
SOME QUANTUM INTEGRAL INEQUALITIES FOR MIDPOINT
FORMULA
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Abstract. In this paper we establish some new quantum integral inequalities
for midpoint formula which the left hand of q-Hermite-Hadamard Inequalty
for convex functions.

1. Introduction

A function f : I ! R; ; 6= I � R; is said to be convex on I if inequality
f (tx+ (1� t) y) � tf (x) + (1� t) f (y) ;

holds for all x; y 2 I and t 2 [0; 1]. Many inequalities have been established for
convex functions but the most famous is the Hermite-Hadamard�s inequality [1],
due to its rich geometrical signi�cance and applications, which is stated as follows:
Let f : I � R! R; be a convex mapping and a; b 2 I with a < b. Then

(1.1) f

�
a+ b

2

�
� 1

b� a

bZ
a

f (x) dx � f (a) + f (b)

2
:

Both the inequalities hold in reversed direction if f is concave. Since its discovery,
Hermite-Hadamard�s inequality has been considered the most useful inequality in
mathematical analysis. This inequality has been extended in a number of ways and
a number of papers have been written, we refer to [5]-[9].
The main aim of this paper is to establish some new quantum integral inequal-

ities for midpoint formula on convex functions. Many consequences of Hermite-
Hadamard type inequalities are obtained as special cases when q ! 1.

2. Preliminaries

Let J := [a; b] � R; J� := (a; b) be interval and 0 < q < 1 be a constant. We
de�ne q-derivative of a function f : J ! R at a point x 2 J on [a; b] as follows.

De�nition 1. Assume f : J ! R is a continuous function and let x 2 J . Then
the expression
(2.1)

aDq f (x) =
f (x)� f (qx+ (1� q) a)

(1� q) (x� a) ; x 6= a; aDq f (a) = lim
x!a

aDq f (x)

is called the q-derivative on J of function f at x.

Key words and phrases. Hermite-Hadamard�s inequalities, convex functions, q-integrals,
Hölder�s inequality for q-integrals.
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We say that f is q -di¤erentiable on J provided aDq f (x) exists for all x 2 J .
Note that if a = 0 in (2.1), then 0Dq f = Dqf , where Dq is the well-known
q-derivative of the function f (x) de�ned by

(2.2) Dq f (x) =
f (x)� f (qx)
(1� q)x :

For more details, see [2].

Lemma 1. [3] Let � 2 R; then we have

(2.3) aDq (x� a)� =
�
1� q�
1� q

�
(x� a)��1 :

De�nition 2. Assume f : J ! R is a continuous function. Then the q-integral on
J is de�ned by

(2.4)

xZ
a

f (t) adqt = (1� q) (x� a)
1X
n=0

qnf (qnx+ (1� qn) a)

for x 2 J: Moreover, if c 2 (a; x) then the de�nite q-integral on J is de�ned by
xZ
c

f (t) adqt =

xZ
a

f (t) adqt �
cZ
a

f (t) adqt

= (1� q) (x� a)
1X
n=0

qnf (qnx+ (1� qn) a)

� (1� q) (c� a)
1X
n=0

qnf (qnc+ (1� qn) a) :

Note that if a = 0, then (2.4) reduces to the classical q-integral of a function

f(x), de�ned by

xZ
0

f (t) 0dqt = (1� q)x
P1

n=0 q
nf (qnx) for x 2 [0;1) : For more

details, see [2].

Theorem 1. [3] Let f : J ! R be a continuous function. Then we have

(i) aDq

xZ
a

f (t) adqt = f (x) ;

(ii)

xZ
c

aDq f (t) adqt = f (x)� f (c) for c 2 (a; x) :

Theorem 2. [3] Assume f; g : J ! R are continuous functions. � 2 R: Then, for
x 2 J ,

(i)

xZ
a

[f (t) + g (t)] adqt =

xZ
a

f (t) adqt +

xZ
a

g (t) adqt ;

(ii)

xZ
a

(�f) (t) adqt = �

xZ
a

f (t) adqt ;
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(iii)

xZ
c

f (t) aDq g (t) adqt = (fg)jxc �
xZ
c

g (qt+ (1� q) a) aDq f (t) adqt ,

for c 2 (a; x) :

