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REVERSES AND REFINEMENTS OF SEVERAL INEQUALITIES
FOR RELATIVE OPERATOR ENTROPY

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain new inequalities for relative operator en-
tropy S (A|B) in the case of operators satisfying the condition mA < B < MA,
with 0 < m < M. Applications for the operator entropy are also given.

1. INTRODUCTION

Kamei and Fujii [5], [6] defined the relative operator entropy S (A|B) , for positive
invertible operators A and B, by

(1.1) S(A|B) := A% (1n (A*%BA*%»A%,
which is a relative version of the operator entropy considered by Nakamura-Umegaki

[11].
In general, we can define for positive operators A, B

S(A|B) :=s— 1iI(I)1+S(A +ely|B)

if it exists, here 1 is the identity operator.

For the entropy function 7 (t) = —tInt, the operator entropy has the following
expression:

n(A)=—-AlnA=S(A|lg) >0

for positive contraction A. This shows that the relative operator entropy (1.1) is a
relative version of the operator entropy.

Following [7, p. 149-p. 155], we recall some important properties of relative
operator entropy for A and B positive invertible operators:
(i) We have the equalities

(1.2) S(A|B) = —A? (lnAl/zB’1A1/2> A2 = pY/2y (3*1/2A3*1/2) BY2,
(ii) We have the inequalities
(1.3) S(A|B) < A(In||B]| —InA) and S (A|B) < B — A4;
(iii) For any C, D positive invertible operators we have that
S(A+B|C+ D) >S(A|C)+ S(B|D);
(iv) If B < C then
S(AlB) < §(A|C);
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(v) If B,, | B then
S(A[Bn) L S(A[B);
(vi) For a > 0 we have
S (aAlaB) = aS (A|B);
(vii) For every operator T we have
T*S(A|B)T < S(T*AT|T*BT).

The relative operator entropy is jointly concave, namely, for any positive invertible
operators A, B, C, D we have

S(tA+ (1—¢t)B|tC + (1 —t) D) > S (A|C) + (1 — t) S (B|D)

for any t € [0,1].

For other results on the relative operator entropy see [1], [3], [8], [9], [10] and
[12].

Observe that, if we replace in (1.2) B with A, then we get

S (B|A) = AY?y (A—1/2BA—1/2) AL/2
— AY/2 (_A—l/QBA—l/Q In (A—1/2BA—1/2)) A2,
therefore we have
(1.4) AL/ (A_l/QBA_l/Q In (A‘l/QBA‘1/2>> AY? = _5(B|A)

for positive invertible operators A and B.
It is well know that, in general S (A|B) is not equal to S (B|A).
In [14], A. Uhlmann has shown that the relative operator entropy S (A|B) can

be represented as the strong limit
AfB— A
(1.5) S(A|B) = s- tlin% Htf

where
At,B = AV/? (A*l/QBA*“) AV2 e 0,1]

is the weighted geometric mean of positive invertible operators A and B. For v = %

we denote AfB. ’

This definition of the weighted geometric mean can be extended for any real
number v with v # 0.

Motivated by the above results, in this paper we obtain new inequalities for the
relative operator entropy in the case of operators satisfying the condition mA <
B < MA, with 0 < m < M. Applications for the operator entropy of a positive
invertible operator C in the case that it satisfies the condition ply < C < Ply,
for some constants p, P with 0 < p < P, are also given.

2. UPPER AND LOWER BOUNDS

For t > 0 and the positive invertible operators A, B we define the Tsallis relative
operator entropy (see also [2]) by
_ AftB—- A

T, (AB) : :
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We observe that, for the function

f(x):%(l—mft): " x>0,

we have
AV2F(ATVPBATI?) AV = AT, (ATBTY) A=T; (A|B) (A7) A
= T, (A|B)(At:B)" A

for any positive invertible operators A, B and t > 0.

The following result providing upper and lower bounds for relative operator
entropy in terms of T} (+|-) has been obtained in [5] for 0 < ¢ < 1. However, it hods
for any t > 0.

