
APPLICATIONS OF YOUNG’S INEQUALITY FOR MATRICES

LOREDANA CIURDARIU

Abstract. In this paper will be presented an application of some refinements
of Young’s inequality given by Dragomir S. S., using the same method as in

the paper of Alzer, H., Fonseca, C. M. and Kovacec, A. for positive definite

matrices.

1. Introduction

The famous Young’s inequality, as a classical result, state that:

aνb1−ν < νa+ (1− ν)b,

when a and b are positive numbers, a 6= b and ν ∈ (0, 1).

In these years, there are many interesting generalizations of this well-known
inequality and its reverse, see for example [6],[7],[1],[3] many others and refer-
ences therein. Related to these generalizations often appear the weighted arith-
metic mean, geometric mean and harmonic mean defined by Aν(a, b) = (1− ν)a+
νb, Gν(a, b) = a1−νbν and Hν(a, b) = A−1ν (a−1, b−1) = [(1− ν)a−1 + νb−1]−1.

It is necessary to recall, see [1], that for two positive definite matrices A, B, the
ν-weighted arithmetic and geometric mean are defined as

A∇µB = (1− µ)A+ µB

and

A]µB = A
1
2

(
A−

1
2BA−

1
2

)µ
A

1
2

when µ ∈ [0, 1]. If µ = 1
2 then we write only A∇B, A]B.

It is known that for any two square matrices A, B, A ≤ B if B − A is positive
semidefinite. Also, A < B if B −A is positive definite, see [1] and [5].

The first matrix version of the Young inequality was proven for invertible ma-
trices A in [8]. Recent improvement of the matrix Young inequality were given for
example in [6], [7], [9], [1]. We use the following generalization of Young’s inequality
given in [2], see inequality (5.8), in order to obtains the matrix analogues in section
2. For any a, b > 0 and ν ∈ [0, 1] we have:

2
ν(1− ν)

ν2 − ν + 1
[A(a, b)− L(a, b)] ≤ Aν(a, b)−Gν(a, b) ≤

(1) ≤ 2 [A(a, b)− L(a, b)] ,

Date: July 7, 2016.

2000 Mathematics Subject Classification. 26D20.
Key words and phrases. Young inequality, positive semidefinite matrix, mean inequality.

1

e5011831
Typewritten Text
Received 13/07/16

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 19 (2016), Art. 119



2 LOREDANA CIURDARIU

where Aν(a, b) = (1 − ν)a + νb, Gν(a, b) = a1−νbν , A(a, b) = a+b
2 , G(a, b) =

√
ab

and L(a, b) = b−a
log b−log a .

We also have to mention the following inequalities used in [3] in the proof of
Theorem 4:

For any x > 0 we have,

(2) 1− ν + νx− xν ≤
{
ν(x− 1− log x)
(1− ν)(x log x− x+ 1)

and

(3)
x+ 1

2
− xν + x1−ν

2
≤ 1

2
min{ν.1− ν}(x− 1) log x

for any ν ∈ [o, 1].

2. A matrix analogue of a refinement of Young’s inequality

As in [1] we consider Mn the set of n × n square matrices. We denote by
λ1(H) ≤ λ2(H) ≤ ... ≤ λn(H) the eigenvalues of a Hermitian matrix H of order n,
in increasing order.

The scalar inequality from Lemma 1 and the Ostrowski’s theorem, see [5] allows
us to state the following result:

Theorem 1. Let λ ∈ (0, 1) and A, B be positive definite matrices. If A ≤ B then
we have:

A∇νB −A]νB ≤ 2

A∇B +
B −A

log λ1(A)
λn(B)

 ,
or

A∇νB −A]νB ≤ 2

A∇B − λ1(A)
λn(B) − 1

log λ1(A)
λn(B)

B

 .
Proof. We take into account the Hermitian matrix C = B−

1
2AB−

1
2 which satisfy

the inequality 0 < C ≤ I. As in the proof of Theorem 3.4, see [1], there is a unitary
matrix U such that for some ci we have U∗CU = diag(c1, ..., cn) ≤ I and thus by

Ostrowski’s theorem we get λ1(A)
λn(B) ≤ ci ≤ 1.

If we write the inequality (1) when 0 < b ≤ 1 for these positive real numbers
ci, i = 1, n and replace b by ci and a by 1 then we have:

1− ν + νci − cνi ≤ 2

[
ci + 1

2
− ci − 1

log ci

]
, i = 1, n,

or

1− ν + νci − cνi ≤ 2

[
ci + 1

2
+

1− ci
log ci

]
, i = 1, n,
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when ci ≤ 1. We consider the function f(t) = 1
log(t) , t ∈ (0, 1) defined on a compact

subinterval of (0, 1), function which attains its maximum at its left endpoint and
we get:

1− ν + νci − cνi ≤ 2

ci + 1

2
+

1− ci
log λ1(A)

λn(B)

 , i = 1, n,

when ci ≤ 1, or by calculus, the diagonal matrix inequality,

I∇νdiag(c1, ..., cn)− I]νdiag(c1, ..., cn) ≤

≤ 2

I∇diag(c1, ..., cn) +
1

log λ1(A)
λn(B)

(I − diag(c1, ..., cn))

 .
Then applying the conjugation • → B

1
2U • U∗B 1

2 we get the desired inequality.
For the second inequality we proceed like before, but in inequality

1− ν + νci − cνi ≤ 2

[
ci + 1

2
− ci − 1

log ci

]
, i = 1, n,

we replace − ci−1
log ci

by −
λ1(A)

λn(B)
−1

log
λ1(A)

λn(B)

, because the function f(t) = − t−1
log t , t ∈ (0, 1)

attains its maximum at its left endpoint on a compact subinterval of (0, 1). Then
by calculus, the diagonal matrix inequality,

I∇νdiag(c1, ..., cn)− I]νdiag(c1, ..., cn) ≤

≤ 2

I∇diag(c1, ..., cn)−
λ1(A)
λn(B) − 1

log λ1(A)
λn(B)

I

 .
Then applying the conjugation • → B

1
2U • U∗B 1

2 we get the desired inequality.

The following result takes place if we put instead of λ = 1 in inequality (2.1),
Theorem 2.1 from [1], λ = n ∈ N∗.

Remark 1. Let ν and τ be real numbers with 0 < ν ≤ τ < 1. If A, B are positive
definite matrices, then

νn

τn

[
n∑
k=0

(
n
k

)
(1− τ)n−kτkB]kA−B]τnA

]
<

<

n∑
k=0

(
n
k

)
(1− ν)n−kνkB]kA−B]νnA <

<
(1− ν)n

(1− τ)n

[
n∑
k=0

(
n
k

)
(1− τ)n−kτkB]kA−B]τnA

]
for any real numbers ν and τ with 0 < ν < τ < 1.
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Proof. We use the same method as in [1], starting from inequality(ν
τ

)n [ n∑
k=o

(
n
k

)
(1− τ)n−kτkan−kbk − an(1−τ)bnτ

]
<

<

n∑
k=o

(
n
k

)
(1− ν)n−kνkan−kbk − an(1−ν)bnν <

<

(
1− ν
1− τ

)n [ n∑
k=o

(
n
k

)
(1− τ)n−kτkan−kbk − an(1−τ)bnτ

]
,

where we put a = 1 and b = li > 0, see the proof of Lemma 3.1. Now, using the
spectral theorem for Hermitian matrices, see [5] Theorem 2.5.6, there is a unitary
matrix and a real diagonal matrix Λ = diag(l1, ..., ln) so that Q = U∗ΛU. Then we
have the following matrix inequality for diagonal matrices(ν
τ

)n [ n∑
k=o

(
n
k

)
(1− τ)n−kτkΛk − Λnτ

]
<

n∑
k=o

(
n
k

)
(1− ν)n−kνkΛk − Λnν <

<

(
1− ν
1− τ

)n [ n∑
k=o

(
n
k

)
(1− τ)n−kΛk − Λnτ

]
which can be read, as in [1], either as entrywise companion or in the positive
semidefinite ordering. Applying the ∗-conjugation • → U∗ • U we get(ν
τ

)n [ n∑
k=o

(
n
k

)
(1− τ)n−kτkQk −Qnτ

]
<

n∑
k=o

(
n
k

)
(1− ν)n−kνkQk −Qnν <

<

(
1− ν
1− τ

)n [ n∑
k=o

(
n
k

)
(1− τ)n−kQk −Qnτ

]
.

But A > 0 impliies A−
1
2 and A

1
2 are Hermitian positive definite and then by [5],

page 494, Q = A−
1
2BA

1
2 is a positive definite ∗- conjugation of B. Applying here

the ∗-conjugation • → A
1
2 •A 1

2 to last inequality we get the desired inequality.

Theorem 2. Let λ ∈ (0, 1) and A, B be positive definite matrices. If A ≤ B then
we have:

A∇νB −A]νB ≤ ν
[
A−B −B log

λ1(A)

λn(B)

]
,

or

A∇νB −A]νB ≤ ν
[
λ1(A)

λn(B)
− 1− log

λ1(A)

λn(B)

]
B,

or

A∇νB −A]νB ≤ (1− ν)

[
λ1(A)

λn(B)
log

λ1(A)

λn(B)
− λ1(A)

λn(B)
+ 1

]
B.

Moreover, the following inequality takes place:

A∇νB −
1

2
(A]νB +A]1−νB) ≤ 1

2
min{ν.1− ν}

(
λ1(A)

λn(B)
− 1

)(
log

λ1(A)

λn(B)

)
B.
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Proof. We take into account the Hermitian matrix C = B−
1
2AB−

1
2 which satisfy

the inequality 0 < C ≤ I. As in the proof of Theorem 3.4, see [1], there is a unitary
matrix U such that for some ci we have U∗CU = diag(c1, ..., cn) ≤ I and thus by

Ostrowski’s theorem we get λ1(A)
λn(B) ≤ ci ≤ 1.

If we write the inequalities (2) and (3) when 0 < x ≤ 1 for these positive real
numbers ci, i = 1, n then we have:

1− ν + νci − cνi ≤ ν(ci − 1− log ci), i = 1, n,

or

1− ν + νci − cνi ≤ (1− ν)[ci log ci − ci + 1], i = 1, n.

Moreover, we also have:

ci + 1

2
− cνi + c1−νi

2
≤ 1

2
min{ν, 1− ν}(ci − 1) log ci, i = 1, n.

We consider the functions f(x) = − log x, g(x) = x− 1− log x, h(x) = x log x−
x + 1, t(x) = (x − 1) log x, x ∈ (0, 1) defined on a compact subinterval of (0, 1),
function which attains its maximum at its left endpoint and we get:

1− ν + νci − cνi ≤ ν
(
ci − 1− log

λ1(A)

λn(B)

)
, i = 1, n,

1− ν + νci − cνi ≤ ν
(
λ1(A)

λn(B)
− 1− log

λ1(A)

λn(B)

)
, i = 1, n,

1− ν + νci − cνi ≤ (1− ν)

(
λ1(A)

λn(B)
log

λ1(A)

λn(B)
− λ1(A)

λn(B)
+ 1

)
, i = 1, n,

and

ci + 1

2
− cνi + c1−νi

2
≤ 1

2
min{ν, 1− ν}

(
λ1(A)

λn(B)
− 1

)
log

λ1(A)

λn(B)
, i = 1, n

respectively, when ci ≤ 1,
By calculus, the diagonal matrix inequalities become,

I∇νdiag(c1, ..., cn)− I]νdiag(c1, ..., cn) ≤ ν
[
diag(c1, ..., cn)− I − log

λ1(A)

λn(B)
I

]
,

I∇νdiag(c1, ..., cn)− I]νdiag(c1, ..., cn) ≤ ν
[
diag(c1, ..., cn)− 1− log

λ1(A)

λn(B)

]
I,

I∇νdiag(c1, ..., cn)−I]νdiag(c1, ..., cn) ≤ (1−ν)

(
λ1(A)

λn(B)
log

λ1(A)

λn(B)
− λ1(A)

λn(B)
+ 1

)
I

and
diag(c1, ..., cn) + I

2
− [diag(c1, ..., cn)]ν + [diag(c1, ..., cn)]1−ν

2
≤

≤ 1

2
min{ν, 1− ν}

(
λ1(A)

λn(B)
− 1

)(
log

λ1(A)

λn(B)

)
I

respectively.
Then applying the conjugation • → B

1
2U •U∗B 1

2 we get the desired inequalities.
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As in [4], let H be a Hilbert space and B1(H) the trace class operators in B(H).
We define the trace of a trace class operator A ∈ B1(H) to be

tr(A) =
∑
i∈I

< Aei, ei >,

where {ei}i∈I is an orthonormal basis of H.

Theorem 3. Let A, B be two positive operators and P, Q ∈ B1(H) with P, Q > 0.
Then for any ν ∈ [0, 1] we have:(ν

τ

)n [ n∑
k=0

(
n

k

)
(1− τ)n−kτktr(QBk)tr(PAn−k)− tr(QBnτ )tr(PAn(1−τ))

]
<

<

n∑
k=0

(
n

k

)
(1− ν)n−kνktr(QBk)tr(PAn−k)− tr(QBnν)tr(PAn(1−ν)) <

<

(
1− ν
1− τ

)n [ n∑
k=0

(
n

k

)
(1− τ)n−kτktr(QBk)tr(PAn−k)− tr(QBnτ )tr(PAn(1−τ))

]
.

Proof. The proof will be as in [4], but we use the inequality (2.1) from [1].
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