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BASIC INEQUALITIES FOR (m,M)-U-CONVEX FUNCTIONS
WHEN U = —1In

S.S. DRAGOMIRY2AND I. GOMM!?

ABSTRACT. In this paper we establish some basic inequalities for (m, M)-
W-convex functions when ¥ = —In. Applications for power functions and
weighted arithmetic mean and geometric mean are also provided.

1. INTRODUCTION

Assume that the function ¥ : I C R — R (] is an interval) is convex on I and
m € R. We shall say that the function ® : I — R is m-U-lower convex if & — mW¥
is a convex function on I. We may introduce the class of functions [1]

(1.1) L(I,m,0):={®:]— R|®—-mT isconvex on I}.

Similarly, for M € R and ¥ as above, we can introduce the class of M-W-upper
convez functions by [1]

(1.2) UI,MT):={®:] - RM¥ — & isconvex on [}.

The intersection of these two classes will be called the class of (m, M)-¥-convex
functions and will be denoted by [1]

(1.3) B(I,m, M, ) := L (I,m, ) U (I, M,7T).

Remark 1. If ® € B(I,m,M,V), then & — m¥ and MY — & are conver and
then (& — m¥) + (MU — ®) is also convex which shows that (M —m) V¥ is convez,
implying that M > m (as U is assumed not to be the trivial convex function ¥ (t) =
0,tel).

The above concepts may be introduced in the general case of a convex subset in
a real linear space, but we do not consider this extension here.

In [7], S. S. Dragomir and N. M. Ionescu introduced the concept of g-convez
dominated functions, for a function f : I — R. We recall this, by saying, for a
given convex function g : I — R, the function f : I — R is g-convex dominated
iff g+ f and g — f are convex functions on I. In [7], the authors pointed out a
number of inequalities for convex dominated functions related to Jensen’s, Fuchs’,
Pecari¢’s, Barlow-Proschan and Vasi¢-Mijalkovi¢ results, etc.

We observe that the concept of g-convex dominated functions can be obtained
as a particular case from (m, M)-U-convex functions by choosing m = -1, M =1
and ¥ = g.

The following lemma holds [1].
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Lemma 1. Let U, ® : I C R — R be differentiable functions on Ic, the interior of
I and VU is a convex function on I.

(1) For m € R, the function ® € L (Io,m, \I/> iff
(1.4) m [P () = (s) =V (s)(t—s)] <Q(t) —P(s) — D' (s)(t— )

forallt,s e I.
(i¢) For M € R, the function ® € U (ID,M, \Il> iff
(1.5)  ®(t) =@ (s) = @' (s) (t —5) S M [T (t) = W(s) =W (s)(t—s)]
forallt,s e I.

(#it) For M,m € R with M > m, the function ® € B (f,m,M, \I/) iff both (1.4)

and (1.5) hold.

Another elementary fact for twice differentiable functions also holds [1].
Ijemma 2. Let U, @ : I CR — R be twice differentiable on I and W is convex on
1.

(i) For m € R, the function ® € L (Ic,m, \P) iff

(1.6) mU”" (t) < ®" (t) forallte .
(ii) For M € R, the function ® € U (f,M, \Il> iff
(1.7) " (t) < MU" (t) foralltel.

(#i1) For M, m € R with M > m, the function ® € B (Io,m, M, \I/> iff both (1.6)
and (1.7) hold.

For various inequalities concerning these classes of function, see the survey paper
[3].
In what follows, we consider the class of functions B (I, m, M, —In) for M, m € R
with M > m that is obtained for ¥ : I C (0,00) — R, ¥ (¢) = —Int.

If ®:1C(0,00)— Ris a differentiable function on I then by Lemma 1 we have
®eB(I,m,M,—In) iff

(1.8) m lns—lnt—i(s—t)}§©(t)—<1>(s)—<1>'(s)(t—s)

SM{lnslntl(st)
s

foranys,tEID. )
If & : I C (0,00)— R is a twice differentiable function on I then by Lemma 2
we have ® € B (I, m, M, —1In) iff

(1.9) m < 20" (t) < M,

which is a convenient condition to verify in applications.

In this paper we establish some basic inequalities for (m, M )-¥-convex functions
when W = —In. Applications for power functions and weighted arithmetic mean
and geometric mean are also provided.

For recent results concerning inequalities for weighted arithmetic mean and geo-
metric mean, see [4], [5] and [8]-[15].
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2. SOME INEQUALITIES FROM DEFINITION OF CONVEXITY
We define the weighted arithmetic and geometric means
A, (a,b) := (1 —v)a+vband G, (a,b) := a'~"b”

where v € [0,1] and a, b > 0. If v = %, then we write for brevity A (a,b) and
G (a,b), respectively.
The following double inequality holds, see also [6]:

Theorem 1. Let M, m € R with M > m and ® € B((0,00),m, M,—1n). Then
for any a, b > 0 and v € [0,1] we have
1) (2N 6 () 4 b () — B (1= v)at o)
' Gy (a,0)) —
Ay (a,0)\ M
<ln|——= .
. “(Gu <a,b>)

Proof. Since ® € B((0,00),m, M,—1n), then ®,, := ®+mln is convex and by the
definition of convexity, we have

®((1—v)a+vb)+mlnA, (a,b)

<(1-v)[®(a)+mlna] + v [®(b) + mInb
=1-v)®(a)+v®(b)+(1—v)mlna+vmlnb
=1-v)®(a)+v®(b)+mInG, (a,b)
that is equivalent to
A, (a,b)
mlnm <(1-=v)®(a)+v®((b)— (1 —v)a+vb)

and the first inequality in (2.1) is proved.
Similarly, by the convexity of @5 := —M In —® we get the second part of (2.1).

O
For m, M with M > m > 0 we define
MPifp>1 mPifp>1
(2.2) M, = and my =
mP if p <0 MPifp <0

Consider the function ® (t) = t?, p € (—00,0) U (1,00). This is a convex function
and ®” (t) = p(p—1)t*P~2 ¢ > 0. Consider « (t) := t?®" (t) = p(p—1)t?. We
observe that

t)=p(p—1)M, and mi t)y=p(p—1)m,.
terﬁ?,}%“() p(p—1) M, an ter[g:gw]%() p(p—1)my

Corollary 1. Let m, M with M >m >0 and p € (—o0,0)U(1,00). Then for any
a, b € [m,M] and v € [0,1] we have

Au p(p—1)m,
(2.3) In (m’b)) <(1-v)a? +vb’ —((1—v)a+uvb)’

G, (a,b)
p(p—1)M,
<In A, (a,b)
G, (a,b)

)

where M, and m, are defined by (2.2).
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By taking the exponential in (2.3) we get the equivalent inequality

(2.4) exp {

A, (a,b)
~ G, (a,b)
(lu)ap+1/bp((11/)a+l/b)p}

p(p—1)m,

(1V)ap+ybp((11/)a+1/b)p]
p(p—1)M,

-

for any p € (—00,0) U (1,00), v € [0,1] and any a, b € [m, M].
If we take p = 2 in (2.4) and perform the calculations, then we get
(b-a) (b—a)
M2

(
(

’b)
b)

A, (a
~— G, (a

(2.5) exp [; 1-v)v —

1
< exp [2(1—1/)1/

for any a,b € [m, M].
If a, b > 0 then by taking M = max {a,b} and m = min {a, b} in (2.5) we have

1 (b—a)? A, (a,b) 1 (b—a)?
2. —(1-— < —(1-— —_— .
(26) exp [2 (1-v) ¥ nax? {a,b} | = G, (a,b) ~ P15 (1-v) ¥ min? {a,b}
Since
(b—a)? B b—a 2_ min{a,b}_1 2
max? {a,b} \max{a,b} /)  \max{a,b}
and
(b—a)? B b—a 27 max{a,b}il 2
min’ {a,b}  \min{a,b}/)  \ min{a,b}
for any a, b > 0, then (2.6) can be written as
1 min {a, b} \ >
. S(1- ] - —— D)
(2.7) exp |5 1-v)v ( - {mb}) ]
< A, (a,b)
- G, (a,b)
1 max {a, b} 2
< S(1- maxeor 1) .
= P l2( V)V(min{a,b} ) ]
This inequality was obtained in a different way in [5].
If we take p = —1 in (2.4) and perform the calculations, then we get
1 m(b—a)®| _ A, (a,b) 1 M (b—a)?
. S(1- < bl ) Y bl S
(28 exp [2 A= ea o | S 6@ =30 =Y

for any a, b € [m, M] and v € [0,1].
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If a, b > 0 then by taking M = max {a,b} and m = min {a,b} in (2.8) and since
ab = max {a, b} min {a, b} we have

(2.9) exp

1 (b—a)®
2 (1-v) ¥ nax {a,b} A, (a, b)]

1 (b—a)"
< exp [2 1-v) Y nin {a,b} A, (a’b)]

for any v € [0,1].

Since
1 < 1 < 1
max {a,b} — A, (a,b) ~ min{a,b}
hence
1 min {a, b} 2 1 (b—a)®
(- mmes ) | < -
P [2 (1=v)v (max {a,b} ) =P l2 (1-v) ¥ nax {a,b} A, (a,b)
and

1 (b—a)’ 1 max {a, b} 2
(- <exp|z(1- WaxAe, 08
P l2 ( V)Vmin{a,b}Al, (mb)] = &P l2 (1=v)v <min{a,b} ’
showing that the double inequality (2.9) is better than (2.7).

3. SOME PERTURBED INEQUALITIES

Recall the following result obtained by Dragomir in 2006 [2] that provides a
refinement and a reverse for the weighted Jensen’s discrete inequality:

, 1 — 1 «
(3.1) nje{{n,g{lflwn} {p;} o Z:: - ; z;
1 — 1 «
<= pif () = f | 5 D_piw
P, P,
Jj=1 j=1
< w1y >
<n max Di — x Z )
je{l,2.my V7 I n j:1 i) J

where f : C' — R is a convex function defined on convex subset C' of the linear space
X, {xj}je{l,Q,...,n} are vectors in C and {pj}je{lﬂ,m,n} are nonnegative numbers
with P, = >0, pj > 0.

For n = 2, we deduce from (3.1) that

(3.2) o {f(x);rf(y) _f<a:—2|—y)]

<vf @)+ (1 =0 ()~ f o+ (1 - 1))
<on |10 g (240)]

2 2
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for any z,y € C and v € [0,1] where r := min {r,1 — v} and R := max {v,1 —v}.

Theorem 2. Let M, m € R with M > m and ® € B((0,00),m,M,—1n). Then
for any a, b > 0 and v € [0,1] we have

Ay (a,b) (Gla )]
G, (a,b )(A(a b)) ]
<A=v)®(a)+v® (D) —P((1—-v)a+vd)
_QT[M; (b) ¢><;b>]

(3.3) In

G (a,b) r A, (a,b)
<ln (A(a,b)> G, (@,b)
and
Ala, )\ Gy (k)]
B4 o (s Ay(a,@]
®(a) + (D) a+tb
[P (-0
(@) + (1 — ) ®(b) — @ (va+ (1—v)b)]

orTM
G, (a,b) <A<a,b>) ]
A, (a,b) \ G (a,b) ’

where r :=min{v,1 — v} and R := max{v,1 —v}.

Proof. Since ® € B((0,00),m, M, —1n), then f,, := ® + mln is convex and by
(3.2) we have

35 2 [‘W_@<a+b)] ormn A(@0)

2 G (a,b)
SV(I)(a)+(1_V)(Nb)_‘I)(Va‘F(l—l/)b)—mlné:EZ’Z;
D(a) + 2(b) a+b Ala,b)

<on MU -0 (157) | om0

for any a,b > 0 and v € [0,1].
Since ® € B((0,00),m, M,—1n), then also f; := —® — M In is convex and by
(3.2) we have

e e

A, (a,b)
G, (a,b)

<2R [cp (“3”) _ ‘I’(a);rfb(b)] +2RM1“?;EZZZ;’

<P(wa+(1—-v)b)—vd(a)—(1—v)P(b)+ MIn

for any a,b > 0 and v € [0,1].
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From the first inequality in (3.5) we have

Ay (a,b) (G a0\ |
G, (a.b) (A(a,m) ]
<vP(a)+(1—v)® () —P(va+ (1 —-v)b)

_y [e@r o) fath
2 2
while from the first inequality in (3.6) we also have

v®(a)+(1—v)® () —®(va+ (1 —v)d)

. [qm) o) (a—;bﬂ

In

M

<In

for any a,b > 0 and v € [0,1].
These prove the desired result (3.3).
From the second inequality in (3.5) we have
R

(A(a,b))2 G, (a,b)]m
G (a,b) A, (a,b)
on {(D(a) o) o (Hbﬂ

2 2
—[v®(a)+ (1—v)P(b) — P (va+ (1 —rv)b)]
while from the second inequality in (3.6) we also have
®(a) + O(b) a+b
[ e ()
—wP(a)+(1—-v)®(b)—D(va+ (1—r)b)

In

for any a,b > 0 and v € [0, 1].
These prove the desired result (3.4). O

Corollary 2. Let m, M with M > m >0 and p € (—00,0) U (1,00). Then for any
a,b € [m, M) and v € [0,1] we have

p(p—l)mp
A, (a,b) (G (a,b)\*"
G, (a,b) (A(avb)> ]

<(1-v)a? +vbt? — ((1-v)a+vb)
[ (5)]

(God) e

(3.7) In

p(p—1)M,
<In ]
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and

(3.8) In (éﬁi’ii)m j: Z ] (p—1)my
§2R[“p+bp <a—2|- >P]
— A =v)a? +vb = ((1 —v)a+vd)’]

<lIn

G, (a,b) <A (a7b)>2R‘| p(p—1)M,
A, (a,b) \ G (a,b) ’

where r :==min{r,1 — v} and R := max{r,1 — v} and M, and m, are defined by

(2.2).

Observe, by simple calculation, we have that

(39 Q-v)a+n —(1-v)atrb) - agb‘<a;b>

_(l—u)u(b—a)z—;(b—a)Q—r<R—;> (b— a)?

a2—2&—b2 - (a—2|—b>2
:g(b—a)2—(1—y)y(b—a)2=R<;—7”> (b—a)’

for any a,b € [m, M| and v € [0,1].
If we write the inequalities (3.7) and (3.8) for p = 2, then we get

and

(3.10) 2R - [(1 — a2+ b — ((1—v)a+ yb)ﬂ

2

(311)  In gy EZ Z; (jgz 23)2] " <r (R - ;) (b—a)?

for any a,b € [m, M| and v € [0,1].
From the first inequality in (3.11) we have

o () (b (n- )
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while from the second inequality in (3.11) we have

(3.14) (égz Z;)Q exp 2]\1427~ (R - ;) (b— a)Q} < Avlab)

From the first inequality in (3.12) we have

() a3 < e

while from the second inequality in (3.12) we have

oo gn e (5eh) elmen(r)e-]

In conclusion, from (3.13)-(3.16) we have the following result:

(3.17) max{<égzl;;>2 exp [2]\1427" <R— ;) (b—a)ﬂ,

() o ) o-o']}

o (32) o (G (5 ).
2R
(42)"o ot (o)

for any a,b € [m, M] and v € [0,1].
We need the following lemma [4]:

Lemma 3. If the function f: I C R — R is a differentiable convex function on I°,
then for any a, b € I and v € [0, 1] we have

(3.18) 0<(1—-v)fla)+vf®) —f((1—-v)a+vb)
<v(d=v)(0-a)[f () - f (a)].
We have:

Theorem 3. Let M, m € R with M > m and ® € B((0,00),m, M,—1n). Then
for any a,b> 0 and v € [0, 1] we have

(b-a) (
ab n G, (a,

(3.19) m |fj (1-v)

—[1=v)®(a) +v®(b) — P ((1 —v)a-+ vd)

(b—a)? A
ab G, (a,b)

SM[I/(IV)
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Proof. Since ® € B((0,00),m, M, —1n), then f,, := ® + mln is convex and by
(3.18) we have

0<(1—-v)®(a)+v® () —P((1—-v)a+rd)
(

i A(ab)

G, (a,b)
<v(l-v)(b-a) [ () =¥ () + 5 — ]
:V(I*I/)(bfa)(q)'(b)f@/(a))fgu(lfy)(bfaf

that is equivalent to

[0 o et

<v(l-v) )(‘P’(b) @' (a))
—[(t-v)@ ()+V<I>(b) O ((1-v)a+vd)

for any a, b € [m, M] and v € [0,1] and the first inequality in (3.19) is proved.
Since @ € B(( ,00),m, M, —1n), then also fy; := —® — M In is convex and by
(3.18) we have

0<—(1—v)®(a)—v®(b)+ f((1—v)a+vh)

< —v(l—v)(b—a)[® (b) — ¥ (a)] + Mv(l-v) (b—a)

that is equivalent to
v(1—=v)(b—a)[® (b) — 2 (a)]
—1-v)®(a)—v® D)+ f (1 —v)a+vd)
(b—a)® A, (a,b)

<Ml1/(1—y) s _lnGu(a D)

for any a,b € [m, M] and v € [0, 1] and the second inequality in (3.19) is proved. O

Corollary 3. Let m, M with M >m >0 and p € (—00,0) U (1,00). Then for any
a,b € [m, M] and v € [0,1] we have

e
<pr(1—v)(b—a) (B! —a’™?)
—[(1 = v)a? + vb? — (1 — v) a + vb)"]

2
<p-1)M, [uu—v) Ol w2

where M, and m, are defined by (2.2).
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The case p = 2 is of interest. Observe that
2 (1—v)(b—a)’ — [(1 )@+ b — (1 —v)a+ vb)?
—w(1l-v)(b—a)l—v(l—-v)(b—a)’=v(l—v)(b—a)
and by (3.20) we have

(b— a)2 Ay (avb)
2m? v (1 —v) ab In G, (a,b)
<v(l-v)(b—a)’
(b* a)2 Ay (aa b)
§2M2 v(l—v) ab 7lnGu(a,b) ’

which is equivalent to

(3.21) exp (1/ (1-v)(b—a)’ (alb - 2;;))
_Alan)
~ G, (a,b)

< exp <V(1—V) (b—a)* (alb_ 2]\1/[2>>

for any a, b € [m, M] and v € [0,1].
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