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NEW INEQUALITIES OF OPIAL TYPE FOR CONFORMABLE
FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA AND HUSEYIN BUDAK

ABSTRACT. In this paper, some Opial type inequalities for conformable frac-
tional integral are obtained using the remainder function of Taylor Theorem
for conformable integral.

1. INTRODUCTION

In the year 1960, Opial established the following interesting integral inequality[10]:

Theorem 1. Let z(t) € C[0,h] be such that x(0) = x(h) = 0, and x(t) > 0 in
(0, h). Then, the following inequality holds

h h
(1.1) /|m(t)m’(t)|dt§ %/(w’(t))th
0 0

The constant h/4 is best possible

Opial’s inequality and its generalizations, extensions and discretizations, play a
fundamental role in establishing the existence and uniqueness of initial and bound-
ary value problems for ordinary and partial differential equations as well as differ-
ence equations. Over the last twenty years a large number of papers have been
appeared in the literature which deals with the simple proofs, various generaliza-
tions and discrete analogues of Opial inequality and its generalizations, see [2],[4],[5],
[11]-[14],[16],[17].

The purpose of this paper is to establish some Opial type inequalities for con-
formable integral. The structure of this paper is as follows:. In Section 2, we give
the definitions of the conformable derivatives and conformable integral and intro-
duce several useful notations conformable integral used our main results. In Section
3, the main result is presented. Using the remainder function of Taylor Theorem
for conformable integral, we establish several Opial type inequalities.

2. DEFINITIONS AND PROPERTIES OF CONFORMABLE FRACTIONAL DERIVATIVE
AND INTEGRAL

The following definitions and theorems with respect to conformable fractional
derivative and integral were referred in (see, [1], [3], [6]-][9]).
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Definition 1 (Conformable fractional derivative). Given a function f :[0,00) —
R. Then the “conformable fractional derivative” of f of order o is defined by

t+et'=) = f(t
(21) D () 1) = tig LD 2SO
€e— €
forallt >0, a € (0,1). If f is a—differentiable in some (0,a), a > 0, lim+ F)(t) exist,
t—0
then define
(2.2) £00) = lim £ (1).

t—0t

We can write f(®) (t) for Dy (f) (t) to denote the conformable fractional derivatives
of f of order . In addition, if the conformable fractional derivative of f of order
« exists, then we simply say f is a—differentiable.

Theorem 2. Let o € (0,1] and f, g be a—differentiable at a point t > 0. Then
i. Do (af +bg) = aDq (f) + 0Dy (g), for all a,b € R,
i1. Dy, (\) = 0, for all constant functions f (¢) = A,
iti- Do (fg) = fDa (9) + 9Da (f),
.0, (£) = 1220 o0e(1)

g g*

If f is differentiable, then

-« df
(23) Do () () =25 (1)

Definition 2 (Conformable fractional integral). Let o € (0,1] and 0 < a < b. A
function f : [a,b] — R is a-fractional integrable on [a,b] if the integral

b b
(2.4) / f(x)doz = / f(z) 2> tdx
exists and is finite. All a-fractional integrable on [a,b] is indicated by L ([a,b]).

Remark 1.

rno=1e) - [ L

where the integral is the usual Riemann improper integral, and o € (0, 1].

Theorem 3. Let f : (a,b) — R be differentiable and 0 < o < 1. Then, for all
t > a we have

(2.5) IEDf @) = f () = f(a).

Theorem 4 (Integration by parts). Let f,g: [a,b] — R be two functions such that
fg is differentiable. Then

b b
20 [ @D @ das = foli~ [ o) DL (@) da

Theorem 5. Assume that f : [a,00) — R such that f("™(t) is continuous and
a € (n,n+ 1]. Then, for all t > a we have

Def@) 15 =f().
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We can give the Holder’s inequality in conformable integral as follows:

Lemma 1. Let f,g € Cla,b], p,qg>1 with%—&—%:l, then

b
[ 9@ daz

Remark 2. If we take p = q =2 in Lemma 1, the we have the Cauchy-Schwartz
inequality for conformable integral.

1
q

=

b b
/ |F(@)9(2)| das < / @) daz

Theorem 6 (Taylor Formula). [3] Let a € (0,1] and n € N. Suppose f isn+ 1
times a— fractional differentiable on [0,00), and s,t € [0,00). Then we have

n a __ .a\k A a _ o n
s =35 (555 phre+ o [ (F57) e
=0 's

k

Using the Taylor’s Theorem, we define tthe remainder function by

R—l,f(-; 8) = f(S),

and forn > —1,

a _ ga k
Rostts) =16 - Y 5 (S5 ki

t
1 [ -\
] < - ) Da+1f(7')da7'.