Lemma 2. [4] For � 2 Rn f�1g ; the following formula holds:

(2.5)

xZ
a

(t� a)� adqt =

�
1� q

1� q�+1

�
(x� a)�+1 :

Theorem 3. [4] (q-Hermite-Hadamard) ) Let f : J ! R be a convex continuous
function on J and 0 < q < 1. Then we have

(2.6) f

�
a+ b

2

�
� 1

b� a

bZ
a

f (t) adqt � qf (a) + f (b)

1 + q
:

The integral inequalities play a fundamental role in the theory of di¤erential
equations. The study of the fractional q-integral inequalities is also of great im-
portance. Integral inequalities have been studied extensively by several researchers
either in classical analysis or in the quantum one; see [2]-[4], [10] and references
cited therein.

3. Auxiliary Results

In this section, we present some auxiliary results which are throughout this
article.

Lemma 3. Let f : J � R! R be a continuous function and 0 < q < 1. If aDq f
is an integrable function on J�, then the following equality holds:

2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

=
2 (b� a)
1 + q

264 1=2Z
0

1 + q

2
s aDq f (sb+ (1� s) a) 0dqs(3.1)

+

1Z
1=2

�
1 + q

2
s� 1

�
aDq f (sb+ (1� s) a) 0dqs

375 :
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Proof. Using integration by parts, we have

I1 =

1=2Z
0

1 + q

2
s aDq f (sb+ (1� s) a) 0dqs

=

�
1 + q

2
s
f (sb+ (1� s) a)

b� a

�1=2
0

� 1

b� a

1=2Z
0

f (q (sb+ (1� s) a) + (1� q) a) aDq

�
1 + q

2
s

�
0dqs

=
1

b� a

0B@1 + q
4
f

�
a+ b

2

�
� 1 + q

2

1=2Z
0

f (qsb+ (1� qs) a) 0dqs

1CA
and similarly

I2 =

1Z
1=2

�
1 + q

2
s� 1

�
aDq f (sb+ (1� s) a) 0dqs

=
1

b� a

0B@q � 1
2
f (b)� q � 3

4
f

�
a+ b

2

�
� 1 + q

2

1Z
1=2

f (qsb+ (1� qs) a) 0dqs

1CA :
Now summing I1 and I2; then we have

I1 + I2 =
1

b� a

264f �a+ b
2

�
+
q � 1
2
f (b)� 1 + q

2

1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

375 :
Therefore, we obtain the desired result in (3,1) as required. The proof is completed.

�

Remark 1. If q ! 1, then (3,1) reduces to

f

�
a+ b

2

�
� 1

b� a

bZ
a

f (s) ds

= (b� a)

264 1=2Z
0

sf 0 (sb+ (1� s) a) ds+
1Z

1=2

(s� 1) f 0 (sb+ (1� s) a) ds

375
which is proved by Kirmaci in [8, Lemma 2.1 page 138].
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Lemma 4. Let f : J � R ! R be twice di¤erentiable function on J�, a; b 2 J�
with a < b. If aD

2
q f integrable function on J

�, then

(b� a)2

2

0@ 1Z
0

m (s) aD
2
q f (sb+ (1� s) a) 0dqs

1A(3.2)

=
(1� q)2 (b� a)

8
aDq f (b) +

(1 + q) (1� q) (3 + q)
8

f (b)

� (1� q) (b� a)
4

aDq f

�
a+ b

2

�
� (1 + q)

2
f

�
a+ b

2

�

+
(1 + q)

3

8 (b� a)

bZ
a

f (x) adqx

where

m (s) =

8><>:
�
1+q
2 s
�2

; s 2
�
0; 12
�

�
1� 1+q

2 s
�2

; s 2
�
1
2 ; 1
�
:

Proof. Clearly to write that

1Z
0

m (s) aD
2
q f (sb+ (1� s) a) 0dqs

=

1=2Z
0

�
1 + q

2
s

�2
aD

2
q f (sb+ (1� s) a) 0dqs

+

1Z
1=2

�
1� 1 + q

2
s

�2
aD

2
q f (sb+ (1� s) a) 0dqs

= J1 + J2:

Using twice integration by parts, it follows that

J1 =

1=2Z
0

�
1 + q

2
s

�2
aD

2
q f (sb+ (1� s) a) 0dqs

=

"�
1 + q

2
s

�2
aDq f (sb+ (1� s) a)

b� a

#1=2
0

� (1 + q)
3

4 (b� a)

1=2Z
0

s aDq f (sb+ (1� s) a) 0dqs

=
(1 + q)

2

16 (b� a) aDq f

�
a+ b

2

�
� (1 + q)

3

8 (b� a)2
f

�
a+ b

2

�
+
(1 + q)

3

4 (b� a)2

1=2Z
0

f (sb+ (1� s) a) 0dqs:
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Using tha change of the variable x = sb+ (1� s) a for s 2 [0; 1], which gives

J1 =
(1 + q)

2

16 (b� a) aDq f

�
a+ b

2

�
� (1 + q)

3

8 (b� a)2
f

�
a+ b

2

�
(3.3)

+
(1 + q)

3

4 (b� a)3

(a+b)=2Z
a

f (x) adqx :

Similarly, we can show that

J2 =

1Z
1=2

�
1� 1 + q

2
s

�2
aD

2
q f (sb+ (1� s) a) 0dqs

=
(1� q)2

4 (b� a) aDq f (b)�
(3� q)2

16 (b� a) aDq f

�
a+ b

2

�
� (1 + q) (q � 1) (3 + q)

4 (b� a)2
f (b)

+
(1 + q)

�
q2 + 2q � 7

�
8 (b� a)2

f

�
a+ b

2

�
+
(1 + q)

3

4 (b� a)2

1Z
1=2

f (sb+ (1� s) a) 0dqs:

Using tha change of the variable x = sb+ (1� s) a for s 2 [0; 1], which gives

J2 =
(1� q)2

4 (b� a) aDq f (b)�
(3� q)2

16 (b� a) aDq f

�
a+ b

2

�
� (1 + q) (q � 1) (3 + q)

4 (b� a)2
f (b)(3.4)

+
(1 + q)

�
q2 + 2q � 7

�
8 (b� a)2

f

�
a+ b

2

�
+
(1 + q)

3

4 (b� a)3

bZ
(a+b)=2

f (x) adqx :

Now, �nally summing (3.3)-(3.4) and multiplying the both sides by (b�a)2
2 , we

obtain

(b� a)2

2
(J1 + J2) =

(1� q)2 (b� a)
8

aDq f (b) +
(1 + q) (1� q) (3 + q)

8
f (b)

� (1� q) (b� a)
4

aDq f

�
a+ b

2

�
� (1 + q)

2
f

�
a+ b

2

�

+
(1 + q)

3

8 (b� a)

bZ
a

f (x) adqx

which is required. �
Remark 2. If q ! 1, then (3.2) reduces to

(b� a)2

2

0B@ 1=2Z
0

s2f 00 (sb+ (1� s) a) ds+
1Z

1=2

(1� s)2 f 00 (sb+ (1� s) a) ds

1CA
=

1

b� a

bZ
a

f (x) dx� f
�
a+ b

2

�
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which is proved by Sarikaya et. al in [9, Lemma 2].

Lemma 5. For 0 < q < 1 and p > 1

(3.5)

1Z
1=2

���� 2

1 + q
� s
����p 0dqs =

1� q
1� qp+1

"
(3� q)p+1 � (2� 2q)p+1

2p+1 (1 + q)
p+1

#
:

Proof. Since 2
1+q � 1 for 0 < q < 1; then we have

1Z
1=2

���� 2

1 + q
� s
����p 0dqs =

1Z
1=2

�
2

1 + q
� s
�p

0dqs

= (�1)p
1Z

1=2

�
s� 2

1 + q

�p
0dqs

= (�1)p

264 1Z
0

�
s� 2

1 + q

�p
0dqs �

1=2Z
0

�
s� 2

1 + q

�p
0dqs

375
= (�1)p 1� q

1� qp+1

24�s� 2

1 + q

�p+1�����
1

0

�
�
s� 2

1 + q

�p+1�����
1=2

0

35
=

1� q
1� qp+1

"�
3� q
2 (1 + q)

