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SOME INEQUALITIES FOR LOGARITHM WITH
APPLICATIONS TO WEIGHTED MEANS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish several inequalities for logarithm and
apply them to obtain some new inequalities involving weighted arithmetic
mean, geometric mean and harmonic mean of n-tuples of positive sequences.
The case of two positive numbers and an analysis of which bound is better and
when are also considered.

1. INTRODUCTION
There are a number of inequalities for logarithm, see for instance
http: //functions.wolfram.com/ElementaryFunctions/Log/29/

and [5] that are well know and widely used in literature, such as:

-1
(1.1) ° <Inz <z -1 forz >0,
x
(1.2) 2 n(l4a) < for 2 > 0
. n x orz >0,
24+~ T Vr+1 -
xg—ln(l—x)glfx,forx<1,
lnxgn(asl/”—l) forn >0 and z > 0,
In(1-Jz])<ln(z+1)<—-In(1—|z|) for |z| <1,
and

3 3
—3% <In(l-=z)< 5% for 0 < 2 < 0.5838.

A simple proof of the first inequality in (1.2) may be found, for instance, in [6], see
also [7] where the following rational bounds are provided as well:

142 14+ 1
Lﬁx)l Sln(1+x)§ :6(74_26@ fOI“.TZO.
(1+2)(1+ 32) 1+ 35z
In the recent paper [3] we established the following result:
(1.3) 0<)A—-v)a+vb—a "0 <v(1—v)(b—a)(lnb—1Ina)

for any a, b> 0 and v € (0,1).
If we take in (1.3) b=2+ 1, £ > 0 and a = 1, then we get

l—v+4vE+1)—(z+1)"
v(l—v)zx

(1.4) In(z+1) > (>0)
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for any v € (0,1) and, in particular

(1.5) In(z+1) >

for any x > 0 and v € (0,1).
In this paper we establish some inequalities for the quantity

b—a

—Inb+1Ina

when a, b > 0 and apply them to obtain some new inequalities involving weighted
arithmetic mean, geometric mean and harmonic mean of n-tuples of positive num-
bers. The case of two positive numbers and an analysis of which bound is better
and when are also considered.

2. LOGARITHMIC INEQUALITIES

The following theorem is well known in the literature as Taylor’s theorem with
the integral remainder.

Theorem 1. Let I C R be a closed interval, a € I and let n be a positive integer.
If f: T — R is such that f™ is absolutely continuous on I, then for each x € I

(2.1) f(x) =T, (f;a,2) + Ry (f;0,2),

where T,, (f;a,x) is Taylor’s polynomial, i.e.,

N~ @—a)f
T, (f;a,x) .—Z o

k=0
(Note that f©) := f and 0! := 1), and the remainder is given by

R (fia,) = % / by D (1) at.

The following result holds [2]:

% (a).

Lemma 1. For any a, b > 0 we have for n > 1 that

(=D (b —a)" ="
(2.2) lnb—lna—kkz_l()k(ak):(—l) /a %dt.

Proof. Consider the function f:(0,00) — R, f(z) = Inz, then

f(n) (.73) — (_1)n—1 (TL — 1)'

- ,m>1, x>0,
T

(x —a)*

ak

T, (f;a,2) =1 +i(_l)k_l >0
n(f;a, ) =1na , a
k=1 k

and N N
R (fia,2) = (—1)"/ (xt%)dt.

Now, using (2.1) we have the equality,

B ()" @ —a) w [T (@—t)"
lnx—lna+kzzl : + (1) /a ——dt,

ak ntl
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ie.,
~ () (@ —a) w [T la—t)"
lnx—lna—i—ZT:(—l) ) dt, xz,a>0.
k=1 @
Choosing in the last equality = b, we get (2.2). O
Theorem 2. For any a, b > 0 we have
(2.3) 1 1_min{a,b} 2_} (b—a)’
’ 2 max{a,b} /)  2max?{a,b}
< b_a—lnb—Hna
a
< 1 (b—a)’ 1 <max{a,b} 1>2
~ 2min?{a,b} 2 \ min{a,b} '
Proof. For n =1 we get from (2.2) that
b
b—t b—a
(2.4) /a 2 dt = " —Inb+1Ina
for any a, b > 0.
If b > a, then
1(b—a)’ bh—t 1(b—a)’
. — > > — .
(2:5) 2 a2 */u A
If a > b then
b a a
b—t b—t t—>b
[Pt [t [ty
a t bt bt
and
1(b—a)’ @b 1(b—a)?
. — > —dt > ————.
(26) 2 12 —/b 272 a2