Opial inequality can be represented for conformable fractional integral forms as
follows [15]:

Theorem 7. Let o € (0,1] and u be an a-fractional differantiable function on (0, h)
with u(0) = u(h) = 0. Then, the following inequality for conformable fractional
integral holds:

(2.8) / lt)Des (1) (1)t < D0 () O dot.

Now, we present the main results:

3. OPIAL TYPE INEQUALITIES FOR CONFORMABLE FRACTIONAL INTEGRAL

Let a € (0, 1]. In the following we adapt to the a-fractional setting some results
from [2] by applying the fractional Opial inequality.

Theorem 8. Let a € (0,1], f : [a,b] — R be an n+ 1 times a— fractional differ-
entiable function, p,q > 1, % + % =1, and t > xq, t,z9 € [a,b]. Then, we have the
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following inequality

t
(3.1) / (R (20,7)| | D21 f(7)| dar
a n+2/p jp “
(t ) - /‘Dn—i-lf ‘ doT
225l (np + 1) (rp + 2)] 77

0

Proof. From (2.7), we have

t

L[t =7\"
Rostoot) = o [ (557 ) D2 A0, vt € Lo,

)
By using the Holder inequality for conformable integral, it follows that

t
1
(32| Ro s (w0 t)| < /(t“ @y | DT ()| dyr

a™n!
o
1 1
) t P t q
< (t* —7)"Pd,T |D"+1f | doT
an!
0 0
1 (ta _ 3384)”4‘1/17 1
a"+1/Pn! (np+ 1)1/p (Z(t))q
where
t
z(t) /|D"+1f ‘ do, 29 <t < b, z(x9) =0.
o
Thus,
Daz(t) = [Dit ()]
and
(3.3) DI f(8)] = (Daz(t) .

By (3.2) and (3.3), we get

o a”+1/
(34)  [Rusp(wo,t)]| D2 ()] < —— =28

= anti/epl (np+ 1)1/p (Z(t)DaZ(t))é.
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Integrating the inequality (3.4) and using the Holder inequality for conformable
integral, we have

t
[ s, 7)1 D5+ 7] dr

)1/p/ (r* = 2§)" /7 (2(7) Da(r)) 7 dar

Zo

1
amtl/rpl(np 4+ 1

=

t t q

! /( 2" d,r /Z(T)Daz(f)dﬂ

anti/ppl(np + 1)4/p

0 0

)

Qo

(e — ag)"">/" (2

(t
ant2/en! [(np + 1) (np+2)]/7 2

which completes the proof. O

Corollary 1. Under assumption of Theorem 8 with p = q = 2, we get

ta n+1
Ry (o, )| |DITF(T)| doT < ( / Dt doT.
/| nf 0 )H f i = 9gntip) /—n+1 2p+ | f | e
To

fila,b] — R be an n+ 1 times a— fractional differ-
++ =1, and t < xg, t,x0 € [a,b]. Then, we have the

Theorem 9. Let a € (0,1]
entiable function, p,q > 1,
following inequality

”ﬁh—‘
Q=

65) [ |Rusan ) [DET )| dor
t

SIS

(e — 1) 2/

zo
/ D £ ()] dor
t

an+14+2/p2% n) [(np+1) (np+ 2)]1/;;

Proof. From (2.7), we have

t

(3.6)| R (w0, t)| = / )" DI f(r)d,

a"n'

IN

( — )" | D2 (1) | dar

an!

Q=

Zo

1
P Zo
| e meraar || et dur
t

a™n!
t
1 (ZL’a _ta)”+1/l7

= : (=(8)

anti/epl (np+1)4/P

IN
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where

zo

z(t) /}D"Hf | dot, 0 <t <z, 2(xg) =0.

t

Therefore,
Daz(t) = = |Dy (1))

and
(3.7) | Dt f(1)] = ).

From (3.6) and (3.7), it follows that
1 (af — )P

Q=

(38)  |Rus(xo, )| [DETHF(H)] < (—2(t)Daz(t))

= antl/ep!l (np+1)Y/P

Integrating the inequality (3.8) and using the Holder inequality for conformable
integral, we have

[ 1Rslo0, 7 [0 dor
t

T

: [ @8 =7 (1) Do) dar

<
—  antl/ppl(np 4+ 1)/
t

Q=

Zo

1 /(xg eyt g /(—z(T)Daz(T)) dot

anti/ppl(np + 1)4/P

8
(=}
Sl

t t

« (e 2 2
(g — )" T?/P (2(t))

(t
an+2/pn! [(np + 1) (np + 2)]"? 2
This completes the proof. (Il

Corollary 2. Under assumption of Theorem 9 with p = q = 2, we get

o zo
(wf — )"

[ 1oy ao, )| D ()] dar <

/ 2antinly/(n+1)(2p+1) /

|"+1f |d7’

Theorem 10. Let a € (0,1], f : [a,b] — R be an n + 1 times a— fractional
differentiable function, p,q > 1, % % =1, and t,xog € [a,b]. Then, we have the
following inequality

(3.9) / Ry (00, 7)) | DI (1) doe

SN

‘ta a|”+2/P

D) dat
an+2/p2an! [(np + 1) (np + 2)]/7 /‘ "

Proof. Combining Theorem 8 and Theorem 9, we can easily the required result. O
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Corollary 3. Under assumption of Theorem 10 with p=q = 2, we get
) |n+1

/; ()] dr]
200t Il /(n+1) (2p+ 1)

t
[ 1Bas a0, [P 50 dar| <

Using the Theorem 10 and Corollary 3, we obtain the following important inequality.

Corollary 4. Let o € (0,1], f : [a,b] — R be an n + 1 times a— fractional
differentiable function, p,q > 1, %—i—% =1, and t,zg € [a,b]. If D% f(z0) = 0,
k=0,1,...,n, then we have the following Opial type inequality

/ PO D ()| dar

2
' q
PR n+2/p
< min 1| x| - /|Dg+1f(7)|qda7 ;
ant2/p2an! [(np + 1) (np + 2)]/7 o
[t — ag "t /i L f () | d.T
20+ nl\/(n+1) 2n + 1)

Corollary 5. If we choose n =0 Corollary 4, then we have the following inequality

/ F)|Daf (7)) dar

2
Z t
1) e —agr )je |t — zf| 2
< 5 min 5o2/p /|Daf N dat| 90 /|Daf<7')| daT

Theorem 11. Let o € (0,1], f : [a,b] — R be an n + 1 times a— fractional
differentiable function, p=1, ¢ = co and t € [xg,b]. Then we have the inequality

(3.10) /\Rn,f(xo,T)\|Dg;+1f(7)|da7 (# — a5)

= m 105 A2 o
Proof. From (2.7), we have
t
1 n n
(B1) R0t < — / (£ — 7Y™ | DR f(7)] dar
1 0 /
S annl }{Dg+lf}{oo,[xg,b] / (ta — Ta)n daT
o
Dn+1
_ H +1fH ,[z0,b] (ta _ g)n+1 )
antl(n+1)!
Moreover, we get
|Dn+1f | HDrH-lfH

[0,
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for all ¢ € [zg,b].
Therefore it follows that

Drtt 2
(3.12) R, f(z0,t)| [ DL f(8)] < m

« ayn+1
= ot i(n+ 1) (% =)™

Integrating the inequality (3.12), we have

t |2 APy
/‘R x |D”+1f |d T < a—oo’[zo’b]/(Toz_xa)nJrld -
nf 0,7 —= an+1(n+1)! 0 «
xo o
(t —
= m P,

This completes the proof of the inequality (3.10).

Theorem 12. Let p =1, ¢ = 0o and t € [a,x9]. Then we have the inequality

o (g —t)"
(3.13) /IRn,f(wo,T)I |De ()] daT < m H DR
Proof. From (2.7), we get
t
1 n o
(3.14) B g (o, = | / (1% — 7Y DL (F)dor
Y
17
< a”n'/(Ta_ n!D"Hf }d T
i
o
< 1 HDn+1fH ( «a _ta)nd
— arp! @ oo,[wo,b] [ \T o
t
15" fll o "
- om+1(n+1)0.7 (af — )"
Furthermore, we have
(3.15) D O] < 1D o oo
for all ¢ € [a, o] .
Thus, we obtain
/ n+1 HDn+1fH la,zo / o ayn+1
/|Rnfx0, WD f(r)| dar < m/(%_” doT
xo Zo
(g — )" 2
- m 1P Nl o,z

which completes the proof of the inequality (3.13).

Combining Theorem 11 and Theorem 12, we have the following result.
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Corollary 6. Let o € (0,1], f : [a,b] — R be an n + 1 times a— fractional
differentiable function, p =1, ¢ = oo and t € [a,b]. Then, the following inequality
holds:

|t 370| H
~ amt2(n 4+ 2)!

/|Rnfx0, ) (DI f ()] dar n gl
)

Using the Corollary 6, we obtain the following important inequality.

Corollary 7. Let a € (0,1], f : [a,b] — R be an n + 1 times a— fractional
differentiable function, p=1, ¢ = 0o and t € [a,b]. If DX f(z0) =0, k=0,1,....n
then we have the following Opial type inequality

ant2(n 4+ 2)!

/ 1£(7)] | DR+ F(7)| dar zwn DIrF|

Corollary 8. If we choose n =0 Corollary 7, then we have the following inequality

|t 950|

J1H@NDas ] dar| < IDafI2
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