�p+1
�
�
1� q
1 + q

�p+1#

=
1� q
1� qp+1

"
(3� q)p+1 � (2� 2q)p+1

2p+1 (1 + q)
p+1

#
:

The proof is completed. �

4. Main Results

In this section, we present some q-integral inequalities for midpoint type for-
mula which the left hand side of q-Hermite- Hadamard type inequality for convex
functions.

Theorem 4. Let f : J ! R be a continuous function and 0 < q < 1. If
��
aDq f

��
is convex and integrable function on J�, then the following inequality holds.�������

2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������(4.1)

� (b� a)
4 (1 + q)

2
(1 + q + q2)

�
��
2q3 + q2 + 4q � 1

� ��
aDq f (a)

��+ �3q2 + 3� �� aDq f(b)��� :



8 NECMETTIN ALP AND MEHMET ZEKI SARIKAYA

Proof. Using (3.1) and the convexity of aDq f on J�, we have�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� (b� a)

264 1=2Z
0

s
��
aDq f (sb+ (1� s) a)

��
0dqs

+

1Z
1=2

����s� 2

1 + q

���� �� aDq f (sb+ (1� s) a)�� 0dqs

375
� (b� a)

1=2Z
0

�
s2
��
aDq f(b)

��+ s (1� s) �� aDq f (a)��� 0dqs

+(b� a)
1Z

1=2

�����s� 2

1 + q

���� s �� aDq f(b)��+ ����s� 2

1 + q

���� (1� s) �� aDq f (a)��� 0dqs

=
(b� a)

4 (1 + q)
2
(1 + q + q2)

��
2q3 + q2 + 4q � 1

� ��
aDq f (a)

��+ �3q2 + 3� �� aDq f(b)��� :
The proof is completed. �

Remark 3. If q ! 1, then (4.1) reduces to������f
�
a+ b

2

�
� 1

b� a

bZ
a

f (s) ds

������ � (b� a)
4

�
jf 0 (a)j+ jf 0(b)j

2

�
which is proved by Kirmaci in [8, Teorem 2.2, page 138].

Theorem 5. Let f : J ! R be a continuous function and 0 < q < 1. If
��
aDq f

��p
is convex and integrable function on J� and p > 1 then the following inequality
holds:

(4.2)

�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� (b� a) 

pX
n=0

qn

!1=p 1

2
3p�1
p (1 + q)

p�1
p

�
����

aDq f (b)
�� p
p�1 + (2q + 1)

��
aDq f (a)

�� p
p�1
� p�1

p

+

(
(3� q)p+1 � (2� 2q)p+1

(1 + q)
p+1

)1=p �
3
��
aDq f (b)

�� p
p�1 + (2q � 1)

��
aDq f (a)

�� p
p�1
� p�1

p

35 :
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Proof. From (3.1) and by Hölder inequality for p > 1 we have

�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� (b� a)

264 1=2Z
0

s
��
aDq f (sb+ (1� s) a)

��
0dqs

+

1Z
1=2

���� 2

1 + q
� s
���� �� aDq f (sb+ (1� s) a)�� 0dqs

375
= (b� a) (L1 + L2) :

By simple computation, it follows that

L1 =

1=2Z
0

s
��
aDq f (sb+ (1� s) a)

��
0dqs

�

0B@ 1=2Z
0

sp 0dqs

1CA
1=p0B@ 1=2Z

0

��
aDq f (sb+ (1� s) a)

�� p
p�1

0dqs

1CA
p�1
p

�
�

1� q
1� qp+1

�1=p
1

2
p+1
p

 ��
aDq f (b)

�� p
p�1

4 (1 + q)
+
(2q + 1)

��
aDq f (a)

�� p
p�1

4 (1 + q)

