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ON SOME NEW INEQUALITIES VIA GG-CONVEXITY AND
GA-CONVEXITY FUNCTIONS

MERVE AVCI ARDIG*, AHMET OCAK AKDEMIR™, AND KUBRA YILDIZ®

ABSTRACT. In this paper, we established some integral inequalities for func-
tions whose derivatives of absolute values are GG—convex and GA—convex.

1. INTRODUCTION
We will start with the definiton of convexity:

Definition 1. The function f : I C R — R is a convexr function on I, if the
inequality

flz+Q—t)y) <tf(z)+1—-1)f(y)
holds for all x,y € I and t € [0,1]. We say that f is concave if —f is conver.

Let f: I C R — R be a convex function where a,b € I with a < b. Then the
following double inequality hold:

() < ks [ e s L0220

This inequality is well-known in the literature as Hermite-Hadamard inequality that

gives us upper and lower bounds for the mean-value of a convex function. If f is

concave function both of the inequalities in above hold in reversed direction.
Anderson et. al. mentioned mean function in [2] as following:

Definition 2. A function M : (0,00) x (0,00) — (0,00) is called a Mean function
if

) M (2,y) = M (y,z),
) M (z,2) ==,
)x < M (z,y) <y, whenever z < y,
) M (az,ay) = aM (z,y) for all a > 0.
Based on the definition of mean function, let us recall special means (See [2])
1. Arithmetic Mean: M (z,y) = A (z,y) = ZH2.
2. Geometric Mean: M (z,y) = G (z,y) = /Y.
3. Harmonic Mean: M (z,y) = H (z,y) = 1/A (%,i
4. Logarithmic Mean: M (x,y) = L (z,y) = (x — y) / (logz — logy) for z # y nd
L(z,z) = .
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5. Identric Mean: M (z,y) = I(z,y) = (1/e) (2 /y*)"/“™ for 2 # y nd
I(z,z) = x.

In [2], Anderson et. al. also gave a definition that include several different classes
of convex functions as the following:

Definition 3. Let f: I — (0,00) be continuous, where I is subinterval of (0,00).
Let M and N be any two Mean functions. We say f is M N-convezx (concave) if

f(M(z,y)) < (Z)N(f(2), f(y)
forall x,y € 1.

In [1], Niculescu mentioned the following considerable definition:

Definition 4. The GG—convex functions are those functions f : I — J (acting on
subintervals of (0,00)) such that

(1.1) zyy el and A€ [0,1] = f (2" ) < f(a)" 7 Fw)*.
In [3], authors proved the following lemma and establish new inequalities.

Lemma 1. Let f: I C Ry = (0,00) — R be a differentiable function on I° and
a,b e I° with a < baf f € Lla,b] then following identity holds:

bf(b) — af(a /f

(lnxflna)/o ( 2t ,2(1— t)) f’( t 1— t) di — (lnxlnb)/ol (:cthQ(l*t)> f’ (xtbkt) dt

for all z € [a,].

For recent results, generalizations, improvements see the papers [1] - [10].

The main aim of this paper is to prove some new integral inequalities for GG —convex
and G A—convex functions by using a new integral identity.

2. NEW INEQUALITIES FOR GG-CONVEX FUNCTIONS
We need the following integral identity to get our new results.

Lemma 2. Let f: I TRy = (0,00) — R be a differentiable function on I° where
n,pw e IPwithn < p . If f € Ln, ], then the following equality holds:

125 () — 1P f () — 2 / BF ()d

= (lnﬂ—lnf)/l (M3753(1—7)) f (W) dr + (lng—lnn)/ (537 3(1— T)> 7 (0" "")dr

0
Proof. Let

o /01 (ugff?)(l—f)) f, (Mrgl—r) dr

and

L /01 (537773(1—7)) f/ (é—‘rnl—r) dr
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‘We notice that

Lo /01 (u37§3(1—7)) f' (uT€1—7) dr

1 ! T¢2(1—7) 4 Tel—T Tel—T
- —lnu_mgfo (12700 f (e ) (we ).

By the change of the variable ¢ = p7¢' ™7 and integrating by parts , we have

1

L= ——
! Inp—In¢ |

w21 - €1 -2 [ ' wf(w)dw} .
3

Conformably, we have

1

[ ¢
b= ey SO~ ) 2 /] wf(w)dw].

Multiplying I; by (Inp — In 5) , I by (In€ — Inn) and adding the results we get
the desired identity. O

Our first result is given in the following Theorem.

Theorem 1. Let f : I C Ry = (0,00) — R be a differentiable function on I°
where 1, € I°with n < pu ,and f € L{n,p). If ‘fl‘ is GG— convex on [n, u], then
the following inequality holds:

b
125 () — 1P f () — 2 / bF () d

< p-wmL(w|f W)€ |7©]) + me—mn L (£]5 )

Proof. From Lemma 2, using the property of the modulus and GG— convexity of

/ .
‘f ‘ we can write

b
V2 F () — 1P f () — 2 / bF ()i

< (lnu—lnf)/o (M?’Tfi”(l*ﬂ) ’f/ (Mﬂrflfr) dr + (Iné — Inn) /01 (537773(1_T)> )f, -
< Gnpmmg) [ () |7 ol [f o
+(l’“f’h””/ (e |7 @ |7 w| s

= (lnp—In¢)¢

‘/ (5 ’I; g‘) d7+(ln§—ln77)773)f/(77)‘/01 (77

If we calculate the integrals above, we get the desired result. O

ng‘f/(n)})-

&lr ©)
7 )l

dr

) dr.
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Theorem 2. Let f : I C Ry = (0,00) — R be a differentiable function on I°

’ /|4
where n,p € IPwith n < p ,and f € Ln,p]. If )f ‘ is GG— convex on [n, u] for
all x € [n, p], the following inequality

b
12 £ (n) — 2 ) — 2 / bF ()

Q=

< (Inp—¢) (L (u*, &%) %(L(’f
+(ln§—1n77>( %( (

holds where ¢ > 1 and % + 5 =1

/<5>1q))
a2 |rm)|))

Q=

/4
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ’
and Holder integral inequality, we can write

b
121 () — 1P f () — 2 / b (@)

dr

(fnje = Ind) /o1 (“3753(177)) ‘f/ (W] dr + (g ~Inm) f (537”3(1_ﬂ) )f' (€n'™7)
(In s~ Ing) ( /0 1/L3”’§3(1T)pd7) ( / 7 () )

4 (ln€ - lnn) ( /0 1537Pn3(1—r)pd7> ( / 7 () d7>

o) (¢ (g)“) (f el “%)3

s (2 ) (T ol 0)

If we calculate the integrals above, we get the desired result. [

IN

IN

f(n

f @)

Theorem 3. Under the assumptions of Theorem 2, the following inequality holds:

b
1) =S~ 2 [ orw)dy
3p —1 %
< Inp- ln§< o > (r(

¢ —Iny (511;71); (£ (

holds where ¢ > 1 and % + % =1

’

f(n
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/19
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ‘

and Holder integral inequality, we can write

b
125 () — 1P f () — 2 / D (@)

= (np—Ing) / 1 (;f”&?’“—”) e dr

(Iné& —1Inp) /01 Gt )f’ &'

= lopming) (/ WT) ( / 0| (et da) ’
+(In¢ —Inn) (/ 53Tpd7> (/ 3(1-7)q f/ (57771—7) qd7_>q
< (Inp—1Ing) </ STpdT) </ e30-ma| ¢ ) f/ (f)‘(l—T)q dt> a
+(In§ —1Inn) (/0 53”’d7> ' (/O P £ (€) ar 7 (n)((lT)th>q
By a simple computation we get the desired result. 0

Theorem 4. Under the assumptions of Theorem 2, the following inequality holds:

b
12 F () — 1P f () — 2 / D (@)

Q=

£ (|, e

+(ng —tnn) (L (€1 0

< (np-mng) (L (u

@)
7))

Q=

3q

)7

holds where ¢ > 1 and % + % =1.

/19
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ’ f ’

and Holder integral inequality, we can write
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W2 (1) — P —2/wf )

dr

dr 4+ (In€ —1lnn) /1 (53"'773(1—7')) )f/ (57'771—7—)

q %
dT)

= (lnp-— lnf/ 37’53(1 ) ’f 751 7-)

(I =€) ( > ( ragd=")a
+(In¢ —Inn) (/O ) (/ T dT>;

(Inp—Ing) </ d7>p </ ragd=m) s (5)‘(1—7)th>$
tng =) [ ) ([ emenlrof|s <n>(“”th>é

If we calculate the integrals above, we get the desired result. ([l

IN

f (M'rglfr)

’

f (57 1— ‘r)

qT

IN

()

"©|'

Theorem 5. Under the assumptions of Theorem 2, the following inequality holds:

b
e f() =0 f(n) =2 [ @ f()dy

s (np- lnf)(3311:u1> %( ’f ‘q .

SANT 4
+(In¢ — Inn) (i)m;) Li (&£ ©

holds where ¢ > 1 and % + % =1

mH N

Gl

3 (f/ (n)‘q) :

/19
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ’

and Holder integral inequality, we can write

b
V2 F () — 1P f () — 2 / bF ()i

dr

(Inp —Ing) /0 1 (&) |7 (w7t )

(Inp —1Iné) (/01 3Td7'>117 (/1 3753(1—7)(1 ! (1) f/ (5)‘(1—T)q d’T)é
—|—(ln§—ln77)</ 3Td7-> (/ 37307 ‘f 7]’(1 T)a dT)é

If we calculate the integrals above, we get the desired result. O

d7'+(ln§—lnn)/ (E?ﬂ 3(1—7 ) ’fl (5777177)

IN

‘qT
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Theorem 6. Let f : I C Ry = (0,00) — R be a differentiable function on I°

’ /|4
where n,p € IPwith n < p ,and f € Ln,p]. If )f ‘ is GG— convex on [n, u] for
all x € [n, p], the following inequality

W) — 2 () — 2 / b ()
(| @& ]r @)’
|

L
((&]r @ o |f w[)’

/4
Proof. From Lemma 2, using the property of the modulus, GG— convexity of ‘ f ’
and power-mean integral inequality, we can write

< (np-tg) (L€)' (

+(In¢ —Inn) (L(& ?7))17
holds for ¢ > 1.

b
125 () — 72 f () — 2 / BF)dy

(Inp— lnf)/ol (MBTfS(l_T)> ’f/ (/~LT§1_T) dr 4+ (In& — lnn)/ (§3T 3(1—-7 ) ’f/ (5777177) dr

(lnji—ng) < /0 (e dr) o ( /0 (=) ‘ dr);
e ([ (e ar) ([ @) enfe)
=gy ([ (ure00) dr)l_é ([ (wrem) Fel dt>é
+(In€ — Inn) (/ Gt T>)dr)1_; (/0 7 l

We get the desired result by simple calculation. (Il

’

f (’uTal—T>

IN

qT

’

f(w

IN

3. NEW INEQUALITIES FOR GA-—CONVEX FUNCTIONS
In this section, we obtain some inequalities for GA— convex functions.
Theorem 7. Let f : I C Ry = (0,00) — R be a differentiable function on I°
where 1, i € IPwith n < p ,and f* € Ly, p). If ‘f'
€ [n, p], the following inequality

is GA— convez on [n, p] for all

b
12 f () —n*f(n) — 2/ P f()dap

f ()
3M | [0 = L& 1)) + —5— [L(& %) = L7, )] +

<
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holds.

Proof. From Lemma 2, using the property of the modulus, GA— convexity of ‘ f,‘
, we can write

125 () — 72 f () — 2 / BF)dp

1
_ . T¢3(1—7) ! Tel—T N 3T T A
= - [ (€)1 (e o+ -y [ (€770 |1 (€0 )| ar
1
< 1 —1 37 ¢3(1—71) ’ 1 4 d
< =) [ () [7 £ ] + 0= )] ar
+(1n§—1n77)/ (et =0) [r| £ @] + )]s )] ar
We get the desired result by simple calculation. (|
Theorem 8. Let f: I C Ry = (0,00) — R be a differentiable function on I°
where n, € IPwith n < p ,and f € L, pl. If ‘f/’q is GA— convex on [n, p] for
all x € [n, p], the following inequality
b
1) = o) 2 [ s
ol s 57\ 7
< (np-m'E L (€, 0) ( ACI Gl 3 o] e - ])
q q :
L O € —Le*. N + | f | [L0P, ) =]\
ey () (’ o ron el | ] 200, -
holds for ¢ > 1.
Proof. From Lemma 2, using the property of the modulus, GA— convexity of ‘ f / ‘q
and power-mean integral inequality, we can write
b
R f) =S ~2 [ erw)dy
1
_ o T ¢3(1-7) (o Tel—T N 37 T P eT 1T
= - [ (€)1 (e ar g [ (€770 |1 (€0 )| ar

IN

Fol +a-nlsel]ar)

(Inp —In¢) </1 (M;),ng(l,ﬂ) dT)l‘ll (/01 (M:),Tgs(lﬂ)) {T
+(Iné —Inn) (/ (537 3(1- T)) d7>1_3' </ (537 8(1- r)) [ f/(g))q+(1—7) ’f’(n)ﬂ dT)

We get the desired result by simple calculation. O

1
q
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Remark 1. In Theorem 8, if we choose ¢ = 1, Theorem 8 reduces to Theorem 7.

Theorem 9. Under the assumptions of Theorem 2, the following inequality holds:

b
12 F () — 1P f () — 2 / bF ()i

a

g—1\""7 / s sg\1-2 ENL
<3q) (v =) " (a (| o +

+(ng—tnn) (";ql) (% ) " (a(|f @ +|r "))

holds where ¢ > 1 and % + % =1.

Q=

< (lnp—Ing)

Q=

/19
Proof. From Lemma 2, using the property of the modulus, GA— convexity of ‘ f ‘

and Holder integral inequality, we can write

b
V2 F () — 1P f () — 2 / bF ()i

dr+ (In¢ —1nn) /01 (537773(17T)) ’fl (5777177)

1
q

(Inp — Iné) /0 1 (uBTﬁ?’(l_T)) ]f' (n7eT)
(Inje —Ing) (/01 /~L37£3(1‘7)dT>1; (/017 F ol +a-nlrof )

We get the desired result by simple calculation. (I

/

IN

£ )

Theorem 10. Let f : I C Ry = (0,00) — R be a differentiable function on I°
’ /14

where n, u € I°with n < p ,and f € Ln,ul. If ‘f ’ is GA— convex on [n, u| for

all z € [n, p], the following inequality

b
12 F () — 1P F () — 2 / bF ()i

Q=
Q=

T )

qe qe
where
£ | T = pee w] + | £ @ [ w0 - €]
Ko (1,8) = 3
f/(é“)‘q (€7 — L(n?, )] + ‘f’ (n)‘q [L(n9, &%) — 1]
Ko (&n) = 3

for all x € [, p] and g > 1.
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/4
Proof. From Lemma 2, using the property of the modulus, GA— convexity of ‘ f ‘
and power-mean integral inequality, we can write

W2 (1) — P —2/wf )

ll’lﬂ lnf / 37’53(1 T) ‘f 7') dr

(1n§—1nn)/ (é“‘"" s T))f' (€' 77)

< (lnp-—1ng) ( ) < 01 et [ |f ] + -0 @[] dr>q
+(Iné —Iny) (/Olchyq (/ =] 2|7 @] + a=n |7 o] dT)q
We get the desired result by simple calculation. (|

Theorem 11. Let f : I C Ry = (0,00) — R be a differentiable function on I°

’ /|9
where n,p € IPwith n < p ,and f € Ln,u). If ‘f
all x € [n, p], the following inequality

is GA— convex on [n, p] for

b
125 () — 1P f () — 2 / bF ()

a-1 _ 1_% 1
Sy N e i €= AL

_ 1T 8¢-3p sq-3p1 5" 1\ 1
+ (g —Tnp)' 4 [¢95 - (q ) (K, (€m)"

3q — 3p
where
7@ - nE 0] + |1/©) L, w0 - €]
Ko (1,€) = 3
@[ (€= Lo ) + [ £ @ [Lor,€) - ]
Ko (&n) = 3

for all z € [n, u] and ¢ > 1.

/4
Proof. From Lemma 2, using the property of the modulus, GA— convexity of ’ f ’
and power-mean integral inequality, we can write
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b
125 () — 72 f () — 2 / BF)dp

(Inp — lng)/o1 (M3T€3(1_7)) ’f/ (/fél_T) dr + (In€ — Inn) /01 ( 37773(177)) )f/ (5777177) dr

(Inp — In) ( / (urean) dr) v ( / e [ |r ]+ a -0 @

0
q} dT) ’

ctme=on (f1ar) ([ o] el s a-nlso

We get the desired result by simple calculation. (|

IN
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