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SOME INEQUALITIES FOR LOGARITHM VIA TAYLOR’S
EXPANSION WITH INTEGRAL REMAINDER

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish several inequalities for logarithm by the
use of Taylor’s expansion with integral remainder. The case of two positive
numbers and an analysis of which bound is better are also considered.

1. INTRODUCTION
In the recent paper [2] we established the following result:
(1.1) 0<)(1—-v)a+vb—a" "0 <v(l—v)(b—a)(nb—Ina)

for any a, b> 0 and v € (0,1).
If we take in (1.1) b=x+ 1, £ > 0 and a = 1, then we get

l-v4v(@+1) —(z+1)"
v(l—v)zx

(1.2) In(z+1) > (> 0)

for any v € (0,1) and, in particular

J2(Vari-1)’

x

(1.3) In(x+1)
for any x > 0 and v € (0,1).
If we take in (1.1) b = = and a = 1 we also have
Inz l—-v4ve—a¥
=z 5
=17 v(1-v)(x-1)

(1.4)

for any © > 0, z # 1 and v € (0,1).
Further, by choosing in (1.4) v = % and perform the calculations, we get

Inz 2
(1.5) 1 2 (VT + 17

for any = > 0, x # 1.
In the recent paper [4] we obtained the following inequalities for logarithm as

well
-1 2(zx—-1 -1
(1.6) 0 < i 2@l g 7
x z+1 VT
x—1+x2—1<$2—1<x_1
x+1 4r — 2z
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where x > 1 and

2 1(z—1)7°(x+1)
20 —1) _1(z-1>%@+1)
1. <lhz-— <=
(18) 0=tz r+1 —8 x? ’

where x > 1.
There are also a number of inequalities for logarithm that are well know and
widely used in literature, such as:

-1
(1.9) xx <lnz<z-—1forz>0,
(1.10) 2 <In(l+z)< T forz >0
’ 24z~ T V1 -
< In(l-2)< 2 forz<1
xr < n x ST or T )
lnxgn(xl/”—l) forn >0 and z > 0,
In(1—|z]) <In(x+1) <—In(1—|z|) for |z| <1,
and

fgx <ln(l—-=z)< %:c for 0 < x < 0.5838,

see for instance

http: //functions.wolfram.com/ElementaryFunctions/Log/29/

and [5].
A simple proof of the first inequality in (1.10) may be found, for instance, in [6],
see also [7] where the following rational bounds are provided as well:

5 1
Mgln(l—kx)gx(li—i_;l‘)forxzo.
(1+x) (1+ 32) 1+ s

In this paper we establish some bounds for the quantities

2n—1 (b a)k: 2n—1 (b a)k
_ E—1 _
lnb_lna— kE:1 W and kE:1 (—1) W —lnb-l-lna

when a, b > 0. The case a = 1 and b = zx is explored and various local and global
bounds in the case that z is located in a bounded interval are also provided. By
performing some numerical experiments it is also shown that the obtained upper
bounds can not be compared in general, meaning that some time one is better than
the other.
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2. LOGARITHMIC INEQUALITIES FOR TwO POSITIVE NUMBERS

The following theorem is well known in the literature as Taylor’s theorem with
the integral remainder.

Theorem 1. Let I C R be a closed interval, a € I and let m be a positive integer.
If f : T — R s such that f(™ is absolutely continuous on I, then for each x € I

(2.1) f(x) =T (f;0,2) + B (f;0,7)

where T, (f;a,x) is Taylor’s polynomial, i.e.,

m (fia0,2) Z f(’“) (a).
(Note that ) := f and 0! := 1), and the remainder is given by

1 xT
Rm (f7 CL,{E) = 7'/ (:E - t)m f(m+1) (t) dt.
m! J,
The following result holds [1]:

Lemma 1. For any a, b > 0 we have for m > 1 that

b —a)" m [P —=t)"
(2.2) lnbflna+z =(-1) / ot
Proof. For the sake of completeness, we give a short proof here.