! p�1
p

=
1 

pX
n=0

qn

!1=p 1

2
3p�1
p (1 + q)

p�1
p

���
aDq f (b)

�� p
p�1 + (2q + 1)

��
aDq f (a)

�� p
p�1
� p�1

p
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and by (3.5) with Hölder inequality

L2 =

1=2Z
0

���� 2

1 + q
� s
���� �� aDq f (sb+ (1� s) a)�� 0dqs

�

0B@ 1Z
1=2

���� 2

1 + q
� s
����p 0dqs

1CA
1=p0B@ 1Z

1=2

��
aDq f (sb+ (1� s) a)

�� p
p�1

0dqs

1CA
p�1
p

�
�

1� q
1� qp+1

�1=p(
(3� q)p+1 � (2� 2q)p+1

2p+1 (1 + q)
p+1

)1=p

�
 
3
��
aDq f (b)

�� p
p�1

4 (1 + q)
+
(2q � 1)

��
aDq f (a)

�� p
p�1

4 (1 + q)

! p�1
p

=
1 

pX
n=0

qn

!1=p 1

2
3p�1
p (1 + q)

p�1
p

(
(3� q)p+1 � (2� 2q)p+1

(1 + q)
p+1

)1=p

�
�
3
��
aDq f (b)

�� p
p�1 + (2q � 1)

��
aDq f (a)

�� p
p�1
� p�1

p

:

Summing L1 + L2; then we have�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
=

(b� a) 
pX

n=0

qn

!1=p 1

2
3p�1
p (1 + q)

p�1
p

����
aDq f (b)

�� p
p�1 + (2q + 1)

��
aDq f (a)

�� p
p�1
� p�1

p

+

(
(3� q)p+1 � (2� 2q)p+1

(1 + q)
p+1

)1=p �
3
��
aDq f (b)

�� p
p�1 + (2q � 1)

��
aDq f (a)

�� p
p�1
� p�1

p

35 :
The proof is completed. �

Remark 4. If q ! 1, then (4.2) reduces to������f
�
a+ b

2

�
� 1

b� a

bZ
a

f (s) ds

������
� b� a

16

�
4

p+ 1

�1=p ��
jf 0 (a)j

p
p�1 + 3 jf 0 (b)j

p
p�1
� p�1

p

+
�
3 jf 0 (a)j

p
p�1 + jf 0 (b)j

p
p�1
� p�1

p

�
which is proved by Kirmaci in [8, Teorem 2.3, page 139].
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Theorem 6. Let f : J ! R be a continuous function and 0 < q < 1. If
��
aDq f

��p
is convex and integrable function on J� and p > 1 then the following inequality
holds: �������

2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������(4.3)

� (b� a) 
pX

n=0

qn

!1=p 1

2
3p�1
p (1 + q)

p�1
p

���
aDq f (b)

��+ (2q + 1) �� aDq f (a)��

+

(
(3� q)p+1 � (2q � 2)p+1

(1 + q)
p+1

)1=p �
3
��
aDq f (b)

��+ (2q � 1) �� aDq f (a)���
35 :

Proof. We consider inequality (4.2)�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� (b� a) 

pX
n=0

qn

!1=p 1

2
3p�1
p (1 + q)

p�1
p

�
����

aDq f (b)
�� p
p�1 + (2q + 1)

��
aDq f (a)

�� p
p�1
� p�1

p

+

(
(3� q)p+1 � (2q � 2)p+1

(1 + q)
p+1

)1=p �
3
��
aDq f (b)

�� p
p�1 + (2q � 1)

��
aDq f (a)

�� p
p�1
� p�1

p

35
Let a1 = (2q + 1)

��
aDq f (a)

�� p
p�1 , b1 =

��
aDq f (b)

�� p
p�1 , a2 = (2q � 1)

��
aDq f (a)

�� p
p�1 ,

b2 = 3
��
aDq f (b)

�� p
p�1 .

