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REVERSES OF CALLEBAUT DISCRETE INEQUALITY VIA
SOME RESULTS DUE TO ZHUANG

S.S. DRAGOMIRY2 AND A. MCANDREW!

ABSTRACT. In this paper, by the use of Zhuang’s inequalities, we establish
some reverse inequalities for the celebrated refinement of the Cauchy-Bunyakovsky-
Schwarz that was obtained by Callebaut in 1965. A numerical comparison is
also provided.

1. INTRODUCTION

The following inequality
(1.1) Ty < (1—v)z+ vy
is well known in literature as either weighted Arithmetic mean-Geometric mean
inequality or as Young’s inequality.

In 1991, Y.-D. Zhuang [13] established the following inequality for 0 < m < z <
M,0<k<y<K,and v € |0,1]

M+(1-v)k 1-v)K
(1.2) ve+ (1 —v)y < max { Y ]\—/[Fy(kliyl/) , Vm;V(KPZ) }x”yl”
or
M+EkE m+K v 1w
(1.3) x4y < maX{Ml’kl—‘”m”Kl—l’}x .
The sign of equality in (1.2) and (1.3) holds if and only if either (z,y) = (m, K) or
(z,y) = (M, k).
Moreover, if m > K, then
vm+(1-v)K , ,_, vM+(1-v)k

The sign of equality on the right-hand side of (1.4) holds if and only if (z,y) =
(M, k) and the sign of equality on the left-hand side of (1.4) holds if and only if
(z,y) = (m, K) . The sign of inequality in (1.4) is reversed if k > M.

Now, if we take y = 1, then we have from the above inequalities for x € [m, M] C
(0,00) and v € [0, 1] that

M+1- 1-
(1.5) Vw—l—l—ygmax{y + v ym*t V}m”

MV ’ mY

and

M+1 m+1
1. 1< v,
(1.6) x+ max{ U }x
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If m > 1, then we have

vm+1-—v vM+1—v
1.7 — " < l-v< —7r———1"
(1.7) oy z” S vx+ v < e T
for x € [m, M] and v € (0,1).
If M <1, then we have

M+1- 1-
(1.8) %x” <vr4+1-v< %x”,
for x € [m, M] and v € (0,1).
The inequalities (1.5), (1.7) and (1.8) can be put together as

vMEL=v v if M < 1,
(1.9) lifm<1<M,
7”"";,%_”3@” ifl<m.

ve+1—v

zl/

""ﬁ#ifM<1,
max{”M]\fﬁ*” ”m+1*”} ifm<1< M,

M ’ mY
vM+1—v
Y if 1 <m,

IA

for x € [m, M] C (0,00) and v € [0, 1].

We notice that the inequality (1.9) has been also obtained in [5] by a direct ap-
proach in studying the margins of the function g (z) := %&‘” with z € [m, M| C
(0,00) and v € [0,1].

For other similar results, see [1] and [3]-[12].

The following refinement of the Cauchy-Bunyakovsky-Schwarz was obtained by
Callebaut [2] in 1965:

n

n 2 n n n
(1~10) (Z piaibi) < Zpia?(lﬂ)bgy Zpiafyb?(lfy) < Zpiaf Zpibzg'
i=1 i=1 i=1 i=1

=1

In this paper, by the use of Zhuang’s inequalities (1.2) and (1.3) we establish
some reverse inequalities for the quotient

Zie[ pib? Zie[ pa%
2(1— 2(1—
Eie[ pi“i( V)bzzu Eie[ piazzybi( Y

under suitable conditions for the sequences ag, by, > 0, kK € N and pr, > 0, k € N.

