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MULTIPLICATIVE INEQUALITIES FOR WEIGHTED
ARITHMETIC AND HARMONIC OPERATOR MEANS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some multiplicative inequalities for
weighted arithmetic and harmonic operator means under various assumption
for the positive invertible operators A, B. Some applications when A, B are
bounded above and below by positive constants are given as well.

1. INTRODUCTION

Throughout this paper A, B are positive invertible operators on a complex

Hilbert space (H, (-,-)). We use the following notations for operators
AV,B:=(1-v)A+vB,
the weighted operator arithmetic mean,
Ap, B = A2 (A_l/QBA_l/Q)VAl/Z,
the weighted operator geometric mean and
ALB = ((1—v) A 4B 1)

the weighted operator harmonic mean, where v € [0,1].

When v = %, we write AVB, A§{B and A!B for brevity, respectively.

The following fundamental inequality between the weighted arithmetic, geomet-

ric and harmonic operator means holds
(1.1) Al,B < Af,B < AV, B
for any v € [0,1].

For various recent inequalities between these means we recommend the recent

papers [3]-[6], [8]-[12] and the references therein.

[7]:
(b—a)’

(b a)’ < Ay (@,b) —H, (0,0) Sv(1—v) fos

(1.2) V(l—l/)m <

The following additive double inequality has been obtained in the recent paper

for any a, b > 0 and v € [0, 1], where A, (a,b) and H, (a,b) are the scalar weighted

arithmetic mean and harmonic mean, respectively, namely

ab

AV (a,b) = (1 — V)a+ vb and Hl/ (a,b) = m
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In particular,

1 (b—a)? 1 (b—a)?
1.3 -———~ < A(a,b) — H(a,b) < -
(13) 4max{b,a} — (a,) (a,0) < 4 min {b,a}’
where b oub
a—+ a
A(a,b) := d H(a,b) := .
(a,0) and H (a,b) i= ;-
We consider the Kantorovich’s constant defined by
h+1)°
(1.4) K ()= Ih) . h>0.

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (+) for any h > 0.
Observe that for any h > 0

Observe that

2
K b 71:(b—a) for a, b > 0.
a 4ab

Since, obviously
ab = min {a, b} max {a, b} for a, b >0,
then we have the following version of (1.2):

(15) 4v (1 — v)min {a, b} {K (Z) - 1} < A, (a,b) — H, (a,)

b
<4v (1 — v) max{a, b} {K () — 1] .
a
for any a, b> 0 and v € [0, 1].
For positive invertible operators A, B we define

| 1
AVoB i= 5 (A+ B) + ;A2 ‘A—W (B — A) A‘l/Q‘ A2

and
1 1
AV_oB =3 (A+ B) - AV ‘A‘”Q (B — A) A‘l/Q‘ A2,
If we consider the continuous functions fo, f-oo : [0,00) — [0, 00) defined by
1 1
foo(ff):max{xal}:§($+1)+§|x—1|

and ) 1
f,oo(x):max{x71}:§(x+l)—§|m—1|7

then, obviously, we have
AViB = AY2fy (A*l/QBAfl) A2,
If A and B are commutative, then

1 1
AVieB = 3 (A+ B)+ 3 |B — A| = BV 1 A.
The following additive inequality between the weighted arithmetic and harmonic
operator means holds [7]:
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Theorem 1. Let A, B be positive invertible operators and M > m > 0 such that
the condition

(1.6) mA<B<MA
holds. Then we have
(1.7 wl-v)gim,M)AV_oB < AV,B - Al,B
<4v(l—-v)G(m,M) AV B,
where
K(M)-14ifM<1,
gim,M):=< 0ifm<1<M,
K(m)—1il<m
and

K(m)-1i{M<1,
G(m,M):=¢ max{K (m),K(M)} —-1ifm<1<M,
K(M)-1i1<m.
In particular,
(1.8) g(m, M)AV _B < AVB - AlB <G (m,M) AV B

Motivated by the above facts, we establish in this paper some multiplicative
inequalities for weighted arithmetic and harmonic operator means under various
assumption for the positive invertible operators A, B. Some applications when A,
B are bounded above and below by positive constants are given as well.

2. MULTIPLICATIVE INEQUALITIES

The following result is of interest in itself:

Lemma 1. For any a, b > 0 and v € [0,1] we have

min{%b})2<’4”<“ ) 1§v(1—v)(max{a’b}—1)2~

21 v(l-v) (1 " max {a, b} H, (a,b) min {a, b}

In particular,
. 2 2
(2.2) 1 1_mm{a,b} SA(a,b)_lgl miax{a,b}_l -
4 max {a,b} H (a,b) 4 \ min{a,b}
Proof. We have for any a, b > 0 and v € [0, 1] that
Ay (a,b)  [(1-v)a+vbl[(1—v)b+ val

H,(a,b) ab
(1—v)?ab+v(1—v)b®+v(l—v)a®+ v2ab
B ab
v(l—v) (b2+a2) + (1 —2y—|—21/2)ab
- ab ’
which is equivalent with
A, (a, b—a)?
(2.3) HVEG, )) 1:1/(1—y)( ab)

for any a, b > 0 and v € [0, 1].
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Since min? {a,b} < ab < max® {a, b} hence

(b )’ (b— )’
v(1-v) ab s v(l-v) min? {a, b}
(1 max {a,b} 2
- e (G )
and
(b— )’ (b— )’
v(1-v) ab z v(l-v) max? {a, b}
— (l—u ~ min{q, b} 2
= vii-v) (1 max {a, b})
and by (2.3) we get the desired result (2.1). O

We observe that the inequality (2.1) can be written in an equivalent form as

: 2
(2.4) lu 1-v) (1 - m> +1| H, (a,b)
< A, (a,b)
2
<lv@a-v) (M—l) +1| H, (a,b)
for any a, b > 0 and v € [0, 1], while (2.2) as
(2.5) [i (1 _ M) +1| H(a,b)
< A(ab)
1 (max{a,b} 2 "
4<min{a7b} 1) +1| H(ab)

for any a, b > 0.

Corollary 1. For any a, b € [k, K] C (0,00) and v € [0, 1] we have

(2.6) V(lu)(1£>2§m1§1/(11/)<Ik{1>2.

In particular,

1 E\°  A(a,b) 1 (K 2
2.7 -({1—-—= < L - ey )
27) 4( K) ~ H(a,b) — 4\ k
We have the following multiplicative inequality between the weighted arithmetic
and harmonic operator means:
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Theorem 2. Let A, B be positive invertible operators and M > m > 0 such that
the condition (1.6) holds. Then we have

min {M, 1} > |
< AV,B
2
<lv@a—v) (W—l) +1| ALB
min {m, 1}
for any v € [0,1].
In particular,
1 min {M, 1} >
2. B I 1{ A!B
(29) l4 ( max {m, 1})
< AVB
1 /max{M, 1} 2
_ 2 |
1 (min (.1} 1) + 1| AlB.

Proof. If we write the inequality (2.4) for a =1 and b = x € (0,00) then we have

(2.10) lu(1—y) <1— mm{lx}) +1| (1—vtva )

max {1, z}
<l—-v+4+vzx

max {1,z} 2 -1
< 1-— —_— -1 1 (1 -
‘[”( 2 (it 1) 1 )

for any v € [0,1].
If z € [m,M] C (0,00), then max{m,1} < max{z,1} < max{M,1} and
min {m, 1} < min {z,1} < min{M,1}.

We have
<max{1 x} ) - <max{M,1} 1)2

min {1, z} min {m, 1}

1 min {M 1} < (1 min {1, z} 2
max{m 1}) - max {1, z}
for any = € [m, M] C
Therefore, by (2. 0) we have

(2.11) [y(l—u) (1—min{M’1}>2+1

and

(1 —v+ szc_1)71

max {m, 1}
<l—-v+4vzx

max {M, 1} 2 -1
< 1- —— -1 1] (1 -
_ll/( V)<min{m,1} )+ (1-—v4vzt)

for any = € [m, M| and for any v € [0,1].
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If we use the continuous functional calculus for the positive invertible operator
X with mI < X < M1, then we have from (2.11) that

(2.12) (=) T+vx 7"

(1—u)<1—min{M’1}>2+1

[ max {m, 1}
<(1-v)I+vX
2
< ll/(l—u) (m—l) +1 ((l—u)I+VX_1)71,

for any v € [0,1].
If we multiply (1.6) both sides by A~'/2 we get MI > A~'/2BA~1/2 > mI.
By writing the inequality (2.12) for X = A~'/2BA~1/2 we obtain

max {m, 1}

(2.13) |f/(11/) <1 mm{M’l})QH

_1\ -1
(1—v)I+v (A*l/QBA*/?) >
— ) [ +vATY/2BAY?

(
[y maX{M L 1>2+1
(

IA

mm ‘min {m, 1}

N
x| (1=-v)I+v Al/QBA 1/2> ) ,

for any v € [0,1].
If we multiply the inequality (2.13) both sides with A2, then we get

(2.14) [y(l—y) <1— min{M’l}fH]

max {m, 1}

_1\ -1
x A2 <(11/)I+I/(A1/QBA1/2) ) A2

<(1-v)A+vB
v(1-v) (maX{M’l}—1>2+1

<
min {m, 1}

1\ 1
x AL/? ((1 I+ (A—1/2BA—1/2) ) AV,

for any v € [0,1].
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Since
—1\ 1
AV? <(1 ~v)I+v(A72BAT2) > AV
-1
= A2 (L= v) T+ vAY2BTAY2) 412
-1
= A2 (A2 (1) AT 4 uBT) AYR) AL
— A1/2 <A71/2 (1—v)A'+ VB’l)_l A71/2) AL/2
—(1—v)A ' +vB ) = ALB
hence by (2.14) we get the desired result (2.8). O

We also have:

Theorem 3. Let A, B be positive invertible operators and M > m > 0 such that
the condition (1.6) holds. Then we have

(2.15) d, (m,M)Al,B<AV,B<D,(m,M)A!l,B
for any v € [0,1], where
1\ 2 K(M) if M <1,
d, (m, M) :=4 <I/—2> +rv(l—v)x 1lifm<1<M,
K(m) ifl<m
and
D, (m, M)
1\ 2 K(m) if M <1,
=4 (1/—2) +rv(1—-v)x< max{K (m),K (M)} ifm<1<M,
K (M) if1<m.
In particular, we have

(2.16) d(m,M)AIB < AVB < D (m, M) AIB

K (M) if M <1,
dm,M):=< 1ifm<1<M,

K(m) ifl<m

where

and
K (m) if M <1,
D (m, M) :{ max {K (m), K (M)} ifm <1< M,
K (M) if1 <m.

Proof. From (2.3) we have for any = € (0,00) and for any v € [0, 1] that

—1=v(1-v) (37—1)2.

(2.17) O] -
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Since K (z) — 1 = (w21)2, x > 0, then by (2.17) we have

xr

282 = 144 (1—v)[K (z) - 1]
~ wa-nxmea(o-2)
. ly(l—y)K(z)+ (V_ ;ﬂ
or, equivalently,
(2.18) A, (Lz)=4 [V(1—V)K(x)+ (u— ;ﬂ H,(1,z)

for any x € (0,00) and for any v € [0, 1].
From (2.18) we then have for any = € [m, M] C (0,00) that

2
(2.19) 4 ly (1-v) mer[rrlniflM]K (x)+ <1/ - ;) 1 H,(1,z)

2
<A, (l,z) <4 ly(ly) max K (z)+ (z/ 1> ] H,(1,z).
x€[m,M] 2
Since
K(M) ifM<1,
min K(z)=4¢ 1ifm<1<M,
@€ lm, M] K (m)if1<m
and
K(m) it M <1,
max K (z) =< max{K (m),K (M)} if m <1< M,
o€lm,M] K (M) if 1 <m,

then by (2.19) we have

(220)  dy(m, M) (1—v+ve )™ < l—v4uws
D, (m,M) (1—V—|—V{L‘71)_1

A

for any = € [m, M| and for any v € [0,1].
By a similar argument to the one from Theorem 2 we deduce the desired operator
inequality (2.15). The details are omitted. ]

3. SOME PARTICULAR CASES

Let A, B positive invertible operators and positive real numbers m, m’, M, M’
such that the condition 0 < mI < A <m/I < M'I < B < MI holds.
Put h := % and A := X then we have

m/’

/
AcwA=Lacp<My_pa,
m m
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By (2.8) we get

B -1\
(3.1) v(l—v) < % ) +1{ A, B<AV,B
< [1/(1 — (-1 1} Al B
for any v € [0,1].
By (2.15) we get
1\ 2
(3.2) 4 <1/ - 2) +v(l—-v)K (h)| Al,B

2
<AV,B<4 (V_D v (1—v) K (h)] ALB

for any v € [0,1].
If()<mI§BSm’I<M’I§A§MI,thenforh:=%andh'::%wealso
have
1A<B<lA<A.
h —  — N

Finally, by (2.8) we get (3.1) while from (2.15) we get (3.2) as well.
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