Consider the function f: (0,00) — R, f (z) = Inz, then,

-1 m—1 1)
f(7")<.’1}):( ) Z,77(Lm ),m21,$>0,

1 k

m—a)

,a>0

k
T (f;0,2) lna—i—z

and .
Rm (fa aax) = (_1)m/ (xtn%dt

Now, using (2.1) we have the equality,

SB _ a)k . T (ZI? _ t)m
lnx—lna—i—z +(-1) ——dt,

i.e.,
m—a)}C Tlx—t)™
lnx—lna—l—z :(—1)m/ ——dt

Choosing in the last equality = b, we get (2.2). O

‘We have:
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Theorem 2. For any a, b > 0 we have for n > 1 that

23 G- nz e R (et S
' 2nmax?" {a, b} Pt ka* ~ 2nmin*" {a, b}
and
n 2n—1 k 2n
(b—a)® (b—a) (b—a)
24 ——— <Inb—Ina - < _
(24) 2nmax?" {a,b} ~ . e kz::l kb*  — 2nmin®*" {a, b}

Proof. For m = 2n — 1 with n > 1, then from (2.3) we have

2n— 1 k b 2n—1
(1) " (b—a)" (b—1)
(2.5) Inb—1Ina+ Z = —/a e,
for any a, b > 0, giving that
b 2n—1 2n—1 k-1 k
(b—1t) (-1)" " (b—a)
(26) L Tdt = Z T — lnb =+ ln a.
k=1

If b > a >0, then

b 2n—1 b 2n
(b—1) 1 -1 (b—a)

) A - =7
(2 7) /a t2n dt — b2n u (b t) dt anQn
and

(b-t*? t)2” L / ot gy = (0= a)™"
2. < — = —
(2.8) / dt a="1

If a > b >0, then

b 2n—1 a 2n—1 a 2n—1
— b—t t—>b
(Cht) P B el SR B Uil S
u th b t2” b t2”

Therefore
a (t _ b)2n—1 1 /a on1 (Cl _ b)Q'rL
. - > — - 7
(2.9) /b it > [ =
and
@ (t—b)*" ! 1 e a1 (a —b)*"
) L dt< — =2 2
(2.10) /b S g [ 0T =T

By making use of (2.7)-(2.10), we deduce the desired result (2.3).
Now, if we replace a with b in (2.3) we get (2.4).

Corollary 1. For any a, b > 0 we have

(b—a)? b—a (b—a)’
2.11 < —Inb+he < ———-—
(2.11) 2max? {a,b} — a notmaes 2min? {a,b}’
2 2
(2.12) (b—a) <lnb—lna—b_a < (b—a)

2max? {a,b} ~ b~ 2min®{a,b}’
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(b—a) b—a (b-a)?® (b—a)

2.1 < — —1 1
(2.13) 4max*{a,b} = a 2a2 * 3a3 nb+na
__(-a
~ 4min* {a,b}
and
(b—a)! b—a (b—a)® (b—a)’
. "  _ <Inb—Ina-— - -
(2.14) Tmaxd {a,p} = b-ma——g 202 303
(b—a)*

< ———F——.
~ 4min* {a, b}

Remark 1. Since the lower bounds in (2.3) and (2.4) are positive, then we have

2n—1 (b*(l)k 2n—1 o1 (b*(l)k
(2.15) > o <Ib—Ina< > (1) =
k=1 k=1

for any a, b >0 and n > 1.
In particular, we have for n =1 the well known inequality

b;aglnbflnag b-a

(2.16)
and forn =2

2 3
b—a+(b—a) +(b—a)

(217) b 2b2 363

<Ilnb-—1Ina

<b—a (b—a)2_~_(b—a)3

- a 2a2 3a3

for any a, b > 0.
We have the following upper bounds:

Theorem 3. For any a, b > 0 we have for n > 1 that

2n—1 k—1 k 2n—1 |12n—1 2n—1

(=) (b—a) |b— al |b —a
2.1 < < —Inb+Ina <
(2.18) (0<) 1;1: Tak no+inas (2n — 1) b2n—1g2n—1
and

2n—1 k 2n—1 |72n—1 2n—1
(b—a) |b—al |b —a

(2.19) (0<)Inb—1na— E O < @n 1) 52 g2 1

k=1
Proof. Let b > a > 0, then

b b ¢ 2n—1 3 b
/ idtﬁ (b—a)*" 1/ t2dt
“ t2n

a
b2n—1 2n—1

1 2n—1 —a
= i —1 (b o (1) b2n71a2n71
b2n—1 _ aQn—l

1 2n—1 |
n—1 | - | b2n—1a2n—1
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and for a > b > a we also have

a t _ b 2n—1 B a
/ %dt < (a—0b)™" 1/ t2ndt
b

b

1 _ 2n—1 _ b2n71
- (a—p 1l __—°
2n -1 an—IGQn—l
1 on1 ’b2n71 o a2n71
T on_1 |b—al p2n—1lg2n—1
which, by the identity (2.6) proves the inequality (2.18). O

Corollary 2. For any a, b > 0 we have the known inequalities

2
(2.20) (0 S)uflanrlnag (b—a)
a
and
b—a _ (b—a)’
(2.21) (0<)Inb—1na — <
ab
We also have
b—a (b-a)? (b-a)® 1 4 b +ba + a?
. < - — < Z(b—
(2.22) (0<) - 53 + 323 Inb+1Ina < 3 (b—a) Bl
and
b—a (b-a)® (b—a)P® 1 4 0% +ba+a?
(2.23) (0<)lnb—Ina— T T Sg(b*a) —Eg

for any a, b > 0.
We also have

Theorem 4. Let p, ¢ > 1 with %—i—% = 1. For any a, b > 0 we have for n > 1 that

(2.24) 0 g)zni1 W —Inb+1Ina

k=1
2n—1+1 _ —111/q
b — a|*" +/p|anq 1 _ ,2nq 1|/

C[@2n-1)p+ 1]1/p (2nqg — 1)1/q (ba)%*l/q

and

2n—1 (b _ a)k
(2.25) (0<)Inb—Ina— Y o

k=1

‘b . a|2n71+1/p |b2nq71 _ a2nq71|1/q

< .
[(2n = 1)p+ 1" (2nq — 1)/ (ba)*" 71/
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Proof. Using Holder’s integral inequality for p, ¢ > 1 with %} + % = 1, we have for
b > a that

_ 1/p 1/q
b(p_ )20t b - b
/7( t2>" dt < /(b—t)@" P gt /t*r“”th

(b _ a)(Q”*I)p+1 1/p b72nq+1 _ a72nq+1 1/q
“\T@n—1p+1 < “2ng+ 1 )

(b . a)2n71+1/p (anqfl _ a2nq71)1/q

[(2n — 1) p+ 1] (2ng — 1) (ba)™*
(b . a)2n71+1/p (bganl _ a2nq71)1/q
[(2n — 1) p+ 1]"7 (2ng — 1)/ (ba) ™ 1/0"

If a > b > 0, then in a similar way, we also have

b o 2n—1 a o 2n—1
[ [,
u t2n b t2n

(a — b)2n—1+1/p (a2nq—1 _ b2nq—1)1/q

T [@2n—1)p+1]V7 (2ng — 1) (ba)> VT

Therefore, we have

b (b— t)2n—1 b— a|2n—1+1/p |b2nq,1 _ g2na-1 }1/q
2n dt < 1/ 1/ 2n—1/
a t [(2n—1)p+1]7" (2ng — 1) 79 (ba) 1
for any a,b > 0 and by using the representation (2.6) we get (2.24). |
Corollary 3. Let p, ¢ > 1 with % + % = 1. For any a, b > 0 we have

- b— alF /P [p2a-1 _ j20-1|1/4
(2.26) (0<) b= b tina < [b—al - | 1/@ 2|—1/
[(p+ D]/* (2 — 1)/ (ba)* /1
and
_ b— a|lTV/P [p2a—1 _ 20-1|/0
(2.27) (OS)lnb—lna—b a_ | a|1 | - a 2‘ -
b (p+ D)7 (20 — 1) (ba)*
We also have
2 3
(2.28) (0<) bra_(b-a) + (b-a)] _ Inb+Ina

— a 2a2 3a3
b — a|3+1/p |b4q—1 . a4q—1|1/q

- (3p+ 1)1/17 (4(] _ 1)1/q (ba)4_1/q

and

b—a (b—a)? (b—a)’
(2.29) (0<)Inb—1na— T Ry

b — a|3+1/p |b4q—1 . 4q—1|1/q

a
T Bp+1)YP (4 - 1)V (ba)* M0

for any a, b > 0.
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Remark 2. The Euclidean case, namely when p = q produces in Theorem 4

2n—1 k-1 k 2n—1/2 |14n—1 4n—1|1/2
-1 b— b— b —
(2.30) (0 <) Z (=1) (k 2 —Inb+lna < b | 2 7611/2 |
=1 ka (4n — 1) (ba)™

and
2n—1 (b— a)k’ - |b_ a|2n*1/2 ’b4n—1 _ a4n—1‘1/2

(2.31) (0<)Inb—1na — < -
; b (4n — 1) (ba)*" /2

If we take in these inequalities n = 1, then we get

b— 1 b2 + b 2
(2.32) (0§)Taflnb+lna§§(b—a)2\/$

and

b—a 1 o [b% 4+ ba+ a?
. < — — < Z(b— e
(2.33) (0<)Inb—1Ina 5 3 (b—a) 5

for any a, b > 0.
If we take in (2.30) and (2.81) n = 2, then we get

b—a (b—a)’ N (b—a)’
a 2a2 3a3

|b— a|7/2 }b7 — a7|1/2

7 (ba)"/?

—Inb+1Ina <

(234) (0<)

and

1/2
b—a (b—a)? (b-a)® |p—al”?p7 —d|
2.35 0<)lnb—1Ina— — - < .
(235) (0<)In na b b2 353 = 7 (ba)7/2

We observe that, by the inequalities (2.11), (2.20) and (2.32) the quantity

b—a

—Inb+1na or (lnb—lna— b;a)

has as upper bounds

(b—a)’ (b—a)’
Aq (a,b) = ———"—, As(a,b) =
1(a,0) 2min? {a, b} 2(a,5) ab
and
1 5 [b%+ba + a2
Az (a,b) = 3 (b—a)"4/ » ,
for a, b > 0.

It is therefore natural the to ask how these bounds do compare?
In order to answer this question we consider the simpler functions

1 1
- By(a,b)= —
2min? {a, b} 2(a,5)

ab
1 /b2 + ba + a2
B3 (a,b) ::g T

for a, b > 0 and define the differences D; (a,b) := By (a,b) — Ba (a,b), D3 (a,b) :=
Bs (a,b) — Bz (a,b) and D3 (a,b) := By (a,b) — Bs (a,b).

The plot of the function Dy (a,b) on the box [0.5,2] x [0.5, 2] is depicted in Figure
1, the plot of Ds (a,b) on the box [1,2] x [1,2] is depicted in Figure 2 and the plot
of D3 (a,b) on [0.5,2] x [0.5,2] in Figure 3

Bl (CL, b) =

and
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on [0.5,2] x [0.5,2]

)

Ficure 1. Plot of Dy (a,b

a-uf

N
e

A
W
Ay

0.44

FIGURE 2. Plot of Ds (a,b) on [1,2] x [1,2]

3. LOGARITHMIC INEQUALITIES FOR A POSITIVE NUMBER

Since for x > 0 we have:

>2n
2n
_ 1) 7

min {1, z}
max {1,z}

(i
(

($ _ 1)2n
max?" {1, z}

max {1,z}
min {1, z}

(./L' _ 1)2n
min?" {1,z}
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FIGURE 3. Plot of Ds (a,b) on [0.5,2.5]?

e i (5

NGRS (max {1,2})*" ("’ — 1)%,

min®" {1, z} T

hence, by taking in Theorem 2 b = z € (0,00) and a = 1, we get the inequalities

and

2n—1 (—1)F!
(3.1) By (z,n) < Z (z— 1) —Inz < By (z,n)
k=1 g
and
2n—1 1/2-1 k
(3.2) By (z,n) <Ilnz — ; E( . ) < By (z,n)
for n > 1, where the bounds
(x—1)2n 1 . on (T —1\*"
(3.3) 1) 2nmax?" {l,z} 2n (min {1, 2}) x
1 1 min {1,2} \>"
- 2n max {1,z}
and
(z —1)2" 1 on (2= 1\
4 B =— = — 1
(34) 2 (@n) 2nmin®" {1,z} 2n( ax{l,z}) x

1 (max{l,a:} - 1>2".

T min {1, z}
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From the inequality (2.15) we have

2n—1 k 2n—1 k—1
(3.5) Z;(mgl) Slnxgz%(m—l)k

k=1

for any > 0, while from (2.18) and (2.19) we get

2n—1 k—1

2n—1| 2n—1
(-1 K e N ot |
3.6 0< ~———(x—1)" —Inx <
( ) ( —) ; If (ZC ) nr = (2n _ 1) :L.anl
and
2n—1 k 2n—11|_2n—1
1 (x—1 |z — 1] |2 —1|
3.7 0<)lnz — — <
61 09 ;k( ) e
for any = > 0.
The inequalities (2.24) and (2.25) produce
2n—1 k—1 2n—141/p | 2ng—1 1/q
1 1 -1 _1
(3.8) (0<) > A 1| 7 [« 7 |
Pl [(2n — 1) p +1]"/7 (2ng — 1)/ 22— 1/a
and

_ 1‘2"*14”1/? |£L.2nq71 _ 1|1/q

(39) (0<)lnz— nz_:;(l‘;l)kg |

[(2n — 1) p+ 1]"/7 (2ng — 1)/ x2n-1/a

which in the case p = ¢ = 2 reduce to

2n—1 -1 2n—1/2 | 4p_1 1/2
(—1)" k [z — 1] E — 1|
(3.10)  (0<) ; (z—1)" —Inz < (dn = 1) 22172
and
2n—1 k 2n—1/2 | 4p_1 1/2
1 (z—1\"_ o1 a1
3.11 0<)Inz — - <
( ) ( _) nr l; ]f ( T ) = (4n_ 1)1}2”71/2 9
for any = > 0.

Assume that &k, K > 0 with k < K. If z € [k, K] C (0,00), then by analyzing all
possible locations of the interval [k, K] and 1 we have

min {1,k} <min{1,z2} < min {1, K'}
and
max {1,k} <max{l,z} <max{l,K}.
By using the inequalities (3.1) and (3.2) and the first two equalities in (3.3) and
(3.4) we have the local bounds:

3.12 D —1) -1 _
( ) 2n max?" {1, K} (z ) NT = 2nm1n2”{1 k:}

M

(z—1)*" Rl Ry (z—1)*"
1 e S ) (PR < T
(3.13) 2nmax?" {1, K} — nee Z J x 2nm1n2n {1, kj}
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N e D D S CEE

=7

g (max (15D (25 1)

<
and
1 on (2 —1\2" W -1
. — < — _
(3.15) 5, (min {1,K3) ( - > <lnz ;j -

<! (max {1, K1)*" z=1\"
—_— X
— 2n ’ x

for any « € [k, K] and n > 1.
If z € [k, K] C (0,00), then by analyzing all possible locations of the interval
[k, K] and 1 we also have

min {1, z} S min {1, K'}

- Rk G S
max {1,z} ~ max {1,k} —
and
max {1,z} max {1, K} 1
~ min{1,z} ~ min {1, k} '

By using the inequalities (3.1) and (3.2) and the last equalities in (3.3) and (3.4)
we have the global bounds:

1 min {1, K}\*" = ! :
1 — 1 -——= < —1)Y -1
(3.16) 2n< max{l,k}) - g ) e
1 (max{1l,K} 1 2n
2n \ min {1,k} ’
and
1 min {1, K} )" -1
1 R Y T
(3.17) 2n< max{l,k}> = ; j T
2n
< 1 mafx{l,K} 1 ’
2 min {1, k}

for any z € [k, K] and n > 1.
Observe that
(1-k)if K <1,
max (z—1)"" = max{( k)" (K — )2"} ifk<1<K,
z€[m,M] om

(K-1D)"ifl<k

and
(1-K)"if K <1,
min_ (z—1)*"={ 0ifk<1<K,
welm M) (k—1)%" if 1 < k
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then by (3.12) and (3.13) we get the following global bounds:

) (1-K)™if K <1, 2 i1
(3.18) - Oifk2§1§K, Z (x—1)Y —Inz
(%)n1f1<k j=1
[ )i <
< g g max{ (55 ,(%)2"} ifk<1<K,
(K-1)""ifl1<k
and
. (1-K)if K <1, 2n—1 N
(3.19) — ¢ 0ifk<1<K, <mz- Y - (I
2n - J T
(A=) it 1 < k i=1
(5)*" i K < 1,
<L max{(ﬂ)z" (E=1)? } if k<1<K,
~ 2n k TNk

(K-1)"if1<k

for any x € [k, K] and n > 1.
Some similar results may be obtained by utilising (3.6)-(3.11), however we do
not present the details here.
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