Cia([a,b],R) be two positive functions as in Theorem

6. Then we have:
MSP VST MtPMtlI
(i ) 65 (s / F(@)g(@)Ve >
my My miFmy!

KU (Mf+tM5+t> %
o Lo,
[ / ¢*(2)Vz [ / f7(2)Vz

s+t s+t
my My
3. Qi’s inequality for isotonic linear functionals

Bl

([ o

Using new generalizations of reverse of Young’s inequality given in [7] and [8] will
be given new inequalities for isotonic linear functionals starting from some results
given in [10].

Lemma 1. Let A: L — R be an normalised isotonic linear functional and p, q >
1, p, ¢ # 2 with l + 1 =1. If f, g : E = R are positive functions so that

g, g{%l? gzjjl 6Land0<m1<f<M1<oo 0<mg <g< My < oo for
some constants my, My, ma, Ma, A(f) >0, A(g) > 0 then

‘4;2;];(1;)9) l(1 —2s)y/ A (g,{pl) A(g) +2sA <9£1)r =
<on () (32)" ) ()

where s = min{%, %}, U = max{2s,1 — 2s} and D, , = min{S(h), KY(h)}, b >0,
and S(h) is the Specht’s ratio.

Proof. We apply Theorem 4 taking

and we will obtain:

or




Then we take the p-power on both sides of the inequalities and have:
P p_q p
p M\ (M )* fP
A< fP > - AP(f) Dp,q ((ml) (mz) > ( A(gpl)A(9>>

= A i(g) [(1_28) A(ggl)A(g)HsA(gf_l)]p

Therefore the desired inequality takes place.
|

gr~1

Theorem 8. Let A : L — R be an normalised isotonic linear functional and
p, ¢ > 1, p, ¢ # 2 with %—i—% =1. If f: E — R is positive function so that

f. f2, fPeL and 0 <my < f < M, < oo for some constants my, My, A(f) >0
and A(f) <1 then

(1= 25)/A(7) + 254 (15)] <

<%H(ﬁy AFTL(f) AR,

where s = min{%, %}, U = max{2s,1 — 2s} and D, , = min{S(h), KY(h)}, b > 0,
and S(h) is the Specht’s ratio.

Consequence 2. Under conditions of Lemma 1, if a,b € R, a < b and f, g €
C(la,b]) are positive then we have:

p

W—AM%*S wabxz sbm
Frmamr |02V L grigtr [ swarea [t <

5 A t
<D?, <A/[1> (]\42) fr(z) Az

my ma o 9771 (z)
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