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SOME GENERALIZED INEQUALITIES OF
HERMITE-HADAMARD TYPE FOR STRONGLY s—CONVEX
FUNCTIONS

1YUSUF ERDEM, 'HASAN OGUNMEZ, AND 2HUSEYIN BUDAK

ABSTRACT. In this paper, some new generalized results related to the left-
hand and the right-hand of the Hermite-Hadamard inequalities for the class
of funcitons whose derivatives are strongly s—convex functions in the second
sense are established. Some previous results are also recaptured as a special
case.

1. INTRODUCTION
In this section, we firstly list several definitions and some known results.

Definition 1. A function f : I — R, @ # I C R,is said to be convex on I if the
inequality

fltz+ (1 =t)y) <tf(z)+ (1 —-t)f(y)
holds for all x.y € I and t € [0,1].

Many inequalities have been established for convex functions but the most fa-
mous inequality is the Hermite-Hadamards inequality, due to its rich geometri-
cal signicance and applications([12, p.137], [4]). These inequalities state that if
f: I C R — Ris a convex function on the interval I of real numbers and a,b € I
with a < b, then

(1.1) f<“;b> < bia/abf(x)dxg M

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamards inequality may be regarded as a renement of the concept of convexity
and it follows easily from Jensens inequality. Hadamards inequality for convex func-
tions has received renewed attention in recent years and a remarkable variety of ren-
ements and generalizations have been found (see, for example, [2],[5],[11],[16],[18])
and the references cited therein.

In [6], Hudzik and Maligranda considered, among others, the class of functions
which are s- convex in the second sense. This class is defined in the following way:
a funciton f :[0,00] — R is said to be s-convex in the second sense if

fltz+ (1 —t)y) <t°f(z) + (1 - )" f(y)
holds for z,y € [0,00] , t € [0,1] and for some fixed s € [0,1].This class of
s-convex functions in the second sense is usually by K2.
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It can be easily see that for s = 1 s-convexity reduces to the ordinary convexity
of functions defined on [0, ) .

Definition 2. [13] A function f : I — R is called strongly s-convex with modulus
cif
flte+ (1 —t)y) <t°f(z) + (1= 1)°f(y) —ct(l = £)(b - a)®

n [1], Angulo et al. proved the following Hermite-Hadamard type inequality for
strongly h—convex function:

Theorem 1. Let h: (0,1) — (0,00) be a given function. If a function f : I CR —
R is Lebesgue integrable and strongly h—convex with modulus ¢ > 0, then

(12 i 1 (50) + g o]

b 1
< bia/f(x)dx< /h t—fb—a)
a 0

foralla,be I, a<b.

Corollary 1. Suppose that f : [0,00] — R is a strongly s—convex function in the
second sense with modulus ¢ > 0, where s € (0,1) (i.e h(t) = t° in (1.2)), then
following inequalities hold;

(1.3)

[ (55 o] < freowes L0 gy

For more information and recent developments on inequalities for srongly convex
function, please refer to ([1],[3],[8],[9],[10],[15],[17],[19],[20]).

To prove our main results, we consider the following Lemmas given by Sarikaya
et al. in [14] and Kirig and Sarikaya in [7], respectively:

Lemma 1. Let f : I — R be a differantiable mapping on I° where a,b € I with
a<b. If f' € L{a,b], then we have

b

) [ref @

where
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Lemma 2. Let f : I — R be a differantiable mapping on I where a,b € I with
a<b. If f' € L{a,b], then we have

a+b

atb b
(1.5) bfa/ f(x)d:c—kb?fba/mf(x)dx—n—;mf(a;b)

= (b—a) [/()thf’((ta)—k(l—t)b)dt—k/l n(l—t)f’((ta)—k(l—t)b)dt]

2

where n,m > 0.
The aim of the paper is to establish some new generalized Hermite-Hadamard
inequalities for function whose derivatives in absolute volue are strongly s—convex.