2. DISCRETE INEQUALITIES

We start with the following result:

Theorem 1. Let ay, by >0, k € N and I, J be finite sets of indices such that

b; b;
(2.1) m< =< Mandk< 2L <K

a; a;
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for some constants 0 <m < M, 0< k< K, foranyi €l and j € J. If p; >0 for
iel,q; >0 forjeJandv € [0,1], then we have the inequality

(2.2) v pib? Yy gal+(1-v)Y piaiy_ qb]

i€l JjeJ iel JjeJ
vM?2+ (1—v)k? vm?+ (1 —v)K?
< max
M2vi2(1-v) ? m2v K2(1-v)
S Y g
i€l jeJ

and the inequality

23) Y pb2> gl + > pia? > q;b?

i€l JjeJ i€l JjeJ

M? + k2 m? + K? 2(1 V)20 a2 2(1— '/)
< max { M2vg2d—v)’ p2v 2(1-v) } Z ' bi Z 4450
el JjeJ

2 2
Proof. If we write the inequality (1.2) for x = (Z—) and y = (%) , then we get
2 J

bi\” b\’
(2.4) v <) +(1-v) <J>
a; Q.
- VM2 4+ (1= ) k? vm? + (1—v) K2\ (b \* [ b; >
= max M2vg2(-v) 0 2 g2(1-v) aj' ch
forany i € I and j € J.
By multiplying (2.4) with a?a? >0 we get
(2.5) l/b?a? +(1-v) afb?

< vM?2 4+ (1—v)k? vm? + (1 —v)K?
= max M2 R20—v) 0 2v2(-v)

forany i€ I and j € J.
Multiply the inequality (2.5) by ¢; > 0 and sum over j € J to get

(2.6) bQquajJr (1-v) 22%

a?(lfu)b?”a?”b?(lfy)

JjeJ jedJ
vM? + (1= v)k* vm® + (1= v) K?\ 231249, 207 2(1-v)
< max{ M2vEp2(-v) ' 2v g20-v) @; b; quaj bj
jeJ
for any 7 € I.

If we multiply (2.6) by p; > 0 and sum over i € I we get the desired inequality
(2.2).

2 2
By the inequality (1.3) for = (Z—) and y = (Z—;) we have

bi 2 b. 2 M2 k2 2 K2 b1 2v b. 2(1-v)
27 (=) +(2) <max 5 + , m il 25 ,
a; a; M2v2(1-v)’ m2v K2(1-v) a; a;
for any ¢ € I and j € J. On making use of a similar argument as above, we deduce
(2.3). O
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Corollary 1. Let ag, by >0, k € N and I a finite set of indices such that
b;
(2.8) m< —<M
a;
for some constants 0 < m < M, for anyi € I. If p; > 0 fori € I and v € [0,1],
then we have the inequality

Zie[ pib% Ziel pa?
Zie] pia?(lil/)bgy Ziel piaz?ub?(liy)
< {VM2+(1—I/)m2 I/m2+(1—V)M2}
< max

(2.9)

M2rm2—v) 0 2 p2a-v)
and the inequality
Dier Pibi Yics Pai
2ier piaf(l_”)b%j Dicr Pia%"b?(l_y)

o M2 4m? 1 1
— 2 max M2vm2(1-v)’ m2v pp2(l-v) [ °

(2.10)

The inequalities (2.9) and (2.10) therefore provide multiplicative reverses of the
second Callebaut inequality (1.10).
The following result also holds:

Theorem 2. Let ay, by > 0, k € N and I a finite set of indices such that
(2.11) a<a;<Aandb<b;<B

for some constants 0 < a < A, 0 < b < B for anyi € I. If w; > 0 fori € I with
Yierwi =1 and v € [0,1], then we have the inequality

v 1—v
(Ziel wiaf) (Ziel wib?)
Zje[ wj“?l/bi(liu)

vA?B? + (1 —v)a?b? va?b® + (1 —v) A2B?
A2vg2(1-v) B2vp2(1-v)’ A2(1-v)q2v B2(1-v)p2v

(2.12)

< max{

and the inequality

v 1—v
(Zie[ wiaf) (Zie] wibf)
v12(1—v
2jer wﬂ'a? bj( :
< A2B22—&- a?b?