Theorem 1. Let A, B be two positive invertible operators, then for any t > 0 we
have

(2.1) T, (A|B) (A%, B) ™" A < S (A|B) < T (A[B).
In particular, we have
(2.2) A—AB 'A< S(A|B) < B - A, [5]
and
1 1 2 1 1
(2.3) 54 (1H — (B'4) ) <S(A1B) < 5 (BAT'B - A).

The case t = % is of interest as well. Since in this case
D% (A|B) :=2(AtB — A)

and
Tujo (AIB) (At1oB) " A= —2(4(48B) " A - 4),

hence by (2.1) we get

(2.4) 2(A—A(AﬁB)_1A> < S(A|B) <2(AtB — A) < B — A
For any positive invertible operator C' and any t > 0 we have

(25) Lo (- <oy < S2=E)

In particular, we have

(2.6) C(ly—C)<n(C)<1p—C,

27) O -0 <n(0) <5 (07 -C)

and

(2.8) 20 (1H - 01/2) < (C) <2012 (1H - 01/2) .

In order to prove our main result, we need the following lemma that is of interest
in itself:
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Lemma 1. For any a, b > 0 we have

29 Lo min{ety'_1 (-9
2.9 (1 ) i

2 max {a, b} max? {a, b}
< —¢ Inb+1na
a
-1 (b—a)’ _1<max{a,b}_1>2
~ 2min®{a,b} 2 \ min{a,b} '

Proof. Integrating by parts, we have

(2.10) /abthtdt/ab(tb)d<1>ttb

= biaflnb+lna
a

b b
1
f/fdt
a at

for any a, b > 0.

If b > a, then
1(b—a)’ bh—t 1(b—a)
. — > > — .
(2.11) 2 a? _/a 12 dt_2 b2
If @ > b then
b a a
b—t b—t t—10
=— = dt
/a ! /b ! /b -
and
1(b—a) “t_b 1(b—a)
2.12 T > t> = )
( ) 2 b2 _/b 2 d_2 a?

Therefore, by (2.11) and (2.12) we have for any a, b > 0 that

/a”b—tdt ;(b—a)2 1(mm{“’b} 1)2

t2 max? {a, b} ~ 2 \max {a,b}

v

and

IA

/bb—tdt 1 (b—a) _1<max{a,b}_1>2’

12 2min® {a,b} 2 \ min{a,b}

By the representation (2.10) we then get the desired result (2.9).
Remark 1. If we take in (2.9) a =1 and b=y € (0,00), then we get

: 2 2

1 1 1 -1

(2.13) 1(,_min{ly}\" 1 (-1

2 max {1,y} 2 max? {1,y}
<y—1l-Iny

1 -1 1 (rnax{l,y} 1)2

= 2 min? {1y} 2 \ min {1, y}
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and if we take a =y and b =1, then we also get
1 min{1,y} \* _ 1 (y—1)°
(2.14) —1-—) =-———
2 max {1,y} 2 max? {1,y}
-1
<ly- 2=
Y
2 2
SRR (et
~ 2min%{1,y} 2 \min{l,y} '

If y € [k, K] C (0,00), then by analyzing all possible locations of the interval
[k, K] and 1 we have

min {1, %k} <min{1,y} < min {1, K}
and
max {1, k} <max{l,y} <max{l,K}.
By (2.13) and (2.14) we get the local bounds

1 (y—1)° 1 (y—1)°
2.15 —— < y—1-lhy< -————
(2.15) 2 max? {1, K} =Y =5 min? {1,k}
and
(2.16) L w-1° _ o y=1_1 (y-1°
. ————  <Iny-— =
2max? {1,K} — Y ~ 2min® {1,k}

for any y € [k, K].
Observe also that for y € [k, K] we have

min {1, y} 1 min {1, K'}

- >
max {1,y} ~ max{l,k} ~ 0
and
max {1, y} max {1, K'}
<—r—F 1< —F— -1
min {1, y} min {1, k}
Now, by (2.13) and (2.14) we get the global bounds
1 min {1, K}’ 1 (max{l, K} 2
2.1 - (1-—r <y—1-1 St (siniatl Sl Rt AU
(247 2( maX{l,k}) =Y ny_?(min{l,k}
and
. 2 9
(2.18) ! 1*M Slny—iyilgl Mfl
2 max {1, k} Y 2 \ min{1,k}

for any y € [k, K.
We also have:

Lemma 2. For any a, b > 0, the following inequalities are valid

2
(2.19) 092 “mptrma< O
a Qa
and
2
(2.20) (0<)mb—Ing— =% < 0=
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Proof. If b > a, then

b b 2
b—t 1 b—a (b—a)
< — _— = — = .
/a “lar< (o a)/a St = (b—a) " =

If @ > b, then

b a a 2
b—t t—b 1 a—b (b—a)
dt = dt <(a—0 —dt=(a—b = .
A 2 A g dt=la )A pdt=la=b =0 ab

Therefore,

b 2

b—t (b—a)
dt <

/a 2 - ab

for any a, b > 0 and by the representation (2.10) we get the desired result (2.19).

It is natural to ask, which of the upper bounds for the quantity

b= bt na

as provided by (2.9) and (2.19) is better?
Consider the difference

_ )2 _4)?
Alab) = %m(ilr)l2 {a),b} -8 ab)

We observe that for b > a we get

Aap)= OO o 20 gy

, a, b>0.

O

Therefore A (a,b) > 0if b > 2a and A (a,b) < 0if a < b < 2a, meaning that neither

of the upper bounds in (2.9) and (2.19) is always best.
If we take in (2.19) and (2.20) a =1 and b =y € (0,00), then we get

_1)2
(2.21) (0<)y—1-Iny< =1

Y
and

—-1 1)

(2.22) (0<)my- ¥~ =1

Y
for any y > 0.

If y € [k, K], then we have the global upper bounds
(2.23) 0<)y—1—Iny <U (k,K)
and

-1
(2.24) (0<)Iny — yT <U(k,K),
where
% if K <1,

.25 , =< max i,w ifk<1<K,

2.2 U(k, K (k) (o
ED” 561 < k.

K
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Indeed, if we consider the function f (y) = =17 1) , ¥y > 0, then we observe that

21 2
.F@)=yy2 and " (y) = 5.

which shows that f is strictly decreasing on (0, 1), strictly increasing on [1, 00) and
strictly convex for y > 0. We also have f (%) = f(y) for y > 0.
By (2.21) and by the properties of f we then have that for any y € [k, K]
(y—1)°
(2.26) y—1l—Iny < yg[ll?)f((] E—
C-V% 5 i < 1,
= max ¢ =1 1)2 (KKI }1fk<1<K
& if 1 < k.
- kay
Let y = Wlth y € [k,K]. Then y € [ , 1] and we have like in (2.26) that

—1—-Iny<
yol-mys ey S

— 2 2
= max{(K i) 7(’“7171) } ifk<1< K1,

which implies (2.24).
Now, let
16V G K< 1
1 (max {1, K 2| () ’
) Vi) =g (e 1) <58 (G k< <k

min {1, k} ? (K 1)%if 1 <k,

and
2 .
(2.28) U@Kyzio_ﬁl%ib _1 &H@lii<L
’ (51) it 1 < k,

then by (2.17) and (2.18) we have
(2.29) v(k,K)<y—1—-Iny <V (k,K)
and
(2.30) vk, K) <lny— y7—1 <V (k, K)

for any y € [k, K.
Therefore, we have the double inequalities of interest:

(2.31) vk, K)<y—1—Iny <min{V (k,K),U (k,K)}
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and

-1
(2.32) v(k,K) <lny— yT < min{V (k, K),U (k, K)}
for any y € [k, K.

Lemma 3. Let z € [k, K| and t > 0, then we have

t_
(2.33) o (kK < Tt e < Dwin {V (KK, U (KY)}
and
1 t oot -7t 1 t gt t gt
(2.34) z'u(k:,K)glnx— ggmm{V(k,K),U(k,K)}.

The proof follows by choosing y = x! € [k!, K'] in the inequalities (2.31) and
(2.32).