2. MAIN RESULTS

Firsty, we will give some calculated integrals which used our main results:

(2.1) / |z —n|(b—2)"dz

2b—n)*t2  (b—n)(b—a) T [2°T +1]  (b—a) T [2°72 + 1]

(s+1)(s+2) 2:+1(s + 1) 25+2(s +2)
b
s 2(b—m)st? (b—a)**  (b—m)(b—a)
e PR M ) R S IFE S V
n s 2n—a)?  (b—a)t?  (n—a)(b—a)!
(2:3) / w—nl(z=a)de = i Ty Y o1 T Tl

b

(2.4) / |z —m]|(z — a)’ dx

. 2(m — a)s+2 (m _ a)(b _ a)erl [25+1 + 1} (b _ a)s+2 [25+2 4 1]
(s+1)(s+2) 25+ (s + 1) + 272(s 1 2) )
(2.5) /|x—n| (b—2)(z —a)dx

(b—a)(n—a)® (n—a)? n 5b—a)* (n—a)(b—a)®
3 6 192 12
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and
b
(2.6) / |z —m|(b—2)(x—a)dz
_ (b—a)b—m)* (b-m)* 50b—a)* (b—m)b—a)®

Theorem 2. Let f: I — R be a differantiable mapping on I° where a,b € I with
a <b. If |f'] is strongly s-convex on [a,b], for some s € (0,1] with modulus ¢ > 0 ,
then following inequality holds :

b

>+®mﬂ®+m®ﬂ®/fmwx

a

a-+b

(2.7)

m )£

|f'(a)] |2 [(b —m)st2 4 (b— n)s+2}
-~ (b—a)’ (s+1)(s +2)

(20 —n—m)(b—a)**t  (b—n)(b—a)*tt (b—a)T? [25‘*‘1 + 1}

25t1(s 4+ 1) (s+1) 25+ (s +2)
+U%n[ﬂw—mvﬂ+w—MHﬂ

(b—a)’ (s+1)(s+2)

(m+n—2a)b—a)*™ (m—a)(b—a)t" (b—a)*+? 2571 +1]

25t1(s+1) (s+1) 25+l (s + 2)
n—a)®+®B-m)® (n—a)*+(b—m)?
—c {(b —a) 3 - 5
+5(b —a)* ((b—a)—(m—n))(b-a)’
96 12

forn e [a, “7“’} and m € [%H’,b].

Proof. Taking madulus in Lemma 1 and using the strongly s—convexity of |f’|, we
have

b

>+®—Mﬂw+m—wﬂw—/fwmw

a

a+b

(2.5) m - (

b
a;» b

< [le-nlf @lda+ [ fo-m|lf @)]da

a+b
2
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b—=x T—a
<b—aa+ b_bb>dx

f b

— X r—a

+ / |x—m|f(b_aa—|— b—bb)dm

b
=) @)+ (222) 170 - clo-0) - o) ds

+/|x—m|[(§jj)s|f<>|+(b 0l c-0) - 0] ds

I
—
E)

I
=i
~

IA
\
B}

\
=
A

a+b
2
aTH)
!
= (Lf_(czl))t /|9c—n| dx+/|x—m| b—=z)’d
a a+b
a+tb
2
/|x—n|(x—a)sdx—|—/\x—m|(m—a)sdx
a atb
2
e b
—c /|xfn|(bfx)(xfa)dx+/|z7m|(bfx)(zfa)dz
a a+b

2

If we subsitute the equalities (2.1)-(2.6) in (2.8), then we obtain required result
(2.7). O

Remark 1. If we choose m =0b, n = a in Theorem 2, then we have

I (a—i—b)
+b

Remark 2. If we choose m =n = *3= in Theorem 2, then we have

25t — 1 Lf' (@) +[f'(D)]] 5c
— )5 (s +1)(s+2) [ 2 ]_(b_“)3

/ ’ "(a ! c
CGET IR 7RV [Py XS W 1 CTESTC) P

2 Yo s+1)(s+2) 2 32
Remark 3. If we choosem:%‘r’b,nzs%ﬂ’ in Theorem 2 , then we have
1 a+b
@ (50) s - 2
2x55+2—(4—s)68+1—2x35+12+2 67
< (b— ! "))] = =——=c(b—a)?
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For ¢ = 0 it reduces to the Hermite-Hadamard-type inequalities for sconvez func-
tions proved by Sarikaya et al. in [21].

Theorem 3. Let f: I — R be a differantiable mapping on I° where a,b € I with

a<b. If |f'|* is strongly s—convex on [a,b] for some s € (0,1] with modulus ¢ > 0
, then following inequality holds :

b
a+b

29 |m-nf(S5) + 0-mf0) + (- f@ - [ F(@)ds

[(na)z)ﬂ + (a;b n>P+1‘|,17

Y
oty - 0@ 0] - L)

p+1 %
(b—m)p+1+<m—a;b) ]

a2\
’ <2+<1+1) 1@+ 2 =] - e >

(b—a
(p+1)

'u\»—t Q=

<

forn € [a, “;‘b} and m € [ ,b] where p,q > 1, —|— =1.

1
q

Proof. From Lemma 1 and by using the Holder inequality , then we have

b
a+b

210)  |m-n)f () 0mmf )+ (- s @) - [ f @

_ /|x—n||f Idfc+/\x—m|\f 2)| da

a+b

Q=

a+b

atb

/ & — nf? dz / I (@) da
b % b

/ & — mf? da / F (@) da

a;b aT+b

=

IN

Q=
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B (p_:l); [<”—a)ﬁ+1+ (a—;b_n>p+1]

p+1 % b
_"_(p—:l):7 [(b_m)p+1+ (m_ a—2|-b> ‘| / |f/ (x)|qu

2

1
a+b q
2

/If’ ()| dz

S

1
q

Using the strongly s—convexity of |f’|, we have

b

) =m0+ (- a)f(0) ~ [ @)

- (p+11)2» {[(”_CL)”“JF (Cb;rb_ny)ﬂ]é

a+b

| ICEY 1w+ (222) wor et - o] w

a+b

(2.11)

m -

1
q

+ (0 —mpPH 4 <m_a—2|—b>p+1]p
. /b[(ij)su’(a)m(Z:Z)S|f’<b>|‘I—c<b—x><x—a>} u)

By a simple calculation , we have

a,-2}—b b
‘o sgp o Lm0 [ ]
(2.12) / (b—x) dx—al (x —a) do = 2 (s + 1)
a;rb b (b_ )s+1
(2.13) /(m—a) dw:l(b—x) @@= o 1)
” -’
(2.14) / (b—z)(z—a)dx = / (b—2z)(x—a)de = 1266

If we subsitute the equalities 2.12-2.14 in 2.11, then we obtain result 2.9. (]
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Corollary 2. If we choose m = b and n = a in Theorem 3, then we have

(2.15) ‘f (“"2”)> —/bf(:n)dx

ba(l);{<P”L_ﬂfﬂmLﬂf@V_m@af>;
1 \p+1 25 (5 + 1) 6

+<www+P”h4yqucw@jé}

25 (s+1) 6

Remark 4. Choosing s = 1 in Corollary 2, we obtain the inequality
; b
a+
‘f(2 )- [rwa
1
b—a( 1\ ] (3IF@+IFO) (-’
4 p+1 4 12

+<U%®W+3MKMP_C®—aY>é}_

4 12

Corollary 3. If we choose m =n = ‘%b in Theorem 3, then we have

e 1O o

b-a <1>% e @I I OF p-a?)
2% 925 \p+1 25+ (s 4 1) 12

+Cﬂ@W+WHHW@F_w—@j;}

9541 (s + 1) “T12

Remark 5. Choosing s = 1 in Corollary 3, we obtain the inequality

(<b—a<1)é{<ﬂﬂwﬂ+fwﬁ_cw—wj;
= 1 \p+1 4 12

F@F 3O 6o
+< 1 D )}
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Corollary 4. If we choose m = %‘r’b and n = % in Theorem &, then we have

b

(2.17) é[f(a)+4f (“‘2”)> +f(b)} —/f(x)dm

_ b-a <2P+1+1>§
- 6 6(p+1)

. { ([zsﬂ @I+ O b a>2>3

2541 (54 1) 12
N (f’(a)l" R G a>2>é}
2+ (s + 1) 12 '

Remark 6. Choosing s = 1 in Corollary 3, we obtain the inequality

: [f<a>+4f (“;b) +f(b>} /bf(:r)dl’

1

b—a (274 1N | (3@ +|F O (b-a)?)"
S (3(p+1)> < 1 BT )
F@EL3IFON -\
—|—< 1 —cC 2 > }

Theorem 4. Let f : I — R be a differantiable mapping on I° where a,b € I with
a <b. If|f'| is strongly s—convez on [a,b] for some s € (0,1] with modulus ¢ >0 ,
then following inequality holds :

= m b n+m a
(2.18) bfa/a f(x)derba[l;bf(x)dm— - f( '2”’)‘
m 28+2_s_3 ,
§ (b_a){[29+2(8+2) +n2$+2 (5+1) ($+2)] |f (a’)|
m 252 53 , 5¢(m +n)
i [2”2 G129 (1) (s+2)} 7O = 192(b_a)2}

where n € [a, 48] ,m € [22,b].
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Proof. From Lemma 2 and using strongly s-convex of |f’|, we have

(2.19)

a+b

2 b b
bﬁa/a\ f(x)d$+bﬂla/;;rbf<x)dx_n—;mf<a-2|- )‘

(b—a){/:mt|f’((ta)—|—(1—t)b)dt

IN

2

+/1 n(l—t)|f’((ta)+(1—t)b)|dt}

M

IN

<ba>{/0 mt [1°1 @)+ (1= 0" | 0)] = ct (1 1) (b — a)?]

1
+ [ na-y [tslf’(a)lﬂlt)slf’(b)lct(lt)(ba)Q]}

2

1
2

-

_ (b—a){m|f’(a)/02t5+1dt+m|f’(b) t(l—t)sdt—mc(b—a)Q/Etz(l—t)dt

|
0 0

t(1—t)? dt}

1

-

+n|f’(a)|/l (1—7:)7:Sdz:+n|f'(b)|/l (1—t)s+1dt—nc(b—a)2/

2

Using the facts that

Y |
t°7TNdt = 1-—¢t) dt = —————
| J a0 > (51 2)’

2

3 1 25+2 _ g3
t(l—¢t)°dt = 1—t)tsdt =
/0 ( ) /;( ) 2512 (s + 1) (s +2)°

2

and

3 1
2 5
2(1 - :/ 1—2%dt = —
/0 2 (1 —t)dt %t( 0’ dt = 1o

one can obtain required result. O

Remark 7. If we choose m = n in Theorem 4, then Theorem 4 reduces Remark 1.

Corollary 5. Under assumption of Theorem 4 with s =1, we have
a+b

n 2 m b n+m a+b
b—a/a f(m)dx—l—b_a/a;bf(ac)dm— 5 f( 5 >

< 2L lomet ) 17 @)+ 2m ot )l )] - 22

(2.20)

Theorem 5. Let f : I — R be a differantiable mapping on I° where a,b € I with
a<b. If |f'|? is strongly s—convex on [a,b] for some s € (0,1] with modulus ¢ > 0
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, then following inequality holds :

(2.21) ‘b” /Tf()dwr—/ fla d—”;mf(a;b)‘

—a

e (L) {m (lf’ @+ 15 O 241 -] CWL)Q);
4 \p+1 2°(s+1) 6

. <|f' @I (2 1] + 17 O c(b—a>2>3}

25 (s+1) 6

where n € [a, 5] ,m € [*£2,b] and | + L = L.

Proof. From Lemma 2 and using Holder Inequality, then we have

bfa/aa;bf dm+—/ @ d—n+mf( ;b)‘

< (b—a){/jmt|f’(m+(1—t)b)dt+/1n(l—t)|f’(m+(1—t)b)|dt}
< (b—a){(/oz(mt)pdt>p(/02|f’(ta+(1—t)b)th>q

1

q

+</1n”(1—t ) (/ ' (ta+ (1 — 1) )|th>

2

-

Using srtongly s-convex of |f/|%;

n 5 n+m a+b
b_a/a f()dz+—/ f@yde - "L f<2>|

< (b—a){(/oé(mt)pdt>

3=

2

By simple computation, the required result (2.21) can be easily established. O

Remark 8. If we choose m = n in Theorem 5, then Theorem 5 reduces Remark 2.

( / : 1 @1+ (=) [ O =t (1= 1) (b - a)*] dt)

|

+</11[n(1—t)pdt]>p([[tslf’(a)lq( B 1f )" = et (1-) (b - ﬂdt)

1
q
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Corollary 6. Under assumption of Theorem 4 with s =1, we have

a;b b
(2.22) bfa/ () do+ 5 Wf(x)dx—”;mf(“;b>
ba<1>; (W @P 3O b\
1 \p+1 4 6
B1F @ 1 B cb—a)?)"
o 1 G
REFERENCES

(1]

[10]
[11]
[12]
[13]

[14]

[15]

[16]

[17]
18]

[19]

H. Angulo, J. Gimenez, A. M. Moros, and K. Nikodem, On strongly h—convex function, Ann.
Funct. Anal. 2(2), 2011, 85-91

M. K. Bakula and J. Pecarié¢, Note on some Hadamard-type inequalities, Journal of Inequal-
ities in Pure and Applied Mathematics, vol. 5, no. 3, article 74, 2004.

M. V. Cortez, Relative strongly h—convex functions and integral inequalities, Appl. Math.
Inf. Sci. Lett. 4, No. 2, 1-7 (2016).

S. S. Dragomir and C. E. M. Pearce, Selected Topics on Hermite-Hadamard Inequalities and
Applications, RGMIA Monographs, Victoria University, 2000.

S. S. Dragomir and R.P. Agarwal, Two inequalities for differentiable mappings and applica-
tions to special means of real numbers and to trapezoidal formula, Appl. Math. lett., 11(5)
(1998), 91-95.

H. Hudzik, L. Maligranda, Some remarks on s—convex functions. Aequ. Math. 48, 100-111
(1994).

M. E. Kiris and M. Z. Sarikaya, Some generalized inequalities for Hermite-Hadamard’s inte-
gral inequalities and applications, submited (2015).

J. Maké and A. Hézy, On strongly convex functions. Carpathian Journal of Mathematics, 32
(1). 87-95.

N. Merentes, K. Nikodem, Remarks on strongly convex functions, Aequationes Math. 80
(2010) 193-199.

K. Nikodem, Z. Pales, Characterizations of inner product spaces be strongly convex functions,
Banach J. Math. Anal. 5 (2011) 83-87.

M. E. Ozdemir, C. Yildiz, A. O. Akdemir and E. Set, On some inequalities for s—convex
functions and applications, Journal of Inequalities and Applications 2013, 2013:333.

J.E. Pecari¢, F. Proschan and Y.L. Tong, Convex functions, partial orderings and statistical
applications, Academic Press, Boston, 1992.

B.T. Polyak, Ezistence theorems and convergence of minimizing sequences in extremum prob-
lems with restictions, Soviet Math. Dokl. 7 (1966), 72-75.

M. Z. Sarikaya, T. Tunc and M. K. Yildiz, Some generalized integral inequalities for con-
vex functions and applications, AIP Conference Proceedings, 1726, 020047 (2016); doi:
10.1063/1.4945873.

M. Z. Sarikaya, On strongly ¢, —convex functions in inner product spaces, Arabian Journal
of Mathematics, (2013) 2:295-302.

M. Z. Sarikaya, E. Set, M. E. Ozdemir and S. S. Dragomir, New some Hadamard’s type
inequalities for co-ordinated convex functions, Tamsui Oxford Journal of Information and
Mathematical Sciences, 28(2) (2012) 137-152.

M. Z. Sarikaya and H. Yaldiz, On Hermite Hadamard-type inequalities for strongly log-convex
functions, International Journal of Modern Mathematical Sciences, 2013, 5(3): 92-98.

M. Z. Sarikaya and H. Yaldiz, On the Hadamard’s type inequalities for L-Lipschitzian map-
ping, Konuralp Journal of Mathematics, 1(2), 33-40 (2013)

M. Z. Sarikaya and K. Ozcelik, On Hermite-Hadamard type integral inequalities for strongly
pp—conver functions, International Journal of Advanced Research in Engineering and Ap-
plied Sciences (IJAREAS), 1(1), pp:34-52, 2014.



ON SOME HERMITE-HADAMARD TYPE INEQUALITIES 13

[20] M. Z. Sarikaya, On Hermite Hadamard-type inequalities for strongly ¢p-convexr functions,
Southeast Asian Bull. Math., 39(1) (2015) , pp: 123-132.

[21] M. Z. Sarikaya, E. Set and M. E. Ozdemir, On new inequalities of Simpson’s type for
s—convex functions, Computers and Mathematics with Applications 60 (2010) 2191-2199.

IDEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, AFYON KOCATEPE UNI-
VERSTIY, AFYONKARAHISAR-TURKEY

2DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS,DUzCE UNIVERSITY, DUZCE
-TURKEY
E-mail address: mateyus26@gmail.com

E-mail address: hogunmez@aku.edu.tr

E-mail address: hsyn.budak@gmail.com