(2.13)

1 1
X max { A2vg2(—v) grp2(—v) ' A2(1—v) g2v g2(1—v)p2v } :

2

2
P’l”OOf. Let x = ﬁ andy: ﬁ, fOI'j cl s then we get

a? A%

@ srs el
and

b2 B

ﬁﬁyﬁbﬁajef
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If we write the inequality (1.2) for = and y as above, then we get
b?

2
a.
(2.14) Ve (1— )
Dier wiaf ZlEI 14
A2 b? a B?
V?—f—(l—y)? l/p—‘r(l—y)bﬁ
S ma,X{ A2 b2 1—-v a2\Y /B2 1—v
(&) (&) ) (%)
b2(1—u)

2v
a5 j

X U —v
(Ziel wia?) (Zie[ wib?)l

for any j € I.
Since
+(1-v)d B— vA?B? + (1 —v) a®b?
—v T A2vg2(i-v) gerp2(i-v)

(‘%)()

2?2+ (1—v) A?B?

and )
vig +(1=v) 5 _
(LZ)V (3722)1*11 - A2(17V)a2VB2(17V)b2V’
A b
then by (2.14) we have
9 b
2.15 - l—v) =
( ) Z/Ziel w;a? o V) Eie] w; b
< vA?B? + (1 —v)a?h? va®b? + (1 —v) A2 B2
= MAXA o0 20-v) gavp2(i—v)  A20—v) g2v g2(1—v) 20
2v 2(1-v)
aj b;

e wiad)” (T wib?) "

for any j € I.
If we multiply (2.15) by w; and sum, then we get
Zjel wjb?

Zjer W
Vi + 1—v
Dier Wiay ( ) Dier wib}
- AQB2 ( ) 2b2 2b2 ( )A232
= max A2vq2(1-v) B2vp2(1-v)’ A2(1-v)q2v B2(1-v)p2v
Zje[ wjagyb‘ (=)

X
(Ziel wi“?)y (Ziel wib?)lﬁ

that is equivalent to (2.12)
By the inequality (1.3) we also have
2 b2
(2.16) ! + !
Dierwia; e wib;
a? 4 B? }
A2 2

=) (%)

a? B2

Sm"{m B

a2
2v 2(1
bj

aj

X % =
(Zie] w,;a?) (Zie[ w,-bf) '
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for any j € I and since

= (A232 - a2b )

1 1
X max { A2vq2(1—v) Brp2(1—v) A2(1—v) g2v g2(1—v)p2v } ’
then by (2.16) we get
a? b?
2.17 . >
( ) Dier w;a? " dier w;b}

< (A’B* + a®b?)

1 1
X max { A2vg2(1—v) gop2(l—v) A2(1—v) g2v g2(1—v)p2v }

2v 2(1—-v)
aj bj

x 2\V 1—v
(Xier wia?) (Xier wib?)
for any j € I.
If we multiply (2.17) by w; and sum, then we get the desired result (2.13). O

Remark 1. With the assumptions of Theorem 2 we have the Callebaut reverse
inequalities

(2.18) Eleg(llviaj Dier wi522(1 )
ZJEIwJ be . ZJEIwJ i Y bjzy
< max { (vAZB? + (1 —-v) a2b2)2 (va?b® + (1 —v) AQBQ)2 }
= A4 gA(1—v) Bavpa(i—v) * A4(1—v)gdv BA(1—v) pav
and
(2.19) Zoser it s i

v12(1—v 2(1—v) 00
ZjEIwJ a b( )Z]ele ]( )b§

S <A2322—|—a2b2>

1 1
X max { Advqd(1—v) B4vpa(l—v)’ A4(1—v)g4v B4(1—v) piv } :
Indeed, by the inequality (2.12) for 1 — v instead of v we have

1—v v
(Xies wia?) (XCies wib})
2(1=v) 900
2jer wj“j( )b§
(1—v)A2B? + va®h? (1 -v)a?b? +vA%B?
< max
A2(1-v)g2v B2(1-v)p2v’ A2vq2(1-v) B2vp2(1-v)
If we multiply (2.12) with (2.20) we obtain (2.18).
The inequality (2.19) follows in a similar way by (2.13) and the details are
omitted.