Here 0 < (p� 1) =p < 1, for p > 1. Using the fact that,
nX
k=0

(ak + bk)
s �

nX
k=0

ask +
nX
k=0

bsk

for 0 < s � 1, a1; a2; :::; an � 0, b1; b2; :::; bn � 0 we obtain�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� (b� a) 

pX
n=0

qn

!1=p 1

2
3p�1
p (1 + q)

p�1
p

�
���

aDq f (b)
��+ (2q + 1) �� aDq f (a)��

+

(
(3� q)p+1 � (2q � 2)p+1

(1 + q)
p+1

)1=p �
3
��
aDq f (b)

��+ (2q � 1) �� aDq f (a)���
35 :
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The proof is completed. �

Remark 5. If q ! 1, then (4.3) reduces to

������f
�
a+ b

2

�
� 1

b� a

bZ
a

f (s) ds

������ � b� a
2

�
4

p+ 1

�1=p � jf 0 (a)j+ jf 0 (b)j
2

�
:

which is proved by Kirmaci in [8, Teorem 2.4, page 140].

Theorem 7. Let f : J ! R be a continuous function and 0 < q < 1. If
��
aDq f

��p
is convex and integrable function on J� and p > 1; then the following inequality
holds:

�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������(4.4)

� (b� a)
4 (1 + q) [2 (1 + q + q2) (1 + q)]

1=p

�
���

1 + q + 2q2
�
(1 + q)

��
aDq f (a)

��p + (1 + q)2 �� aDq f (b)��p�1=p
+
�
(2q � 1)

�
3 + q2

� ��
aDq f (a)

��p + �5� 2q + 5q2� �� aDq f (b)��p�1=pi :
Proof. From (3.1) and 1

p +
1
r = 1 (p > 1), we have

�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� 2 (b� a)

1 + q

264 1=2Z
0

1 + q

2
s
��
aDq f (sb+ (1� s) a)

��
0dqs

+

1Z
1=2

����1 + q2 s� 1
���� �� aDq f (sb+ (1� s) a)�� 0dqs

375
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and by Hölder inequality we have�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� (b� a)

2664
0B@ 1=2Z

0

s 0dqs

1CA
1=r0B@ 1=2Z

0

s
��
aDq f (sb+ (1� s) a)

��p
0dqs

1CA
1=p

+

0B@ 1Z
1=2

����s� 2

1 + q

���� 0dqs

1CA
1=r0B@ 1Z

1=2

����s� 2

1 + q

���� �� aDq f (sb+ (1� s) a)��p 0dqs

1CA
1=p
3775

� (b� a)
41=r (1 + q)

1=r

2664
0B@ 1=2Z

0

�
s2
��
aDq f (b)

��p + �s� s2� �� aDq f (a)��p� 0dqs

1CA
1=p

+

0B@ 1Z
1=2

��
2

1 + q
s� s2

� ��
aDq f (b)

��p + � 2

1 + q
� 3 + q
1 + q

s+ s2
� ��

aDq f (a)
��p�

0dqs

1CA
1=p
3775

=
(b� a)

41=r (1 + q)
1=r

24 �� aDq f (b)��p
8 (1 + q + q2)

+

�
1 + q + 2q2

� ��
aDq f (a)

��p
8 (1 + q + q2) (1 + q)

!1=p

+

 �
5� 2q + 5q2

� ��
aDq f (b)

��p
8 (1 + q + q2) (1 + q)

2 +
(2q � 1)

�
3 + q2

� ��
aDq f (a)

��p
8 (1 + q + q2) (1 + q)

2

!1=p35
=

(b� a)
4 (1 + q)

1

[2 (1 + q + q2) (1 + q)]
1=p

�
��
(1 + q)

2 ��
aDq f (b)

��p + �1 + q + 2q2� (1 + q) �� aDq f (a)��p�1=p
+
��
5� 2q + 5q2

� ��
aDq f (b)

��p + (2q � 1) �3 + q2� �� aDq f (a)��p�1=pi :
The proof is completed �

Corollary 1. If q ! 1, then (4.4) reduces to������f
�
a+ b

2

�
� 1

(b� a)

bZ
a

f (s) ds

������
� (b� a)

8

"�
jf 0 (b)jp + 2 jf 0 (a)jp

3

�1=p
+

�
2 jf 0 (b)jp + jf 0 (a)jp

3

�1=p#
:

Theorem 8. Let f : J ! R be a continuous function and 0 < q < 1. If
��
aDq f

��
is convex and integrable function on J� and p > 1 then the following inequality
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holds: �������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������(4.5)

� (b� a)
4 (1 + q)

��
�2 + 8q + 2q2 + 4q3

� ��
aDq f (a)

��+ 6 �1 + q2� �� aDq f (b)���
[2 (1 + q + q2) (1 + q)]

1=p

Proof. We consider inequality (4.4)�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������
� (b� a)

4 (1 + q)

1

[2 (1 + q + q2) (1 + q)]
1=p

�
���

1 + q + 2q2
�
(1 + q)

��
aDq f (a)

��p + (1 + q)2 �� aDq f (b)��p�1=p
+
�
(2q � 1)

�
3 + q2

� ��
aDq f (a)

��p + �5� 2q + 5q2� �� aDq f (b)��p�1=pi
Let

a1 =
�
1 + q + 2q2

�
(1 + q)

��
aDq f (a)

��p ; b1 = (1 + q)2 �� aDq f (b)��p ;
a2 = (2q � 1)

�
3 + q2

� ��
aDq f (a)

��p ; b2 = �5� 2q + 5q2� �� aDq f (b)��p :
Here 0 < (p� 1) =p < 1, for p > 1. Using the fact that,

nX
k=0

(ak + bk)
s �

nX
k=0

ask +
nX
k=0

bsk

for 0 < s � 1, a1; a2; :::; an � 0, b1; b2; :::; bn � 0; we obtain�������
2

1 + q
f

�
a+ b

2

�
� 1� q
1 + q

f (b)� 1

q (b� a)

a+q(b�a)Z
a

f (s) adqs

�������(4.6)

� (b� a)
4 (1 + q)

��
�2 + 8q + 2q2 + 4q3

� ��
aDq f (a)

��+ 6 �1 + q2� �� aDq f (b)���
[2 (1 + q + q2) (1 + q)]

1=p

which is required. �

Corollary 2. If q ! 1, then (4.5) reduces to������f
�
a+ b

2

�
� 1

b� a

bZ
a

f (s) ds

������ � (b� a)
12

1�p
p

�
jf 0 (a)j+ jf 0 (b)j

8

�
:

Proof.
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Theorem 9. Let f : J ! R be a continuous function and 0 < q < 1. If
��
aD

2
q f
��

is convex function. Then the following inequality holds:����� (1� q)2 (b� a)8
aDq f (b) +

(1 + q) (1� q) (3 + q)
8

f (b)(4.7)

� (1� q) (b� a)
4

aDq f

�
a+ b

2

�
� (1 + q)

2
f

�
a+ b

2

�

+
(1 + q)

3

8 (b� a)

bZ
a

f (x) adqx

������
�

��
aD

2
q f (b)

�� 3

4 (1 + q)
� 7 (1 + q)

8 (1 + q + q2)
+

(1 + q)
2

4 (1 + q + q2 + q3)

!

+
��
aD

2
q f (a)

�� 1
2
� 3 (2 + q)
4 (1 + q)

+
(1 + q) (9 + 2q)

8 (1 + q + q2)
� (1 + q)

2

4 (1 + q + q2 + q3)

!
:

�

Proof. From (3.2) it follows that����� (1� q)2 (b� a)8
aDq f (b) +

(1 + q) (1� q) (3 + q)
8

f (b)

� (1� q) (b� a)
4

aDq f

�
a+ b

2

�
� (1 + q)

2
f

�
a+ b

2

�

+
(1 + q)

3

8 (b� a)

bZ
a

f (x) adqx

������
� (b� a)2

2

0@ 1Z
0

jm (s)j
��
aD

2
q f (sb+ (1� s) a)

��
0dqs

1A :
Clearly write that

1Z
0

jm (s)j
��
aD

2
q f (sb+ (1� s) a)

��
0dqs(4.8)

=

1=2Z
0

�
1 + q

2
s

� ��2
aD

2
q f (sb+ (1� s) a)