Therefore, by (2.5) and (2.6) we have for any a, b > 0 that
by . 2 . 2
/ b tdtZ% (b—a) _1(m1n{a,b} 1)
a

t2 max? {a,b} 2 \max{a,b}
and
/b b_tdt 1 (b—a)? 1 <max{a,b} B 1)2
o 12 ~ 2 min? {a,b} 2 \ min{a,b} '
By the representation (2.4) we then get the desired result (2.3). |

When some bounds for a, b are provided, then we have:

Corollary 1. Assume that a, b € [m, M] C (0,00), then we have the local bounds

1(b—a)? b-a 1(b—a)
) = <— - <=
(2.7) 5 M S, Inb+1na < 5
and
1(b—a)? b—a _1(b—a)’
. = <Ilnb-—1Ina-— < =
(2.8) 5 2 <Ilnb—Ina S5 oo
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Remark 1. If we take in (2.3) a =1 and b=z € (0,00), then we get
oo Lol 1oy
2 max {1,z} 2 max? {1,z}
<z—1-—Inzx

<} (32—1)2 1 ma@({l,a@}_1 2
~ 2min?{1,2z} 2 \ min{l,z}
and if we take a = x and b =1, then we also get

(2.10) 1(1 mm{hﬂ>2_1 (z —1)?

2\ max{l,z})  2max?{l,z}

T
<lhgx - ——
x

<]_(x—1f 1(mquz}1>%

= 2min?{1,z} 2 \min{1,z}

If z € [k, K] C (0,00), then by analyzing all possible locations of the interval
[k, K] and 1 we have

min{1,k} <min{1l,2} < min {1, K'}

and
max {1,k} <max{l,z} < max{l,K}.
By (2.9) and (2.10) we get the local bounds

1 (z—1)7 1 (z—1)7°
2.11 ———  <z—-1l-lnzx<-—5—"—
(2.11) 2 max? {1, K'} =7 ne= 2 min? {1, k}
and
(2.12) I @-1)° _ @-1_1 (=1
' 2max?{1,K} — z = 2min® {1,k}

for any z € [k, K].
We have by (2.11) and (2.12):

Corollary 2. Let a, b> 0 and such that © € [k, K] C (0,00). Then we have

1 (b—a)’ b—a 1 (b—a)
2.13 - < —Inb+1lnae < -
(2.13) 2a?max?{1,K} — a notina s 2 a2min? {1,k}
and

1 (b—a) b—a 1 (b—a)’
2.14 ———————— <Inb—Ina-— <= .
(2.14) 2a2max?{1,K} ~ " na b~ 2a2min®{1,k}

If we assume that a, b € [m, M] C (0,00), then by taking k = §; <1 < % =K
in (2.13) and (2.14) we get

1 m?2 b\’ b b—a
. — (=) —2=+ < — - +
(2.15) 5 2 (( > 2 1) Inb+1Ina

1M2 ((b\> b
<= ((2) =22 +1
— 2m? <<a> aJr )
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and

1m2 ((b\?> _b b—a
2.1 () 22 +1) <lnb—Ina-
(2.16) 2 M7 ((a> o’ ) = b—lna ==y

1M2 ((b\° b
< - —2—4+1].
=~ 2m2 <<a) a+ )

Observe also that for z € [k, K] we have

{— min {1, 2} S min {1, K'} >0
max {1,z} max {1, k}
and
max {1,z} 1< max {1, K} 1
~ min{l,z} ~ min {1, k} '
Now, by (2.9) and (2.10) we get the global bounds
1 min {1, K} 2 1 /max {1, K} 2
2.17 —“(l1-————=) <z—-1-lne< - ———1
(2.17) 2 ( In&x{l,k}) =7 =3 ( min {1, k}
and
1 min {1, K}\? z—1 1 (max{l,K} 2
2.1 Bl (W Sl i PO el (i S ek NS
(2.18) 2( max{l,k}> = x 2<min{1,k}

for any z € [k, K].
By (2.17) and (2.18) we have:

Corollary 3. Let a, b> 0 and such that © € [k, K] C (0,00). Then we have

(2.19) ;(112;?Li§>2gba“ nmxﬂ.K} 1>2

1
lnb+lna§2<

min {1, k}
and
. 2 2
(220) L (1 mindlL K} §hw44nafb_a§}?lmm{1K} 1) .
2 max {1, k} 2 \ min {1, k}
We observe that from (2.19) we actually have
) (1-K)?ifK <1,
(2.21) ! 0ifk<1<K,
(1—1)2if 1<k,
< b-a —Inb+1Ina
(-1 ifK <1,
<S4 (K- iftk<1<K,
(K—-1)ifl<k
and the same bounds for Inb —Ina — Z”T‘l.
We also have:
Theorem 3. For any a, b > 0 we have
b—a (b—a)’