(2.20)
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The inequalities from (2.19) and (2.20) can be however improved as follows:

Theorem 3. Let ap,by > 0, k € N and I a finite set of indices such that the
inequality (2.11) is valid for some constants 0 < a < A, 0 < b < B for any i € I.
If wy >0 foriec I with ), ;w; =1 and v € [0,1], then we have the inequalities

(2 21) Zze] Wi CL2 27,61 waQ
: v12(1—v 1-v);9,
ZjeIwJ 2 b ( )ZjEI wja 2( )b2
< vA?B? + (1 —v)a?h? va®b? + (1 —v) A2 B2
max A2v B2vg2(1-v)p2(1-v)’ q2vph2v A2(1-v) B2(1-v)

and
(2.22) Zie[ w;a; Zie[ w;b?
: 12(1—v) 2(1—v) 1.9,
D jer wia bj( D jer Wia; b;
A2B? 4 ¢2b?
<z 77
- 2

1 1
X max { A2yB2ya2(17u)b2(17u) ) aQVbQUAZ(lfu)BQ(lfV) } ’

Proof. Let « = a7b5 and y = a3b; for i, j € I. Then by the condition (2.11) we
have

a’h? < x < A?B? and ¢®V? <y < A’B%
By the inequalities (1.2) and (1.3) we have

(2.23) vaibs + (1 —v)ajb;
{VA232 v)a?b? va*h? + (1 —v) A2B? }
A2B2)” a2b2)1_” ’ (a2b?)” (A2B2)1_”
2b2) 2b2 1-v

vA?B? + (1 —v)a?h? va®b? + (1 —v) A2 B2
=m A2v B2v 2(1—v)p2(1—v) " g2vp2v A2(1-v) B2(1—-v)

a?”bg(l_y)a?(l_”)bz”

and

(224)  afb] +ajb; < (A’B® + a’b?)

1 1
X max { A2 B2v g2(—0) p2(1—v) " g2vp2v A2(—v) g2(i—v) }

X a?”b?(l_”)a?(l_")bz”

for i, j € I.
If we multiply (2.23) and (2.24) by w;w; and sum over ¢, j € I we get the desired
inequalities (2.21) and (2.22). O

3. A NUMERICAL COMPARISON
We consider the Kantorovich’s ratio defined by

(h+1)?

(3.1) K (h) =

, h>0.
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The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (+) for any h > 0.

The following multiplicative reverse of Young inequality in terms of Kantorovich’s
ratio holds
(3.2) (1-v)a+vb< KR (%) a v,
where a,b >0, v € [0,1], r =min {1 —v,v} and R = max {1 —v,v}.

This inequality was obtained by Liao et al. [10].

In [8] the first author obtained the following reverse of Callebaut inequality

(33) 2212SI pzsz EiEI pa% — < Kmax{v,l—v} <<M> 2)
Eie[piai( U)b?l/ Zie[piafybi( v) m
where a, by > 0, k € N and I a finite set of indices such that the condition (2.11)
is valid for some constants 0 < a < A, 0 < b< Bforanyi € I, w; >0fori el
with >, ., w; =1 and v € [0,1].
From (2.9), (2.10) and (3.3) we have the following upper bounds for the quotient

Zie] pibf Eie] pa?

(3.4)
Dier pia?(lﬂ)bgy Dier pia?l’b?(lﬁ)
< By (m,M,v), By (m,M,v), Bs(m,M,v)
where
vM? 4+ (1 —v)m? vm? + (1 —v) M?
By (m, M, v) := max{ M2rm2(—v) 7 2 p20-v) )
M? +m? 1 1
By (m, M, l/) 9 max { M2vm2(—v)’ mp2v pr2(1—v) } ’
and

M 2
By (m, M,v) := Kmax{vi=vh (=) )
Y m

Here 0 <m < M < oo and v € [0,1].
For m = 1, we consider the differences

Dy (M,v) : =B;(1,M,v)— By (1,M,v),
Dy (M,v) : =B3(1,M,v)— By (1,M,v),
Dg(M,I/) : :B3(1,M,I/)—BQ(1,M,I/)

for M > 1 and v € [0,1].

