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A NEW INTEGRAL INEQUALITIES FOR GG-CONVEX
FUNCTIONS

KUBRA YILDIZ* AND MERVE AVCI ARDIC**

ABSTRACT. In this paper, we obtained new integral inequalities for the first
derivatives of the GG—convex functions.

1. INTRODUCTION
We will start with the definiton of convexity:

Definition 1. The function f : I C R — R is a convexr function on I, if the
inequality

flz+Q—t)y) <tf(z)+1—-1)f(y)
holds for all x,y € I and t € [0,1]. We say that f is concave if —f is conver.

Let f: I C R — R be a convex function where a,b € I with a < b. Then the
following double inequality hold:

() < ks [ e s L0220

This inequality is well-known in the literature as Hermite-Hadamard inequality that

gives us upper and lower bounds for the mean-value of a convex function. If f is

concave function both of the inequalities in above hold in reversed direction.
Anderson et. al. mentioned mean function in [2] as following:

Definition 2. A function M : (0,00) x (0,00) — (0,00) is called a Mean function
if

) M (2,y) = M (y,z),
) M (z,2) ==,
)x < M (z,y) <y, whenever z < y,
) M (az,ay) = aM (z,y) for all a > 0.
Based on the definition of mean function, let us recall special means (See [2])
1. Arithmetic Mean: M (z,y) = A (z,y) = ZH2.
2. Geometric Mean: M (z,y) = G (z,y) = /Y.
3. Harmonic Mean: M (z,y) = H (z,y) = 1/A (%,i
4. Logarithmic Mean: M (x,y) = L (z,y) = (x — y) / (logz — logy) for z # y nd
L(z,z) = .
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5. Identric Mean: M (z,y) = I(z,y) = (1/e) (2 /y*)"/“™ for 2 # y nd
I(z,z) = x.

In [2], Anderson et. al. also gave a definition that include several different classes
of convex functions as the following:

Definition 3. Let f : I — (0,00) be continuous, where I is subinterval of (0,00) .
Let M and N be any two Mean functions. We say f is M N-convex (concave) if

f(M (z,y)) < (Z)N(f(2), f(y))
forallz,y € I.

In [1], Niculescu mentioned the following considerable definition:

Definition 4. The GG—convex functions are those functions f : I — J (acting on
subintervals of (0,00)) such that

(1.1) z,y€l and A€ [0,1] = f (ﬂfl_kyk) < f(x)li)\ f (y)A

Every real analytic function f(z) =Y ¢,2" with nonnegative coefficients ¢,

is a GG—convex function on (0,r), where r is the radius of convergence of f. The
functions such as exp, sinh, cosh are GG —convex on (0,00) ; tan, sec, csc, % —cotx
are GG—convex on (0, %) ; 1££ is GG—convex on (0.1). (See [1])

m [3], authors proved the following lemma and established new inequalities for

GG — convex functions.

Lemma 1. Let f : I C IR = (0,00) — IR be a differentiable function and
a,be I°with a<h . If f (z) € L ([a,b]), then

b 1
b2 f (b) ;an (a) _/a o f (2)du = Inbd ; lna/o ag(l_t)bgtf’ (al—tbt) dt

The main aim of this paper is to prove some new integral inequalities for GG—
convex functions.

2. MAIN RESULTS
We need the following integral identity to get our new results.

Lemma 2. Let f : I C IR = (0,00) — IR be a differentiable function on I°
where a,be IPwith a<b . If f € Lla,b], then the following equality holds:

b

D F(b) — a?f(a) - 2 / uf (u)du

a

= B TPt ) (e Y [ (0% £ (ato) i

Proof. Let

I = /1 (b*ag) I3 (b*a*) dt
0

and
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We notice that

I

Al (bzfa@)f (b2a : )dt
1
lnbflna/o (ra=) £ (b%“%) d (b%“%) '

By the change of the variable u = bia*7 and integrating by parts , we have

2 Vb Vab
Ilzm abfvab—a f(a)—2/a uf(u)du| .

Conformably, we have

I, =

Multiplying I; and I by

identity.

Inb—1Ina

1na

Inb—Ina
2

[zﬂ F(b) —abfvab—2 / ]

and adding the results we get the desired

O

Our first result is given in the following Theorem.

Theorem 1. Let f: I C IR, = (0,00) — IR be a differentiable function on I°
where a,b € I°with a < b ,and f € Lla,b]. If ‘fl‘ is GG— convex on [a,b], then

the following inequality holds:

b
b F(B) — a2 f(a) - / wf (u)du

< B (Ve i@l s o) (Ve sl yre).

Proof. From Lemma 2, using the property of the modulus and GG— convexity of

’ .
‘f ‘ we can write

D F(B) — a2 f(a) — / uf (u)du

Inb—1Ina

2

Inb—1Ina

2

Inb—
2

Ina

If we calculate the integrals above, we get the desired result.

IS

3t 3(2—t))
2 a 2

VO ®)]
Va3 [ (a)]

ol

G

1
a%)‘dt#»/ (aStbs(2 )>
0

t

2—t 1 I
i (a)‘ ’ dt+/ (a%b“z :
0

||>tdt+b3]f’(b)M1 (
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Theorem 2. Let f: I C IR, = (0,00) — IR be a differentiable function on I°
where a,be I°with a < b ,and f € L]a,b).
x € [a,b], the following inequality

is GG— convex on [a,b] for all

b
b2F(B) — a2 f(a) — 2/ wf (u)du

L <\/a3 I (@) + /521 (b)|> (L (Va, \/b37))7 (L <\/|f' @I \/1f (b)lq>);

holds where ¢ > 1 and % + % =1

;|9
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ‘
and Holder integral inequality, we can write

b2F(b) — a2 f(a) — 2/b wf (u)du
= N e T (O [P O
lnb;Ina { </bb3;pa3(22_t)dt>; (/1 ‘f' (béa"‘ztﬂth)é

a 0
+ (/aba?’épb?’@ 24 ) (/01 )f’ (aébzzt)‘th);}

Inb—1Ina | 4
———a
2

wirel (/01 (Vg) dt) | </o1 ! (b)‘u;)qm)q

If we calculate the integrals above, we get the desired result. O

I3 (a’b;) ‘ dt}

Theorem 3. Under the assumptions of Theorem 2, the following inequality holds:

b f(b) — a’f(a) — 2/ab wf(u)du
< it () (Ve ( (Vo e
n (%)(W (2 (Vir@r.yir e W»Bq)))
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/4
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ‘
and Holder integral inequality, we can write

b
B 10) - a*f(@) ~2 [ uf(u
1 1 1 1
< Inb—1Ina </ b:;;pdt> </ aS(Q;t)q f/ (b5a22t>’th)
2 0 0
1 : 1 L, ) L
() ([ e
0 0
— 1 v 1 s tq (2-tg g
< Inb—1Ina /bstTpdt /a3(22,>q 5 f/(a)’ > @t
2 0 0
o, > 1oL, -0\
+(/ asépdt> /bi‘mz'” f (b)’ ?
0 0

By a simple computation we get the desired result. O

Theorem 4. Under the assumptions of Theorem 2, the following inequality holds:

b
#ﬂw—ﬁﬂw—2/fWMu

< b (e i o) (o (Vs or Jenir @)

/e
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ’

and Holder integral inequality, we can write

b

b2 f(b) — a’f(a) — 2/ uf(u)du

a

Inb—1Ina ! =3 Loy seena | v /1 2-6\ |9 7
s {(/0 dt) (/Ob *Ff (bha )‘dt)

1 1_% 1 3t 2—t)q ’ t . 2—t %
() (o )]

0 0

t

— , 1 3 1 (B)|?
Inb—1Ina a?”f (a)’ / b11|fl 0] it

2 0 a®t |f" (a)|”

: NZITHOTAY
f@‘1;<b%www>dt

IN

IN

+ b
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If we calculate the integrals above, we get the desired result. O

Theorem 5. Under the assumptions of Theorem 2, the following inequality holds:

B (b) — a2f(a) — 2/: wf(w)du
L e (2@62)Pa3)f'<a>|Lé (Vorir @,y @l
() ol ol (i r iy o)

/19
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ‘

and Holder integral inequality, we can write
b
B0 = afa) =2 [ upn

S lnb—lna (/ b dt) (/ b aa(z t)q
2
Uy NT (Y wseng s % (=8 N
(/ a2dt) </ ¥ |1 (a) f(b)‘ dt)
0 0

If we calculate the integrals above, we get the desired result. (]

/

f ()

|

Theorem 6. Let f: I C IR, = (0,00) — IR be a differentiable function on I°
’ 114

where a,be I°with a < b ,and f € Lla,b]. If ‘f ‘ is GG— convex on [a,b] for all

x € [a,b], the following inequality

b
b2F(B) — a2f(a) — 2/ wf (u)du

oo L((ve) s (va) ) (e van)

- 2

(2 (Vi o \/a3|f’(a)q)>l

holds for ¢ > 1.

=)
7N\
(S
Sl
=
—
=
+
[S)
Sleo
=
—
&
~—
—

/19
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ’ f ’

and power-mean integral inequality, we can write
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b

b2F(b) — a2 f(a) — 2/ wf (u)du

a

1 1-1 1 :
< b-lna (/ b?as(i‘”dt) </ p¥ a5 | (b%azzt)]th)
2 0 0
1 -3 1 ¢ \1@
+</ a32‘b3(22”dt> </ a¥ b T |f (a%b%)‘ dt)
0 0
) t 1-3 L t
Inb—1Ina _1 b3 3 b3 ENE A
S e L PR R I A S N AT T®
t 1-3 t
B 1 3 1 3 ’ @ ’ (17£)q
WD) a) v [ (V) el P e
0 0
We get the desired result by a simple calculation. O
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