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HERMITE-HADAMARD TYPE FOR STRONGLY s�CONVEX

FUNCTIONS

1YUSUF ERDEM, 1HASAN Ö¼GÜNMEZ, AND 2HÜSEYIN BUDAK

Abstract. In this paper, some new generalized results related to the left-
hand and the right-hand of the Hermite-Hadamard inequalities for the class
of funcitons whose derivatives are strongly s�convex functions in the second
sense are established. Some previous results are also recaptured as a special
case.

1. Introduction

In this section, we �rstly list several de�nitions and some known results.

De�nition 1. A function f : I ! R, ? 6= I � R;is said to be convex on I if the
inequality

f(tx+ (1� t)y) � tf(x) + (1� t)f(y)
holds for all x:y 2 I and t 2 [0; 1] :

Many inequalities have been established for convex functions but the most fa-
mous inequality is the Hermite-Hadamards inequality, due to its rich geometri-
cal signicance and applications([12, p.137], [4]). These inequalities state that if
f : I � R ! R is a convex function on the interval I of real numbers and a; b 2 I
with a < b, then

(1.1) f

�
a+ b

2

�
� 1

b� a

Z b

a

f(x)dx � f (a) + f (b)

2
:

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamards inequality may be regarded as a renement of the concept of convexity
and it follows easily from Jensens inequality. Hadamards inequality for convex func-
tions has received renewed attention in recent years and a remarkable variety of ren-
ements and generalizations have been found (see, for example, [2],[5],[11],[16],[18])
and the references cited therein.
In [6], Hudzik and Maligranda considered, among others, the class of functions

which are s- convex in the second sense. This class is de�ned in the following way:
a funciton f : [0;1]! R is said to be s-convex in the second sense if

f (tx+ (1� t)y) � tsf(x) + (1� t)sf(y)
holds for x; y 2 [0;1] , t 2 [0; 1] and for some �xed s 2 [0; 1] :This class of

s-convex functions in the second sense is usually by K2
S .
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It can be easily see that for s = 1 s-convexity reduces to the ordinary convexity
of functions de�ned on [0;1) :

De�nition 2. [13] A function f : I ! R is called strongly s-convex with modulus
c if

f (tx+ (1� t)y) � tsf(x) + (1� t)sf(y)� ct(1� t)(b� a)2

In [1], Angulo et al. proved the following Hermite-Hadamard type inequality for
strongly h�convex function:

Theorem 1. Let h : (0; 1)! (0;1) be a given function. If a function f : I � R!
R is Lebesgue integrable and strongly h�convex with modulus c > 0, then

1

h
�
1
2

� �f �a+ b
2

�
+
c

12
(b� a)2

�
(1.2)

� 1

b� a

bZ
a

f (x) dx � (f (a) + f (b))
1Z
0

h(t)dt� c

6
(b� a)2

for all a; b 2 I; a < b:

Corollary 1. Suppose that f : [0;1] ! R is a strongly s�convex function in the
second sense with modulus c > 0, where s 2 (0; 1) (i.e h(t) = ts in (1.2)), then
following inequalities hold;
(1.3)

2s�1
�
f

�
a+ b

2

�
+
c

12
(b� a)2

�
� 1

b� a

bZ
a

f (x) dx � f (a) + f (b)

s+ 1
� c

6
(b� a)2 :

For more information and recent developments on inequalities for srongly convex
function, please refer to ([1],[3],[8],[9],[10],[15],[17],[19],[20]).
To prove our main results, we consider the following Lemmas given by Sarikaya

et al. in [14] and Kiri̧s and Sarikaya in [7], respectively:

Lemma 1. Let f : I ! R be a di¤erantiable mapping on I0 where a; b 2 I with
a < b. If f 0 2 L [a; b], then we have

bZ
a

p(x)f 0 (x) dx(1.4)