(2.22) 0<)

—Inb+1Ina <
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and

(2.23) (0<)Inb—Ina— b=

Proof. If b > a, then

b b 2
b—t 1 b—a (b—a)
< — —_ = — = .
/a e dt < (b a)/a 2 dt =(b—a) s "

If @ > b, then

b a a 2
b—t t—b 1 a—b (b—a)
dt = dt < (a—1b —dt=(a—b = .
/a 12 /b 12 < (a )/b 2 (a—b) ab ab

Therefore,

b 2
b—t (b—a)

<
/a t2 dt < ab

for any a, b > 0 and by the representation (2.4) we get the desired result (2.22). O

It is natural to ask, which of the upper bounds for the quantity
b—a

—Inb+1Ina

as provided by (2.3) and (2.22) is better?

Consider the difference
1 (-0 (-a
2 min® {a, b} ab
We observe that for b > a we get

1(b—a)?® (b—a)? (b—a)?
A = = — = — 2 .
(a,5) 2 a? ab 2a%b (b~ 2a)
Therefore A (a,b) > 0if b > 2a and A (a,b) < 0if a < b < 2a, meaning that neither
of the upper bounds in (2.3) and (2.22) is always best.

If we take in (2.22) and (2.23) a =1 and b = = € (0,00), then we get

A(a,b) :

, a, b>0.

2
(2.24) 0<)z—1—Ing< &Y
T
and
-1 _ (z—1)°
2.2 lnz —
(225) O0<)mz -1 <2
for any = > 0.

Corollary 4. Let a, b> 0 and such that © € [k, K] C (0,00). Then we have

(2.26) b b na< Uk K)
a

and

(2.27) mb—tna— "% <0k K),
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where

E-D® K <1,
Uk K):= max{%,%} fk<1<K,

ED® i1 < k.

Proof. Consider the function f (z) = @, x > 0. We observe that
22 -1 2
f/(x) = T2 and f”(ﬂ?) = 23

which shows that f is strictly decreasing on (0, 1), strictly increasing on [1, 00) and
strictly convex for z > 0. We also have f (%) = f () for z > 0.
By (2.24) and by the properties of f we then have that for any z € [k, K]

—1)?
(2.28) r—1—-lnz < max =17
®=V 5 g < 1,

— (k-1? (K- .
= max T,T} lfkngK,
B i1 < k.
= Uk, K).
Now, put © = £ € [k, K] in (2.28) to get the desired inequality (2.26).
Let y = L with z = g € [k, K]. Then y € [+, 1] and we have like in (2.28) that

K’k
1)
y—1—Iny < max M
yE[K-1k~1] Y
—1_ )2
) e <1,
—1_1)2 1 1)2
= { max (KK_S) ,(k-,;_f) } ifk<1< K,
112
7(T_11) if 1 < &4,
=U(k K),
which implies (2.27). O
Now, by Corollary 1 we have the global upper bound
b—a 1(M —m)?
2.29 —— —Inb+Ina < ————+——
( ) . nb+Ina < 3 2 )

for any a, b € [m, M| . Moreover, if a, b € [m, M|, then K = % and k = §; and by
Corollary 4 we also get

b—a (M —m)?
2.30 —Inb+Ina< —~
(230) — mbimes &
which implies that
b— M —m)? M
(2.31) (OS)f—lnb%—lnaS(m]\ZL)min{m,l}

for any a, b € [m, M].
We observe that, for m < M < 2m, the inequality (2.29) is better than (2.30).
If M > 2m, then the conclusion is the other way around.
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From the above consideration, we can conclude that the following inequality is
also valid

b—a (M-m)> . (M
. < — — <
(2.32) (0<)Inb—1Ina A R~ mm{Qm,l}

for any a, b € [m, M].

3. APPLICATIONS FOR WEIGHTED AM-GM INEQUALITY

Define the weighted arithmetic mean of the positive n-tuple z = (z1, ..., ©,,) with
the probability distribution w = (wq, ..., w,) by

Ay, (w,z) := iwimi
i=1

and the weighted geometric mean of the same n-tuple, by

G, (w,z) = (H m;"i> .
i=1
It is well know that the following arithmetic mean-geometric mean inequality holds
A, (wyz) > Gy (w, ) .

Define also
n
o 2
Apo(w, ) = E w; T3,
i=1

the weighted harmonic mean
1

Hy (w,z) = W
i=1 x,

= A;l (w,x_l) ,

and the dispersion
D2 (w,z) := Ao (w,7) — A2 (w, ).
We have the following result:
Theorem 4. Assume that the n-tuple © = (21, ..., z,) satisfies the condition
(3.1) 0<m<z, <M<

foranyi € {1,...,n}, then for any probability distribution w = (w1, ..., wy) we have

_ 1

(3.2) exp [An (w, ) H; ' (w,2) — 1 — ﬁDEL (w,a:)}

< Ay (w, T)

~ Gy (w,x)

_ 1

< exp |:An (’LU,SU) Hnl (w,x) —-1- 2M2D721 (’IU,{L'):|

and
1 2 An (U},J?) L 2

(3.3) exp [2M2 D; (w,x)} < G (w.) < exp [2m2 D; (w,x)
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Proof. We have that A,, (w,z) € [m, M] and by (2.7) we obtain

1(A, (w,z) — a)2 A, (w,z) —a
. - < -
(3.4) 5 IV < o In A, (w,z) +1Ina
_ 1A (wa) )
- 2 m2
and
1(b— A, (w,2))? b— A, (w,z)
. — < —
(3.5) 5 e < A (w.2) Inb+1nA, (w,z)
1A, w,2)
- 2 m?2

for any a, b € [m, M].
Take in (3.4) a = x;, multiply the obtained inequality by w; and sum over ¢ €
{1,...,n} to get

1 n 9
(3.6) oYYl ; w; (A (w,x) — ;)
< A, (w,x)zﬁ —1-InA, (w,z) +Zwi Inz;

T
i=1 7" i=1

1 n
S ﬁ Zwi (An (w,x) - xi)2 .
1=1

Since
Zwi (A, (w,z) — xi)Q =Ap0(w,z) — (A, (w,gv))2 = D? (w, ),
i=1
n w; .
i=1
and

n
Zwi Inz;, =InG, (v, z),
i=1
hence by (3.6) we have

(3.7) D;, (w,z)

1
2M?
< A, (w,z) HY (w,2) — 1 —In A, (w,2) + In Gy, (w, )

1 2

that is equivalent to
1
Ay (wyz) H Y (w,2) — 1 — ﬁDZ (w,x)
<InA,(w,z) —InG, (w,z)

< Ay (w,2) Hy'' (w,2) = 1= oo D7 (w, @)

1
2M?
and by taking the exponential, we get (3.2).
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Further, take in (3.4) b = x;, multiply the obtained inequality by w; and sum
over i € {1,...,n} to get

n

1
(3.8) WE Z w; (A, (w,z) —2;)° <InA, (w,z) — InG, (w,z)
i=1
I o 2
< o2 Zwi (An (w, ) — 2;)
i=1
and by taking the exponential, we deduce (3.3). O

Remark 2. Choosen =2 and let w; = 1—v, wy = v, x1 = a, x93 = b with v € [0,1]
and a, b > 0. Then

As (w,z) = (1 —v)a+ vb,

Hz’l(w,@:(l—u)éwézw

ab
and
D?(w,z) = (1 —v)a® +vb? — (1 — v)a+ vb)?
=(1-v)a®+vb>—(1-0v)a®—2(1—v)vab— 2
=(1—v)v(b—a).
Moreover,
Ag (w,z) Hy " (w, ) — 1
_[(1—1/)a—|—ub][(1—u)b—|—ua]_1
B ab
(1=v)’ab+v(1—v)b®+v(1—v)a?+ v2ab— ab
B ab
_y(l—v)(b—a)2
B ab '
Then
- 1
Ay (w,x) Hy Y (w, ) — 1 — Q—mZDg (w,x)
v(l-v)(b—a)’ (1-—v)v(b—a)
B ab 2m?
- a? (L L
=v(l-v)(b—a) (ab 2m2>
and
1
~1
AQ(w7x)H2 (w,x)—l—ng(w,x)
v(l-v)(b-a)?® (1-v)v(b-a)’
B ab 2M?

~vt-n0-o (5 o).
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Then by (3.2) and (3.3) we get
(3.9) exp {yu_y) (b— a)? (1 1 )]

ab  2m?2
v (

< 2’»(3,2)) < exp [V(l—V)(b_a)2 (alb_ 2J\142>}

and
(3.10) exp {2;42 (1 —u)u(b—a)ﬂ
A, (a,b
<G (@) <exp [22 (I-v)v(b- a)z}
where

A, (a,b):=1—-v)a+vb
is the weighted arithmetic mean of (a,b) and
G, (a,b) :=a' V"

is the weighted geometric mean of (a,b) .
The inequality (3.10) has been obtained in different ways in either of the recent
papers [1] and [4].

In order to compare the upper and lower bounds for the quotient 2”8’2)) provided

by (3.9) and (3.10) we consider the difference

Dyt (a,b) = — — —— —
(0, b) ab  2M?2  2m?
where a,b € [m, M].
We observe that
1 1 1 M? —m?
lim Dy, (a,b) == — — - = 0
D (0,8) 3= 05 = 54~ 9 = omEarE
and
1 1 1 m? — M?
lim D - L
o, Do (0.8) = 35 = 535 ~ 52 = azarz <0

which show that neither of the lower or upper bounds in (3.9) and (3.10) is always
best.

We also have:

Theorem 5. Assume that the n-tuple © = (1, ...,xy,) satisfies the condition (3.1)
for any i € {1,...,n} then for any probability distribution w = (wy, ..., w,) we have

exp [An (w,z) H ' (w,z) — 1] (M — m)2 .| M
. < ~ 7 —
(3.11) ) exp — min 2m,l

G, (w,z)

and

(3.12)

02 [0 [ 1]
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Proof. From the inequalities (2.31) and (2.32) we have

A, (w,z) —a (M—-m)* . (M
: - n ) < =
(3.13) . InA, (w,z) +1na o min g o 1
and
b— A, (w,z) (M—-m)* (M
.14 ——— -1 InA < — —,1
(3.14) A (w.2) nb+InAd, (w,z) < o ming o,

for any a, b € [m, M].
By a similar argument to the one in the proof of Theorem 4 we get

_ M-m)y (M
1 1 < ( [
Ap (w,z) H, " (w,z) =1 —1In A, (w,z) + InG,, (w,x) < mln{zm,l}

m

and

(M—-m)* . (M
— < - 7 R
InA, (w,z) —InG, (w,z) < - min § 5, 1

that are equivalent to the desired results 1) and (3.12). O

(3.1
Now, we observe that since v (1 —v) < 1 for any v € [0,1], then by (3.10) we
have

<
—
>
=
INA

(3.15) — (M — m)ﬂ

Ay (a,b)
G, (a,v)
while from (3.12) we get

Ay (a,b) M
(3.16) G (o) ~———— min {Qm’ 1}
for any v € [0,1] and any a, b € [m, M].

Now, if m < M < 2m, then (M ) min {2L 1} = M which shows that
the upper bound from (3.15) is better than the one from (3 16) If 2m < M < 8m

then (M—m)* min {%7 1t = M7 which shows that still the upper bound from

(3.15) is better than the one from (3.16). If 8n < M, then the bound in (3.16) is
better than the one in (3.15).

REFERENCES

[1] H. Alzer, C. M. da Fonseca and A. Kovacec, Young-type inequalities and their matrix ana-
logues, Linear and Multilinear Algebra, 63 (2015), Issue 3, 622-635.

[2] S. S. Dragomir and V. Gluscevi¢, New estimates of the Kullback-Leibler distance and appli-
cations, in Inequality Theory and Applications, Volume 1, Eds. Y. J. Cho, J. K. Kim and S.
S. Dragomir, Nova Science Publishers, New York, 2001, pp. 123-137. Preprint in Inequalities
for Csiszar f-divergence in Information Theory, S.S. Dragomir (Ed.), RGMIA Monographs,
Victoria University, 2001. [ONLINE: http://rgmia.vu.edu.au/monographs].

3] S. S. Dragomir, A note on Young’s inequality, Revista de la Real Academia
de Ciencias Fzactas, Fisicas y Naturales. Serie A. Matemdticas, to appear, see
http://link.springer.com/article/10.1007/s13398-016-0300-8. Preprint RGMIA Res. Rep. Coll.
18 (2015), Art. 126. [http://rgmia.org/papers/v18/v18a126.pdf].

[4] S.S. Dragomir, A note on new refinements and reverses of Young’s inequality, Preprint RGMIA
Res. Rep. Coll. 18 (2015), Art. 131. [http://rgmia.org/papers/v18/v18al31.pdf].

[5] L. Kozma, Useful inequalities cheat sheet, http://www.lkozma.net/inequalities_ cheat_sheet/.

[6] E. R. Love, Some logarithm inequalities, The Mathematical Gazette, Vol. 64, No. 427 (Mar.,
1980), pp. 55-57.



SOME INEQUALITIES FOR RELATIVE OPERATOR ENTROPY 13

[7] E. R. Love, Those logarithm inequalities!, The Mathematical Gazette, Vol. 67, No. 439 (Mar.,
1983), pp. 54-56.

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTYy, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2ScHo0L OF COMPUTER SCIENCE & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA





