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SEVERAL INEQUALITIES FOR NORM

LOREDANA CIURDARIU

ABSTRACT. The aim of this paper is to present new forms of several inequalities
for operators in Hilbert spaces, using the classical norm given by the scalar
product.

1. Introduction

Let H be a complex Hilbert space (H, < .,. >) and A, B two positive operators
in B(H) the space of linear bounded operators on H. As in [8], we take into account
the following notations for the weighted operator arithmetic mean and the weighted
operator geometric mean:

AV,B = (1— p)A+ uB
and

1 1 1\H 1

A, B = At (a-hpa~h)" ab

when y € [0,1]. If = 1 then we write only AVB, AfB.
In addition, let ® be a continuous function defined on the interval J of real
numbers, B a selfadjoint operator on the Hilbert space H and A a positive invertible
operator on . We assume, like in [8] that the spectrum Sp{A~2BA~2} C J and

then by using the continuous functional calculus, we can use the noncommutative
perspective Py(B, A) given by

Po(B,A) = A2 d (A—%BA—%) A3

in [8].It is clear that

Ps(B,A) = Af,B
when ®(t) = t*. We can also mention that the relative operator entropy S(A|B) for
positive invertible operators A and B was defined by

S(A|B) = A%log (A*%BAf%) A%

in the papers of Kamei and Fuji, see [12] and [11].

It is necessary to recall, as in [7], that for selfadjoint operators A, B € B(H) we
write A < B (or B > A) if < Az,z ><< Bux,z > for every vector x € H. We will
consider for beginning A as being a selfadjoint linear operator on a complex Hilbert
space (H;< .,. >) . The Gelfand map establishes a *- isometrically isomorphism
® between the set C(Sp(A)) of all continuous functions defined on the spectrum
of A, denoted Sp(A), and the C*- algebra C*(A) generated by A and the identity
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operator 1y on H as follows: For any f, f € C(Sp(A)) and for any «, 8 € C we
have
(i) @(af + Bg) = a®(f) + B(9);
(i) ®(fg) = B()D(g) and B(F) = D(f*);
(i) [|2C/)]] = 111 = suprespoa | F(E)
(iv) ®(fo) =1y and @(f1) = A, where fo(t) =1 and f1(t) =t for t € Sp(A.)
Using this notation, as in [7] for example, we define

f(A):=(f) for all fe C(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A. It is
known that if A is a selfadjoint operator and f is a real valued continuous function
on Sp(A), then f(t) > 0 for any ¢ € Sp(A) implies that f(A4) > 0, i.e. f(A) is
a positive operator on H. In addition, if and f and g are real valued functions on
Sp(A) then the following property holds:

(1) f(t) > g(t) for any ¢e€ Sp(A) implies that f(A4) > g(A)
in the operator order of B(H).

2. Variant with norm of some inequalities

In the first part of this section we reformulate inequalities from [4] in the case of
the classical norm given by the scalar product in Hilbert spaces and then we extend
some inequalities given in [13] for positive invertible operators on H.

Theorem 1. Ifn € N, n > 2, Ny, Na,....N,, € B(H) are commuting gramian
normal operators on Hilbert space H and a1, ..., a, € R* with 22:1 ay, # 0 then we
have:

an Nl Ny Neodl® 1 [I(@iN; — a;N;)z|?
n - n s
i W Dic1 @i D img @i I<ici<n a;a;

where |[N| = (N*N)2 is the modulus of N.

Proof. We take into account the inequality (1) from [4] and then for every z € H,
considering the inner product, we have:

n n
N;J? N2 1 N, — a;N;[?
<§:| il _‘Z’Lil il T r >=< |aiNj — a;Ni| Tz > .
P a; Eizlai aiaj

By calculus we obtain:

n n
N2 L N2

> < NE x,x>—<7‘zfl | T,z >=
a;

i=1

D1 @

which leads to desired inequality.

n
Z'LZI ? 1<i<j<n

2
|aiNj — aij,‘
5 < — T >
. a; Qs
=17 1<i<i<n v
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Theorem 2. If n € N, n > 2, Ny, No,...N,, € B(H) are gramian normal
operators on Hilbert space H which commute as pairs and ay,...,a, € R* with
> or_y ar # 0 then we have:

IS0, Nal? | g [N
T P e ML
i=1 "

k=10

1 [I(aiNj + a;Ny)z||?

n
E . a; a;
=17 1<i<ji<n v

Proof. Starting with the inequality (6) from Theorem 6, see [4], by similary calculus
we obtain the desired inequality.

Proposition 1. Let Ny,..., N, (n > 2) be a sequence of gramian normal operators
in B(H) commuting as pairs so that Y ._, axNy is hermitian and ay, ..., a, € R*
with Y, _, ai > 0. Then we have:

3 |[(aiN; + a;Ny)z||?

1<i<j<n aia;
n—4 INwz|]? n 1
<t (o) 30 I S
k=1 k=1 k=1

Proof. We use the same method as in Theorem 1 and take into account the in-
equality from Proposition 2, see [4].

Proposition 2. Let Ny,..., N, (n > 2) be a sequence of gramian normal operators
in B(H) commuting as pairs so that ZZ:1 ax Ny is hermitian and aq,...,a, € R*
with Y p_, ai, > 0. Then the following inequality takes place:

3 |(aiNj — a;N;)z|]? -
a1a; -

1<i<j<n

N, i n
(Z )Z NGl S v — 2111 M2 a2
k=1 k=1

i=1

Proof. We use inequality from Proposition 3, see [4] and the same reason as in
Theorem 1.
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Consequence 1. Let A € (0,1) and A and B two positive invertible operators on
a complex Hilbert space. Then we have:

(NI

1 A
r[B—&—QA—QAé (A‘éBA‘é—i—I)zA%} <AB+A—A} (A—%BA—%H) AF <
1
<(1-7) [B+2A—2Aé (A*%BA’% +I)2 Aé] ,
where r = min{\, 1 — A}.

Proof. Using inequality (2.11) from Theorem 2.2, see [13], by the continuous func-
tional calculus as in [8], we obtain for an operator C' > 0 that

r(CH+2I —2V/C+ 1) <ANC+T— (C+D<(1—7r)(CH+2I -2/C+1).
Now we take C'= A"2 BA™2 obtaining:

r (A*%BA*% +2I —2(A" BA% +1)%) < AA*%BA*%H—(A*%BA*% +1)A <
<(1-1) (A*%BA*% +2I —2(A"*BA* +1)%) .

If we multiply both sides of previous inequality with Az we find the desired in-
equality.
|

Remark 1. Under cunditions of Consequence 1 we have:

1

r[I1BYal? + 20| Adal? - 2)|(AF BA™ 4 1)Eadal?] <

N

N>

< A|[Bia||? +[|A%z|]> - [|(AT2BA™E + I)2 A%z <
< (1= [IIBYa]? + 2| Abal? - 2)|(A~F BA~E 4 1)} adal?].

Proof. Using inequality from Consequence 1, the proof will be as in Theorem 1. I

Theorem 3. Let A € (0,1) and A and B two positive invertible operators on a
complex Hilbert space with B > A. Then the following inequality takes place:

o (AV%B - Au%B) + A (M) A% log? (A*%BA*%) A <
< AVLZB - Af\B <
<2(1—7) (AV%B - Aﬁ%B) + Bi(\)A? log? (A*%BA*%) A3,

D=

or
2r (AV%B — Alj%B) + Al()\)lplog2 (Ba A) <

< AV,B - Af\B <
<2(1-1) (AV%B - Aﬁ%B) + Bi(\) Py (B, A),

where r = min{\, 1 — A}, A;1(\) = M — 2 and Bi(\) = M — Lz
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Proof. In this case we consider the inequality (2.9) from Theorem 2.1, see [13],
taking b = 1. Thus we get:

r(vVa—1)24+ AN log?a<Xa+1-X—a* <
<(1-r)(Va—1)2+ Bi(\)log*a.
Now if C' = A=2 BA~= by continuous functional calculus as in [8] we have:
r(VC =12+ A1 (M) log? C < AC + (1 =\ —C* <
<(1-r)(VC—1)?+ B (\)log*C

or
r((A"2BA2)2 — ) + A1 () log?(A"7BA™2) <
1- M- (A"2BA ) <
<(1-7)((A"2BA"2)3 — I)> 4 By (\) log> (A" 2 BA™?).
We multiply both sides of previous inequality with Az and we get
rAs(A"2BA3)7 — I)2A7 + A; (M) A7 log? (A" BA™7)A? <
<AB+(1-MA-AZ(ATZBATT) A7 <
< (1—71)A%(A"2BA"2)% — I)2A% + By (A\)A? log? (A" 2 BA™7) Az,

Nl=

Proposition 3. Under condition of Theorem 3 the following inequality holds:

r[I1BYa|? + || 4dal? - 2)|(A~F BA~E)d aba| 2|44, ()| 1og(A™ 2 BA~) adal? <
1 1 _1 _L1 A 1
< MIBe| + (1 - N|[A%al* - ||(A72BAT2)2 Abe|” <
< (1= [IIBYa]? + || Abal? - 2| (A~} BA~h)  aba)?] +
+B1(\)||log(A~2 BA™2) A% z||%.

Proof. We will use inequality from Theorem 3 and the same method as in Theorem
1.

Proposition 4. Let A € (0,1) and A and B two positive invertible operators on a
complex Hilbert space with B < A. Then the following inequality holds:

2r (AV%B - Aﬂ%B> + A1()\)BA_% log2 (A‘%BA‘%) A3 <
< AV,B — At\B <
<2(1-7) (AV%B - AH%B) + B1()\)BA_% log? (A_%BA—%) Az,

where r = min{\, 1 — A}, A;1(\) = M — 2 and Bi(\) = M — Lz
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Proof. For the beginning we take b = 1 in inequality (3.18) from Application 3.2,
see [13], and we will obtain the following inequality:

r(va—1)>4+ ANaloga < Xa+ (1 = \) —a* <

< (1-7)(va—1)*+B\alog®a,

when 0 < a < 1, A € (0,1) and r, A(X), B()\) are as in Application 3.2. By

continuous functional calculus if C' = A~2 BA™2 as in [8] we get:

r(VC =12+ A (A\)Clog?C < AC+(1-NI-C*<

< (1—7r)(VC —1)*+ Bi(M)alog® C,

or
r((a-iBa ) —1)2 + A (NATBA og? (A7 BAE) <
1 1 1 1\ A
SAATEBATE 4 (1 NI — (A‘EBA‘?) <

<(-n(@AiBah)i- 1)2 +Bi(NA T BA Hl0g? (A7hBat)

if in addition we denote by A;(A) and By (\) the quantities from Application 3.2 in

last inequality. By multiplying both sides of previous inequality with Az we find
the following:

rat ((atpa~h)=h - 1)2 AF+ A (NBA  log? (A7EBATH) Ak <
<AB+(1-\A— A? (A_%BA_%)AA% <
<(1-r)A? ((A*%BA*%)*% - 1)2 A% 4 Bj(\)BA™% log? (A*

which leads to the desired inequality.
|

Nl
o
=
N
o

Consequence 2. Under conditions of Proposition 4, the following inequalities take
place:

rll|BEa|[>+|| A%z —2||(A" 2 BA™ )%

-

A2z 2+ AL (V)|[[(A2BA™2) log? (A2 BA™3)]|3 A% z||? <

< A[||B2z|> + (1 - \)||A%z|]> - ||(A"2BA™%)% Az|]? <

< (1=r)[|| B2 x| [>+||AZ | [>—2||(A"2 BA™%) T A2 z||2)+ B (\)||[(A~ 2 BA™ ) log(A"2 BA™ %) A |2,



3. Bohr’s inequality for norms

As a particular case of Bohr’s generalized inequality given in [10] we can obtain:

Remark 2. Let A, B be two operators in B(H) and a,b,c,d € R,a,b,c,d # 0 such
that ab+cd >0 and § >0 or ab+cd <0 and 7 < 0. Then

ad cb
I(aA = bB)x||* + [|(cA — dB)z||* > *(1 — E)I\Al"ll2 +d*(1- Q)IIBwll?

This inequality also takes place if ab+cd >0 and § > 0 or ab+cd <0 and § < 0.
The reverse inequality holds if ab+cd <0 and ¢ >0 or ab+cd >0 and § < 0.

Remark 3. (i) For any r > 2, A and B two positive invertible operators on a
complex Hilbert space with B > A and u,v > 0 with the property uv(u +v)""2 =1
we have:

1+ %)BA*B +(1+ %)A > (uB +vA)A" (uB + vA) + (B — A)A"1(B — A)
and therefore also
L+ A5 Bal? + (1+ D)l Adal = |A™H (uB + vA)z|” + |43 (B - Azl

(70 For any 1 <r <2, A and B two positive invertible operators on a complex
Hilbert space with B > A and u,v > 0 with the property uv(u + v)""2 = 1 the
reverse inequality takes place.

Proof. The demonstration will be by the same method as in Theorem 3 taking into
account the inequalities from Theorem 2, see [5]. 1

Consequence 3. (i) Let (A;) in B(H) with AfA; =0, 1 <i<j<nandoy, p; €
R fori=1,..,n and k = 1,...,m. Define X = (x;;) where x;; = > 1o, o} —pi if
i=7j and Tij = Z;nzl oz?kaik ifi#j. If X =20 then

n n

ST amdiPyll* =D Ipil - 1] 1Ai Pyl
k=1 =1 i=1
(1) If A(a) + A(b) < A(c) for a,b,c € R™ as in [10] then

n n 2 n
i=1 i=1 i=1

for arbitrary n-tuple (A;) in B(H). If A(a) + A(b) > A(c) for a,b,c € R™ then the
reverse inequality takes place.

2
+

Proof. (i) We use Proposition 2 from [5] and the same method as in Theorem 1.
(ii) We use Theorem 3.1 from [10] and the same method as in Theorem 1.
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