Theorem 2. Let A, B be two positive invertible operators and the constants M >
m > 0 with the property that

(2.35) mA < B< MA.
Then for any t > 0 we have

1
(2.36) 7V (mt, Mt) A<T;(A|lB) - S(A|B)

1 M L L L
< 7 min {V (mf,Mf) U (mt,M")}A

and

1 _
(2.37) v (m!, M) A < S(A|B) — T (A|B) (A, B) ' A

1
< n min {V (mt,Mt) U (mt,Mt)}A,
where the functionsv, V and U are defined by (2.28), (2.27) and (2.25), respectively.

Proof. Since mA < B < M A and A is invertible, then by multiplying both sides
with A=1/2 we get mly < A=/2BA~1/2 < M. Denote X = A~/2BA~1/2 and by
using the functional calculus for X and the Lemma 3, we get

(2.38) %v (k' K') < (A_l/QBi_l/Q)t —L maepae
< S min {V (K, K'), U (', KY))

and

(2.39) %v (K.K") <lmA-v2pa-v2 L= (Al/ztB A7)

< Smin {V (K, K'), U (K, K},

for any ¢ > 0.
Now, if we multiply both sides of (2.38) and (2.39) by A'/2? we get the desired
results (2.36) and (2.37). O
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Assume that the operators A, B satisfy the condition (2.35) for the constants
the constants M > m > 0. If we take ¢ = 1 in (2.36) and (2.37), then we get

(2.40) v(im,MYA<B—-A-S(A|B) <min{V (m,M),U (m,M)} A
and
(241)  w(m,M)A<S(AB)— A+ AB 'A< min{V (m,M),U (m, M)} A.

If we take t = 2 in the same inequalities, then we get

(2.42) %v (m? M?) A< % (BA™'B—A) — S(A|B)
L.
< imm{V (mQ,MZ) U (mQ,MQ)}A
and
(2.43) %1} (m2, M?) A< S (A|B) - %A (1n = (B714)7)
1 .
< imm{V (mQ,Mz) U (mQ,MQ)}A.
For t = 3, we get from (2.36) and (2.37) that

(2.44) 2 (m m) A< 2(AtB — A) — S(A|B)

< 2min{V (\/E,\/M) U (\/ﬁ,\/ﬂ)}A
and
(2.45) 20 (v, VM) A < 8 (A|B) -2 (A - A(4tB) " A)

< 2min{V (ﬁ, W) U (\/TTL, \/M)}A
Corollary 1. Let C be a positive operator such that

(2.46) plg <C < Ply

for some constants p, P with 0 < p < P.
Then for any t > 0 we have

(2.47) %v (Ptp)C < Cl_tt_ © )

< Smin{V(Pp ), U(Pp )} O
and
(2.48) %v (Pt p ") C<n(C)— %C (1 —C")

< %min {V (Pft,pft) U (Pit,pft)} C,
where the functions v, V and U are defined by (2.28), (2.27) and (2.25), respectively.
If C is as in Corollary 1, then by taking ¢t = 1 in (2.47) and (2.48) we get
(249) v (P~ hp ) C <1y —C—n(C)<min{V (P ', p "), U(P 'p)}C

and
(2.50)
v(Pp™) C <n(C) = C 1y = C) <min{V (P, p7),U (P~ p7")} C.
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For t = 2 we get

IN

(251)  gu(P7p?)C < (07 -0)—n(0)

IN

min {V (sz,pfz) U (P72,p72)}0

[N ORI

and
(2.52) %v (P2,p?)C<n(C) - %C’ (g — C?)
< gmin{V (P2,p) U (P22} O
Finally, if we take ¢ = 1 in (2.47) and (2.48), then we get
(2.53)  2u (P_l/g,p_l/Q) C <2012 (1H - 01/2) —(C)
<2min {v (P71/2,p72) U (P12,p71 /%) ©
and
(2.54) 20 (P_l/z,p_l/Q) C<n(C)-2C (1H _ 01/2)

< 2min {V (P_1/2,p_1/2) U (P_l/z,p_1/2) } C.
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