The plots of the differences Dy (M, v), Dy (M,v) and D3 (M, v) in the box [1, 3] x
[0, 1] are depicted in Figures 1, 2 and 3 below. They show that in (3.4) the bound
By is better than Bs that is better than B

Problem 1. Is the following inequality
By (m,M,v) < B3 (m,M,v) < By (m, M,v)

valid for any 0 <m < M < oo and v € [0,1]?
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FIGURE 1. Plot of Dy (M,v) in [0, 3] x [0,1]
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FI1GURE 2. Plot of Dy (M,v) on [1,3] x [0, 1]
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Plot of D3 (M,v) on [1,3] x [0,1]

REFERENCES

H. Alzer, C. M. da Fonseca and A. Kovacec, Young-type inequalities and their matrix ana-
logues, Linear and Multilinear Algebra, 63 (2015), Issue 3, 622-635.

D. K. Callebaut, Generalization of Cauchy-Schwarz inequality, J. Math. Anal. Appl. 12
(1965), 491-494.

S. S. Dragomir, A Note on Young’s Inequality, Preprint RGMIA Res. Rep. Coll. 18 (2015),
Art. 126. [http://rgmia.org/papers/v18/v18a126.pdf].

S. S. Dragomir, A note on new refinements and reverses of Young’s inequality, Preprint
RGMIA Res. Rep. Coll. 18 (2015), Art. 131. [http://rgmia.org/papers/v18/v18al31.pdf].
S. S. Dragomir, Multiplicative refinements and reverses of Young’s operator in-
equality with applications, Preprint RGMIA Res. Rep. Coll. 18 (2015), Art. 166.
[http://rgmia.org/papers/v18/v18a166.pdf] .

S. S. Dragomir, New refinements and reverses of Hermite-Hadamard rnequality and rpplica-
tions to Young’s rperator rnequality, Preprint RGMIA Res. Rep. Coll. 19 (2016), Art. 42.
[http://rgmia.org/papers/v19/v19a42.pdf] .

S. S. Dragomir, Some asymmetric reverses of Young’s scalar and operator in-
equalities with applications, Preprint RGMIA Res. Rep. Coll. 19 (2016), Art. 44.
[http://rgmia.org/papers/vi9/vi9add.pdf].

S. S. Dragomir, Some results for isotonic functionals via an inequality Due to
Liao, Wu and Zhao, Preprint RGMIA Res. Rep. Coll. 18 (2015), Art. 122.
[http://rgmia.org/papers/v18/v18a122.pdf] .

S. Furuichi, Refined Young inequalities with Specht’s ratio, J. Egyptian Math. Soc. 20 (2012),
46-49.

W. Liao, J. Wu and J. Zhao, New versions of reverse Young and Heinz mean inequalities with
the Kantorovich constant, Taiwanese J. Math. 19 (2015), No. 2, pp. 467-479.

M. Tominaga, Specht’s ratio in the Young inequality, Sci. Math. Japon., 55 (2002), 583-588.
G. Zuo, G. Shi and M. Fujii, Refined Young inequality with Kantorovich constant, J. Math.
Inequal., 5 (2011), 551-556.

Y.-D. Zhuang, On inverses of the Holder inequality, J. Math. Anal. Appl. 161, (1991), 566-
575.

IMATHEMATICS, SCHOOL OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,

MELBOURNE CiTy, MC 8001, AUSTRALIA.
E-mail address: Sever .Dragomir@vu.edu.au; Alasdair.McAndrew@vu.edu.au

URL: http://rgmia.org/dragomir

28cH00L OF COMPUTER SCIENCE & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA





