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ON SOME SPECIAL FUNCTIONS FOR CONFORMABLE
FRACTIONAL INTEGRALS

M.Z. SARIKAYA, A. AKKURT, H. BUDAK, M.E. YILDIRIM, AND H. YILDIRIM

ABSTRACT. In this paper, we introduce the («, k)-gamma function, (o, k)-beta
function, Pochhammer symbol (z);, ;. and Laplace transforms for conformable
fractional integrals. We prove several properties generalizing those satisfied by
the classical gamma function, beta function and Pochhammer symbol. The
results presented here would provide generalizations of those given in earlier
works.

1. INTRODUCTION

The classical Euler gamma function or Euler integral of the second kind is given
by

o0

I'(z)= / t"tetdt, x>0
0

and the beta function or Eulerian integral of the first kind with two variables is

defined by

B(z,y) = /1 et =Yt x, oy > 0.
Therefore, the classical beta funoction in terms of gamma function is defined in [2]
" @) ()

I'(z+vy)

The rising factorial (™), sometimes also denoted (z),,([4, p. 6]) or 2™ ([8, p. 48]),
is defined by

B(xﬂy): 7x7y>0'

™ =g@—-1)...(z+n—1)
This function is also known as the rising factorial power ([8, p. 48]) and frequently
called the Pochhammer symbol in the theory of special functions. The rising fac-

torial is implemented in the Wolfram Language as Pochhammer [z, n]. In recently,
Diaz and Pariguan give a new definition for the function of variable x as follows

(@) =2 (@ +k)(z+2k)...(z+(n—1)k)

and they called the Pochhammer k-symbol. Setting & = 1 one obtains the usual
Pochhammer symbol (z),. Recently, in a series of research publications, Diaz et
al. ([5]-[7]) have introduced k-gamma and k-beta functions and proved a number
of their properties. They have also studied k-zeta function and k-hypergeometric
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functions based on Pochhammer k-symbols for factorial functions. The k-gamma
functions is defined by
k™ (kn)®
Iy () = tim PR,

n— 00 (x)n,oz

k
It has been shown that the Mellin transform of the exponential function e~ % is
the k-gamma function, explicitly given by

Ty (x) :/ e~ % dt.
0
Clearly, I' (z) = %imlfk (z), T (z) = ki 'T (%) and T (z 4+ k) = 2Ty (). This

gives rise to k-beta function defined by
1. y_
Buey) = [ -0t
k Jo

/ Ty ()T
so that By, (z,y) = +B (£, %) and By (z,y) = %
The purpose of this paper is to introduce (o, k)-gamma function and (a, k)-
beta function for conformable fractional integrals and obtain some their properties.
When (a, k) — (1,1), it turns out to be the usual gamma function and beta func-

tion.

2. DEFINITIONS AND PROPERTIES OF CONFORMABLE FRACTIONAL DERIVATIVE
AND INTEGRAL

The following definitions and theorems with respect to conformable fractional
derivative and integral were referred in [1], [9], [11]-[13].

Definition 1. (Conformable fractional derivative) Given a function f : [0,00) —
R. Then the “conformable fractional derivative” of f of order « is defined by

(2.1) Do () (t) = lim LEFL) = 1O

e—0 €

forallt >0, a € (0,1). If f is a—differentiable in some (0,a), a > 0, liI(I)l+ £ () eist,
t—

then define

(2.2) F0) = lim £ ().

t—0t
We can write f(®) (t) for Dy (f) (t) to denote the conformable fractional derivatives

of f of order o. In addition, if the conformable fractional derivative of f of order
« exists, then we simply say f is a—differentiable. For 2 < n € N, we denote
Dy (f) (t) = Do D=1 (f) (£) (2) -
Theorem 1. Let a € (0,1] and f,g be a—differentiable at a point t > 0. Then

i. Do (af +bg) = aD, (f) +bDy (g), for all a,b € R,

1. Do (N) = 0, for all constant functions f (t) = A,

116, Dq (fg) = [Da (g) +9Da (f) )
£\ _ D g) —9Du (F)

w. Dy [ = 5

g
v. If f is differentiable, then

1-a 4f
(23) Da (£) (6) = 7% 1),
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Definition 2 (Conformable fractional integral). Let o € (0,1] and 0 < a < b. A
function f : [a,b] — R is a-fractional integrable on [a,b] if the integral

b b
(2.4) / f(z)dox = / f(z) 2> tda
exists and is finite.

Remark 1.

ORI @ 4.

xl-
where the integral is the usual Riemann improper integral, and o € (0,1].

Theorem 2. Let [ : (a,b) — R be differentiable and 0 < o < 1. Then, for all
t > a we have

(2.5) IEDaf @) = f (@)= f(a).

Theorem 3. (Integration by parts) Let f,g : [a,b] — R be two functions such
that fg is differentiable. Then

b b
(2.6) / £ (2) D2 (g) (2) do = ol — / 0(2) D2 (f) (2) du.

Theorem 4. [14] (Inverse property) Assume that a > 0, and o € (0,1), and also
let f be a continuous function such that IS f exists. Then, for all t > a we have

DRIaf () = f ().

In this paper, we establish properties of («a, k)-gamma and(c, k)-beta functions
for conformable fractional integral and we will investigate some integral inequalities.
The results presented here would provide generalizations of those given in earlier
works.

3. GAMMA AND BETA FUNCTIONS FOR CONFORMABLE FRACTIONAL INTEGRAL

Definition 3. (Pochhammer symbol) Let p € (0,00), k > 0, o € (0,1], and
n € Nt Pochhammer symbol (p)zyk s given by

(p)z’k:(p+a—1)(p+a—1+k)(p+a—1+2k)...(p+a—1+(n—1)k).

Proposition 1. Let o € (0,1] and T'¢ : (0,00) — R. For 0 < p < oo, Conformable
gamma function I'{ is given by
pta—1 -1
[ee] tk . 'kn k k
T (p) = [P le T dgt = lim — (nk)
n—oo (p)’ﬂ,k

Proof. We will give two different proofs. Firstly, we take

1k n 1 n
0f(p) = fy e T dot = lim (nk) & (1— 57’;) =1 d,t.

—>ooo
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ok (Y
Let A,;(p), ¢ =0,...,n, be given by A, ;(p) = 0( R (1 — k‘) tP~1d,t. The
n

following recursion formula is proven using integration by parts

n 1 tk i
An,i (p) :f()( R® (1— k’) tpildat

n

1 k i
(nk)® t fa—2
= 1—— | dt
0 < nk’)

tk: i thrOzfl
1— =) =
( nk’) pta—1 0

. i1
v (nk)* t* +atk—2

R ZE— 1-—— e dt
o (p+a-—1)"7° ( nk

i (nk) k tN T
T S s

(nk)*

np+a-—1 n
= ! Apic1(p+k)
_n(p—|—oz—1) n,i—1 \P .
Also,
+a—1
i k)
A _ e gy (2 .
n,0 (p) fo o P+ a— 1
Therefore, integrating by part
Ap . (p)
1 E\™
_ pnk)E t _
=[5 <1— nk) P tdat
1
- 1_ﬁ nﬂ o +L (nk)% 1_ﬁ n_ltp-i-k—ld ¢
nk) p+a—1|, np+a—1)7° nk “
1

1 k n—

n (nk)® t th—1

L — 1— — PRt
n(p—!—oa—l)fo ( nk)

(nk)®

n tk n—1 tp+k‘+0471
-_— 1_7 -
np+a-—1) ( nk) p+k+a—10

.\ n—1
+ n—1 (”k)% 1— ﬁ tp+2k—1dat
np+k+a—1)"0 nk
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n—1
n n-— 1 (nk)% 1— ﬁ tp+2k—1d t
np+a—-1) |np+k+a—1)"7° nk ¢

ptatnk—1

nn—1)n-=2)..(n—(n—-1) (k) F

nip+ta—)np+k+a—-)np+2k+a—-1).n(p+(n—1)k+a—-1)(p+a+nk—1)

_ n!n™.k™ (nk) SR _ nlk™ (nk) PR

n" (p), 1k (1+ pfa=t) B () 1
and

+a—1_
nlk™ (nk)p L
[0}

n,k

I'Y(p) = lim A, ,(p)= lim

which copletes the proof.
Secondly, for proof of proposition, we first prove that

k™n!

' _ k\" yp—1 —
(3.1) /0(1 )t d gt (O

(e

p)n+1,k
forp>0and n=0,1,2,.... In order to prove (3.1) by induction we first take n = 0

to obtain for p > 0
v 1 1
/ Pt = =,
0 p+a—1 (p)Lk

Now we assume that (3.1) holds for n = m. Then we have

1 1
/ (1—tF)" 1, / (1—tF) (1= ¢5)" 2 dt
0 0

1 1
= / (1 —t)mt”‘ldat—/ (1—t)™tPTh=1d,t
0 0

B k™m! k™m)!
Phmsrre @+HE) 1
k™m! gl + 1)!
K pta-1+m+Dk-p-ar1) =MD
(p)'rn—',-27k; (p)’m-‘rQ,k

which show sthat (3.1) holds for n = m + 1. This proves that (3.1) holds for all

n=0,1,2,.... Now we set t = Z—: into (3.1) to find that

(nk)t/* kN =1
%/ (1 - u) up_ldau = ] b pra—1

and then

P+a71_1

/(nk)l/k (1_uk,)nup_1d . n'k‘"(nk) %
0

nk (p)y ik (14 255)

ukn uk
im (1-2) —e %
N

Since we have
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we conclude that

pta—1_ 4

o u k™ (nk) F
'y (p) :/ uP le” Fdyu = lim nik” (n )a

[l
Proposition 2. The (o, k)-Gamma function T'§ (p) satisfies the following identities
()T (p+k)=@+a-1)IE(p)

(2) T (p+ nk) = (p)y . T (p)
(39)T5 (k+1-a)=1

a— o0 tk'
(4) T¢ (p) = ™5 [ pth-le=a'td,t.

Proof. (1) Using the integration by parts, we have

k
DY (p+k) = [o e Fdat
— f‘x’ tptk+a—2 —ﬁd
= Jo ek dt

k
— _qpta-1l,-%

o0 k
+(p+a—1)[rre2e T adt
0

= (pta—1) [ le T dyt
=(p+a—-1)T%(p).

(2) Integrating the by parts for n—times we get

o k
LY (p+nk) = / PRl e= 5 ot
0

o0 tk
/ tpro=2tnke=Tc gt
0

ik |° 0o Py
— _qpta-l,—% + (p +a—-1+ (n — 1)k)/ pra=—2+(n—1k ~ % 1
0
[} Otk
= (p +a—1+ (n — 1)k;)/ pra—2+(n-1k —4& 1
0
LS
= (p+a—-1+(mn—-1)k) {—ﬂ”o‘lek
0

o0 tk
+(p+a—1+(n—2)k) / tp+a—2+<n—2>ke—kdt}
0
o0 tk‘
= (p+a-1+n-Dk)(p+a—-1+(n— Q)k)/ ppra—2+(n=2)k — 4% 1
0

o0 tk
pta—-1+n-Dk)(p+a—-1+n—-2)k)...p+a— 1)/ o2~ T dt
0

(P)n i Tk (0)-
The proof of the properties (3) and (4) are abvious from the definition of («, k)-
Gamma function I'¢. O



ON SOME SPECIAL FUNCTIONS FOR CONFORMABLE FRACTIONAL INTEGRALS 7

Definition 4. Let o € (0,1]. The (o, k)-Beta function By (p,q) is given the by
formula

1 L 2 g9 _
B,‘C"(p,q):%/ t?_l(l—t)k‘ 1dat, p, q, k> 0.
0

Proposition 3. The (o, k)-Beta function By (p,q) satisfies the following identities
1) By (p, k) = m,
2) By (k(2-0a),4) = e
Proof. From the definition of the (e, k)-Beta function By (p, q) , we have
N 1., 1
By (p, k) = E/o tk T dat = pi—l—k(oz— 0

and similarly,

1/t a_q 1
By (k(2—a),k)=— [ t"7 (A —t)F dot = ———.
P =g [ a0t
This completes the proof. (Il
Remark 2. From the Proposition 3, we have
1
B (k, k) = —.
k( ) ) kOé

Remark 3. By the Proposition 3 with o = 1, we have the following properties for
k-Beta function

1
Bk (pv k) = ];, Bk (k,Q) =

| =

~—

Proposition 4. The following property holds for (o, k)-Beta function By (p,q)

p+k*(a—2)
p+k*(a—2)+ kg
Proof. Integrating the by parts, we have

By (p,q) =

By (p—k,q).

1 1 P a __
Bipa) = 3 [ -0 dat
k Jo
1]€ P a
= — ZgrtoemZ(1 — )k
kg F ( )
Lk /p ! Pta—2 /3
%.q(%+a—2)/0 thro=2(1 it gt
p+k2(a2)1/1 2_o 1
= | ¢ 1—8)(1—8)% "dut
kq k 0 k ( )( ) «
2(—2) 1 [' . 1 [t a_
_ p+k (OZ )|: tT_Q(l—t>k 1dat— / tz_l(l—t)k ldat
kq k Jo 0
p+ Kk (a—2)
= 3 By (p — k,q) — By (p,q)]
q
That is,
« p+k2 a—2 « «
By (p,q) = ( )[Bk (p—k,q) — B (p,q)]
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which completes the proof. O

Proposition 5. The following identity holds

1
B?@ﬂ%=BMp+kw—1%®=%B(%+0—L%)

where By, (x,y) is k-Beta function and B (x,y) is classical Beta function.

Proof. The proof is follows directly from the definitions of (a, k)-Beta function and
conformable integral. |

Proposition 6. The following property holds for («, k)-Beta function in terms of
(o, k)-gamma function

It (I (9)
BY kE—k = k k .
e @.4) I'Y(p+qg+1—a)

Proof. By using definition of («, k)-gamma function, we get

o tk o0 ok
i ()i (@) = / tp_le_Tdat/ s le™ R dys
0 0

ECE e k ok
= B R A R
= € S allaS.
o Jo

Now we apply the change of variables t* = 2*y and s* = 2¥(1 — g) to this double
integral. Note that t* + s* = 2¥ and that 0 < ¢t < co and 0 < s < oo imply that
0 <z <ooand0<y< 1. The Jacobian of this transformation (see [3]) is

o 0°f ploadl  1-adf
ox™ oy _ ox oy
0% agg - xlfozaig 1-a 99
Oxr™ oy 9 Y oy

o9 f o f
Since z, y, k > 0, we conclude that d,td,s = ‘ < gi‘; gg‘; > doxdyy. Hence we

have

1 o) ok b1
TP ()T () = /’/ e o1y T gt (1 y)
0 0

L pHg—a 1 ! P_ 4_1
= / e Fx dox %/ yr (1 —y)* " day
0 0

= IY(p+tq+1—a)By(p+k—kaq)

a—1 1

Tyt (1)t daaday

Remark 4. By the Proposition 6 with o = 1, we have the following properties

By ) = OO
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4. LAPLACE TRANSFORM FOR CONFORMABLE FRACTIONAL INTEGRAL

In Abbeljawad give the definition of the Laplace transform for conformable left
fractional integral of order 0 < o < 1. In this section, we will generalise the de-
finition of the Laplace transform for conformable fractional integral and use it to
soleve prove some properties.

Definition 5. Let a € (0,1], k > 0, and f : [0,00) — R be a function. Then the
fractional Laplace transform of order o of f defined by

oo

(4.1) 2 F(D)} () = FE (s) = / e F(1)dat

0
which is called (a, k)-Laplace transform.

Some properties of the (a, k)- Laplace Transform

1) L {0} (s) =

2) Ly {f(t) +9()} (s) = Ly {f ()} (s) + L {g(8)} (s)
3) LY {cf(t)% (s) =cL¢{f(t)} (s), cis a constant.

Properties 2) and 3) together means that the Laplace transform is linear.

Theorem 5. Let a € (0,1], k>0, and f : (0,00) — R be differentiable function.
Then

(4.2) i {Daf ()} (s) = sEFy (s) = £(0).

Proof. By definition (e, k)-Laplace transform and using the (2.6), we have (4.2). O

It is easy to see from definiton of the (o, k)-Laplace transform that we have
rather unusual results given in the following theorem.

Theorem 6. Let a € (0,1], c € R and k > 0. Then we have the following results
i) Ly {1} (s) = s~ %F% 1),
i0) L {t} (s) = s F T} (2),
iii) Ly, {tp} ( 1““ (p+1),

tk
k

w)Lg{ }(s (s—c (’:F?(),
o) L LF(0)} (5) = F ()éL“{f()-ec } ) = Fe(s—o),
vi) LE {f(O} () = F () = Lg {f(eD)} (5) = ZFF ()

Example 1. Let us consider the function f(t) = sin w%, then by using the property
D, (cosw%) = —wsin w%, we can write

oo (oo}
o e Lkt 1 [ to
Ly asinw— p (s) = [ e Fsinw—dot = —— [ e °F D, | cosw— | dyt
! e w !
0 0
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Therefore, using integration by part for conformable integral, we have

1 T tk t
——/e_STDa (cosw> dot
w o
0

Similarly, we get
(4.3)

t 1 k — t® 2 te
Ly {Sinwa} (s) = f-i-%L% {tk_2a sinwa} (s)—%Lz‘ {tk_o‘ sinwa} (s).
If we take k = « in (4.3), we have

t w
L sinw— b (s) =
o {bmw " } (s)

which is proved by Abdeljawad in [1].
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