= (m� n) f
�
a+ b

2

�
+ (b�m)f(b) + (n� a)f(a)�

bZ
a

f (x) dx

where

p(x) =

8<: x� n; x 2
�
a; a+b2

�
x�m; x 2

�
a+b
2 ; b

�
9=;

for n 2
�
a; a+b2

�
and m 2

�
a+b
2 ; b

�
:
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Lemma 2. Let f : I ! R be a di¤erantiable mapping on I0 where a; b 2 I with
a < b. If f 0 2 L [a; b], then we have

n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

�
(1.5)

= (b� a)
"Z 1

2

0

mtf 0 ((ta) + (1� t) b) dt+
Z 1

1
2

n (1� t) f 0 ((ta) + (1� t) b) dt
#

where n;m > 0.
The aim of the paper is to establish some new generalized Hermite-Hadamard

inequalities for function whose derivatives in absolute volue are strongly s�convex.

2. Main results

Firsty, we will give some calculated integrals which used our main results:

a+b
2Z
a

jx� nj (b� x)s dx(2.1)

=
2(b� n)s+2
(s+ 1)(s+ 2)

�
(b� n)(b� a)s+1

�
2s+1 + 1

�
2s+1(s+ 1)

+
(b� a)s+2

�
2s+2 + 1

�
2s+2(s+ 2)

;

(2.2)

bZ
a+b
2

jx�mj (b� x)s = 2(b�m)s+2
(s+ 1)(s+ 2)

+
(b� a)s+2
2s+2(s+ 2)

� (b�m)(b� a)
s+1

2s+1(s+ 1)
;

(2.3)

a+b
2Z
a

jx� nj (x� a)s dx = 2(n� a)s+2
(s+ 1)(s+ 2)

+
(b� a)s+2
2s+2(s+ 2)

� (n� a)(b� a)
s+1

2s+1(s+ 1)
;

bZ
a+b
2

jx�mj (x� a)s dx(2.4)

=
2(m� a)s+2
(s+ 1)(s+ 2)

�
(m� a)(b� a)s+1

�
2s+1 + 1

�
2s+1(s+ 1)

+
(b� a)s+2

�
2s+2 + 1

�
2s+2(s+ 2)

;

a+b
2Z
a

jx� nj (b� x) (x� a) dx(2.5)

=
(b� a)(n� a)3

3
� (n� a)

4

6
+
5(b� a)4
192

� (n� a)(b� a)
3

12
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and

bZ
a+b
2

jx�mj (b� x) (x� a) dx(2.6)

=
(b� a)(b�m)3

3
� (b�m)

4

6
+
5(b� a)4
192

� (b�m)(b� a)
3

12
:

Theorem 2. Let f : I ! R be a di¤erantiable mapping on I0 where a; b 2 I with
a < b. If jf 0j is strongly s-convex on [a; b], for some s 2 (0; 1] with modulus c > 0 ,
then following inequality holds :

������(m� n) f
�
a+ b

2

�
+ (b�m)f(b) + (n� a)f(a)�

bZ
a

f (x) dx

������(2.7)

� jf 0(a)j
(b� a)s

"
2
�
(b�m)s+2 + (b� n)s+2

�
(s+ 1)(s+ 2)

� (2b� n�m)(b� a)
s+1

2s+1(s+ 1)
� (b� n)(b� a)

s+1

(s+ 1)
+
(b� a)s+2

�
2s+1 + 1

�
2s+1(s+ 2)

#

+
jf 0(b)j
(b� a)s

"
2
�
(b�m)s+2 + (b� n)s+2

�
(s+ 1)(s+ 2)

� (m+ n� 2a)(b� a)
s+1

2s+1(s+ 1)
� (m� a)(b� a)

s+1

(s+ 1)
+
(b� a)s+2

�
2s+1 + 1

�
2s+1(s+ 2)

#

�c
�
(b� a) (n� a)

3 + (b�m)3
3

� (n� a)
4 + (b�m)4
6

+
5(b� a)4
96

� ((b� a)� (m� n))(b� a)
3

12

�

for n 2
�
a; a+b2

�
and m 2

�
a+b
2 ; b

�
:

Proof. Taking madulus in Lemma 1 and using the strongly s�convexity of jf 0j, we
have

������(m� n) f
�
a+ b

2

�
+ (b�m)f(b) + (n� a)f(a)�

bZ
a

f (x) dx

������(2.8)

�

a+b
2Z
a

jx� nj jf 0 (x)j dx+
bZ

a+b
2

jx�mj jf 0 (x)j dx
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=

a+b
2Z
a

jx� nj f
�
b� x
b� aa+

x� a
b� b b

�
dx

+

bZ
a+b
2

jx�mj f
�
b� x
b� aa+

x� a
b� b b

�
dx

�

a+b
2Z
a

jx� nj
��
b� x
b� a

�s
jf 0(a)j+

�
x� a
b� a

�s
jf 0(b)j � c (b� x) (x� a)

�
dx

+

bZ
a+b
2

jx�mj
��
b� x
b� a

�s
jf 0(a)j+

�
x� a
b� a

�s
jf 0(b)j � c (b� x) (x� a)

�
dx

=
jf 0(a)j
(b� a)s

264
a+b
2Z
a

jx� nj (b� x)s dx+
bZ

a+b
2

jx�mj (b� x)s dx

375

+
jf 0(b)j
(b� a)s

264
a+b
2Z
a

jx� nj (x� a)s dx+
bZ

a+b
2

jx�mj (x� a)s dx

375

�c

264
a+b
2Z
a

jx� nj (b� x) (x� a) dx+
bZ

a+b
2

jx�mj (b� x) (x� a) dx

375 :
If we subsitute the equalities (2.1)-(2.6) in (2.8), then we obtain required result
(2.7). �

Remark 1. If we choose m = b, n = a in Theorem 2, then we have������f
�
a+ b

2

�
� 1

b� a

bZ
a

f(x)dx

������ � (b� a) 2s+1 � 1
2s (s+ 1) (s+ 2)

�
jf 0(a)j+ jf 0(b)j

2

�
� 5c
96
(b�a)3

Remark 2. If we choose m = n = a+b
2 in Theorem 2, then we have������f(a) + f(b)2

� 1

b� a

bZ
a

f(x)dx

������ � (b� a) s2s + 1

2s (s+ 1) (s+ 2)

�
jf 0(a)j+ jf 0(b)j

2

�
� c

32
(b�a)

Remark 3. If we choose m = a+5b
6 , n = 5a+b

6 in Theorem 2 , then we have������16
�
f(a) + 4f

�
a+ b

2

�
+ f(b)

�
� 1

b� a

bZ
a

f(x)dx

������
� (b� a) 2� 5

s+2 � (4� s)6s+1 � 2� 3s+12 + 2
6s+2 (s+ 1) (s+ 2)

[jf 0(a)j+ jf 0(b)j]� 67

2� 64 c(b� a)
3
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For c = 0 it reduces to the Hermite�Hadamard-type inequalities for sconvex func-
tions proved by Sarikaya et al. in [21].

Theorem 3. Let f : I ! R be a di¤erantiable mapping on I0 where a; b 2 I with
a < b. If jf 0jq is strongly s�convex on [a; b] for some s 2 (0; 1] with modulus c > 0
, then following inequality holds :

������(m� n) f
�
a+ b

2

�
+ (b�m)f(b) + (n� a)f(a)�

bZ
a

f (x) dx

������(2.9)

� (b� a)
1
q

(p+ 1)
1
p

8<:
"
(n� a)p+1 +

�
a+ b

2
� n

�p+1# 1
p

�
 

1

2s+1 (s+ 1)

��
2s+1 � 1

�
jf 0(a)jq + jf 0(b)jq

�
� c (b� a)

2

12

! 1
q

+

"
(b�m)p+1 +

�
m� a+ b

2

�p+1# 1
p

�
 

1

2s+1 (s+ 1)

�
jf 0(a)jq +

�
2s+1 � 1

�
jf 0(b)jq

�
� c (b� a)

2

12

! 1
q

9=;
for n 2

�
a; a+b2

�
and m 2

�
a+b
2 ; b

�
where p; q > 1; 1p +

1
q = 1:

Proof. From Lemma 1 and by using the Hölder inequality , then we have

������(m� n) f
�
a+ b

2

�
+ (b�m)f(b) + (n� a)f(a)�

bZ
a

f (x) dx

������(2.10)

=

a+b
2Z
a

jx� nj jf 0 (x)j dx+
bZ

a+b
2

jx�mj jf 0 (x)j dx

�

0B@
a+b
2Z
a

jx� njp dx

1CA
1
p
0B@

a+b
2Z
a

jf 0 (x)jq dx

1CA
1
q

+

0B@ bZ
a+b
2

jx�mjp dx

1CA
1
p
0B@ bZ

a+b
2

jf 0 (x)jq dx

1CA
1
q
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=
1

(p+ 1)
1
p

"
(n� a)p+1 +

�
a+ b

2
� n

�p+1# 1
p

0B@
a+b
2Z
a

jf 0 (x)jq dx

1CA
1
q

+
1

(p+ 1)
1
p

"
(b�m)p+1 +

�
m� a+ b

2

�p+1# 1
p

0B@ bZ
a+b
2

jf 0 (x)jq dx

1CA
1
q

Using the strongly s�convexity of jf 0j, we have������(m� n) f
�
a+ b

2

�
+ (b�m)f(b) + (n� a)f(a)�

bZ
a

f (x) dx

������(2.11)

� 1

(p+ 1)
1
p

8<:
"
(n� a)p+1 +

�
a+ b

2
� n

�p+1# 1
p

�

0B@
a+b
2Z
a

��
b� x
b� a

�s
jf 0(a)jq +

�
x� a
b� a

�s
jf 0(b)jq � c (b� x) (x� a)

�
dx

1CA
1
q

+

"
(b�m)p+1 +

�
m� a+ b

2

�p+1# 1
p

�

0B@ bZ
a+b
2

��
b� x
b� a

�s
jf 0(a)jq +

�
x� a
b� a

�s
jf 0(b)jq � c (b� x) (x� a)

�
dx

1CA
1
q

9>>=>>;
By a simple calculation , we have

(2.12)

a+b
2Z
a

(b� x)s dx =
bZ

a+b
2

(x� a)s dx =
(b� a)s+1

�
2s+1 � 1

�
2s+1 (s+ 1)

(2.13)

a+b
2Z
a

(x� a)s dx =
bZ

a+b
2

(b� x)s dx = (b� a)s+1

2s+1 (s+ 1)

(2.14)

a+b
2Z
a

(b� x) (x� a) dx =
bZ

a+b
2

(b� x) (x� a) dx = (b� a)3

12

If we subsitute the equalities 2.12-2.14 in 2.11, then we obtain result 2.9. �
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Corollary 2. If we choose m = b and n = a in Theorem 3, then we have������f
�
a+ b

2

�
�

bZ
a

f (x) dx

������(2.15)

� b� a
4

�
1

p+ 1

� 1
p

8<:
 �
2s+1 � 1

�
jf 0(a)jq + jf 0(b)jq

2s (s+ 1)
� c (b� a)

2

6

! 1
q

+

 
jf 0(a)jq +

�
2s+1 � 1

�
jf 0(b)jq

2s (s+ 1)
� c (b� a)

2

6

! 1
q

9=; :
Remark 4. Choosing s = 1 in Corollary 2, we obtain the inequality������f

�
a+ b

2

�
�

bZ
a

f (x) dx

������
� b� a

4

�
1

p+ 1

� 1
p

8<:
 
3 jf 0(a)jq + jf 0(b)jq

4
� c (b� a)

2

12

! 1
q

+

 
jf 0(a)jq + 3 jf 0(b)jq

4
� c (b� a)

2

12

! 1
q

9=; :
Corollary 3. If we choose m = n = a+b

2 in Theorem 3, then we have������f(a) + f(b)2
�

bZ
a

f (x) dx

������(2.16)

� b� a
2� 2

1
p

�
1

p+ 1

� 1
p

8<:
 �
2s+1 � 1

�
jf 0(a)jq + jf 0(b)jq

2s+1 (s+ 1)
� c (b� a)

2

12

! 1
q

+

 
jf 0(a)jq +

�
2s+1 � 1

�
jf 0(b)jq

2s+1 (s+ 1)
� c (b� a)

2

12

! 1
q

9=; :
Remark 5. Choosing s = 1 in Corollary 3, we obtain the inequality������f(a) + f(b)2

�
bZ
a

f (x) dx

������
� b� a

4

�
1

p+ 1

� 1
p

8<:
 
3 jf 0(a)jq + jf 0(b)jq

4
� c (b� a)

2

12

! 1
q

+

 
jf 0(a)jq + 3 jf 0(b)jq

4
� c (b� a)

2

12

! 1
q

9=; :
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Corollary 4. If we choose m = a+5b
6 and n = 5a+b

6 in Theorem 3 , then we have

������16
�
f(a) + 4f

�
a+ b

2

�
+ f(b)

�
�

bZ
a

f (x) dx

������(2.17)

� b� a
6

�
2p+1 + 1

6(p+ 1)

� 1
p

�

8<:
 �
2s+1 � 1

�
jf 0(a)jq + jf 0(b)jq

2s+1 (s+ 1)
� c (b� a)

2

12

! 1
q

+

 
jf 0(a)jq +

�
2s+1 � 1

�
jf 0(b)jq

2s+1 (s+ 1)
� c (b� a)

2

12

! 1
q

9=; :
Remark 6. Choosing s = 1 in Corollary 3, we obtain the inequality

������16
�
f(a) + 4f

�
a+ b

2

�
+ f(b)

�
�

bZ
a

f (x) dx

������
� b� a

12

�
2p+1 + 1

3(p+ 1)

� 1
p

8<:
 
3 jf 0(a)jq + jf 0(b)jq

4
� c (b� a)

2

12

! 1
q

+

 
jf 0(a)jq + 3 jf 0(b)jq

4
� c (b� a)

2

12

! 1
q

9=; :
Theorem 4. Let f : I ! R be a di¤erantiable mapping on I0 where a; b 2 I with
a < b. If jf 0j is strongly s�convex on [a; b] for some s 2 (0; 1] with modulus c > 0 ,
then following inequality holds :

����� n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

������(2.18)

� (b� a)
��

m

2s+2 (s+ 2)
+ n

2s+2 � s� 3
2s+2 (s+ 1) (s+ 2)

�
jf 0 (a)j

+

�
m

2s+2 (s+ 2)
+ n

2s+2 � s� 3
2s+2 (s+ 1) (s+ 2)

�
jf 0 (b)j � 5c (m+ n)

192
(b� a)2

�

where n 2
�
a; a+b2

�
;m 2

�
a+b
2 ; b

�
.
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Proof. From Lemma 2 and using strongly s-convex of jf 0j, we have

(2.19)����� n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

������
� (b� a)

(Z 1
2

0

mt jf 0 ((ta) + (1� t) b)j dt

+

Z 1

1
2

n (1� t) jf 0 ((ta) + (1� t) b)j dt
)

� (b� a)
(Z 1

2

0

mt
h
ts jf 0 (a)j+ (1� t)s jf 0 (b)j � ct (1� t) (b� a)2

i
+

Z 1

1
2

n (1� t)
h
ts jf 0 (a)j+ (1� t)s jf 0 (b)j � ct (1� t) (b� a)2

i)

= (b� a)
(
m jf 0 (a)j

Z 1
2

0

ts+1dt+m jf 0 (b)j
Z 1

2

0

t (1� t)s dt�mc (b� a)2
Z 1

2

0

t2 (1� t) dt

+n jf 0 (a)j
Z 1

1
2

(1� t) tsdt+ n jf 0 (b)j
Z 1

1
2

(1� t)s+1 dt� nc (b� a)2
Z 1

1
2

t (1� t)2 dt
)

Using the facts thatZ 1
2

0

ts+1dt =

Z 1

1
2

(1� t)s+1 dt = 1

2s+2 (s+ 2)
;

Z 1
2

0

t (1� t)s dt =
Z 1

1
2

(1� t) tsdt = 2s+2 � s� 3
2s+2 (s+ 1) (s+ 2)

;

and Z 1
2

0

t2 (1� t) dt =
Z 1

1
2

t (1� t)2 dt = 5

192
;

one can obtain required result. �

Remark 7. If we choose m = n in Theorem 4, then Theorem 4 reduces Remark 1.

Corollary 5. Under assumption of Theorem 4 with s = 1, we have����� n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

������(2.20)

� b� a
24

[(m+ 2n) jf 0 (a)j+ (2m+ n) jf 0 (b)j]� 5c (m+ n)
192

(b� a)3 :

Theorem 5. Let f : I ! R be a di¤erantiable mapping on I0 where a; b 2 I with
a < b. If jf 0jq is strongly s�convex on [a; b] for some s 2 (0; 1] with modulus c > 0
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, then following inequality holds :����� n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

������(2.21)

� b� a
4

�
1

p+ 1

� 1
p

8<:m
 
jf 0 (a)jq + jf 0 (b)jq

�
2s+1 � 1

�
2s (s+ 1)

� c (b� a)
2

6

! 1
q

+n

 
jf 0 (a)jq

�
2s+1 � 1

�
+ jf 0 (b)jq

2s (s+ 1)
� c (b� a)

2

6

! 1
q

9=;
where n 2

�
a; a+b2

�
;m 2

�
a+b
2 ; b

�
and 1

p +
1
q = 1.

Proof. From Lemma 2 and using Hölder Inequality, then we have����� n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

������
� (b� a)

(Z 1
2

0

mt jf 0 (ta+ (1� t) b)j dt+
Z 1

1
2

n (1� t) jf 0 (ta+ (1� t) b)j dt
)

� (b� a)

8<:
 Z 1

2

0

(mt)
p
dt

! 1
p
 Z 1

2

0

jf 0 (ta+ (1� t) b)jq dt
! 1

q

+

 Z 1

1
2

np (1� t)p dt
! 1

p
 Z 1

1
2

jf 0 (ta+ (1� t) b)jq dt
! 1

q

9>=>;
Using srtongly s-convex of jf 0jq;����� n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

������
� (b� a)

8<:
 Z 1

2

0

(mt)
p
dt

! 1
p
 Z 1

2

0

h
ts jf 0 (a)jq + (1� t)s jf 0 (b)jq � ct (1� t) (b� a)2

i
dt

! 1
q

+

 Z 1

1
2

[n (1� t)p dt]
! 1

p
 Z 1

1
2

h
ts jf 0 (a)jq + (1� t)s jf 0 (b)jq � ct (1� t) (b� a)2

i
dt

! 1
q

9=;
By simple computation, the required result (2.21) can be easily established. �

Remark 8. If we choose m = n in Theorem 5, then Theorem 5 reduces Remark 2.
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Corollary 6. Under assumption of Theorem 4 with s = 1, we have����� n

b� a

Z a+b
2

a

f (x) dx+
m

b� a

Z b

a+b
2

f (x) dx� n+m
2

f

�
a+ b

2

������(2.22)

� b� a
4

�
1

p+ 1

� 1
p

8<:m
 
jf 0 (a)jq + 3 jf 0 (b)jq

4
� c (b� a)

2

6

! 1
q

+n

 
3 jf 0 (a)jq + jf 0 (b)jq

4
� c (b� a)

2

6

! 1
q

9=; :
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