��
0dqs

+

1Z
1=2

�
1� 1 + q

2
s

�2 ��
aD

2
q f (sb+ (1� s) a)

��
0dqs

= l1 + l2:
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From (4.8) and using convexity of
��
aD

2
q f
��, it follows that

(4.9) l1 =

1=2Z
0

�
1 + q

2
s

�2 ��
aD

2
q f (sb+ (1� s) a)

��
0dqs

� (1 + q)
2

4

264�� aD2
q f (b)

�� 1=2Z
0

s3 0dqs +
��
aD

2
q f (a)

�� 1=2Z
0

�
s2 � s3

�
0dqs

375
� (1 + q)

2

4

���
aD

2
q f (b)

�� � 1� q
1� q4

�
1

16
+
��
aD

2
q f (a)

�� � 1� q
1� q3

1

8
� 1� q
1� q4

1

16

��
� (1 + q)

2

4

" ��
aD

2
q f (b)

��
16 (1 + q + q2 + q3)

+
1 + q + q2 + 2q3

1 + q + q2

��
aD

2
q f (a)

��
16 (1 + q + q2 + q3)

#
and similarly

(4.10) l2 =

1Z
1=2

�
1� 1 + q

2
s

�2 ��
aD

2
q f (sb+ (1� s) a)

��
0dqs

=

1Z
1=2

 
1� (1 + q) s+ (1 + q)

2

4
s2

!��
aD

2
q f (sb+ (1� s) a)

��
0dqs

�
��
aD

2
q f (b)

�� 1Z
1=2

 
s� (1 + q) s2 + (1 + q)

2

4
s3

!
0dqs

+
��
aD

2
q f (a)

�� 1Z
1=2

 
1� (2 + q) s+ (1 + q) (5 + q)

4
s2 � (1 + q)

2

4
s3

!
0dqs

=
��
aD

2
q f (b)

�� 3

4 (1 + q)
� 7 (1 + q)

8 (1 + q + q2)
+

15 (1 + q)
2

64 (1 + q + q2 + q3)

!

+
��
aD

2
q f (a)

�� 1
2
� 3 (2 + q)
4 (1 + q)

+
7 (1 + q) (5 + q)

32 (1 + q + q2)
� 15 (1 + q)

2

64 (1 + q + q2 + q3)

!
:

Finally summing (4.9) and (4.10)

l1 + l2 =
��
aD

2
q f (b)

�� 3

4 (1 + q)
� 7 (1 + q)

8 (1 + q + q2)
+

(1 + q)
2

4 (1 + q + q2 + q3)

!

+
��
aD

2
q f (a)

�� 1
2
� 3 (2 + q)
4 (1 + q)

+
(1 + q) (9 + 2q)

8 (1 + q + q2)
� (1 + q)

2

4 (1 + q + q2 + q3)

!
:

The proof is completed. �
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Remark 6. If q ! 1, then (4,7) reduces to������ 1

b� a

bZ
a

f (s) ds� f
�
a+ b

2

������� � (b� a)2

24

jf 00 (b)j+ jf 00 (a)j
2

:

which is proved by Sarikaya et. al in [9, Teorem 5].

References

[1] J. HADAMARD, Etude sur les proprietes des fonctions entieres et en particulier dune fonc-
tion consideree par Riemann, J. Math. Pures Appl. 58 (1893) 171�215.

[2] V. KAC, P. CHEUNG, Quantum Calculus, Springer, New York, 2002.
[3] J. TARIBOON, S. K. NTOUYAS, Quantum calculus on �nite intervals and applications to

impulsive di¤ erence equations, Adv. Di¤er. Equ. 2013, 2013:282.
[4] J. TARIBOON, S. K. NTOUYAS, Quantum integral inequalities on �nite intervals, J. In-

equal. Appl. 2014, 2014:121.
[5] S. S. DRAGOMIR AND R. P. AGAWAL, Two inequalities for di¤ erentiable mappings and

applications to special means of real numbers and to trapezoidal formula, Appl. Math. Lett.
11 (5) (1988) 91�95.

[6] C. E. M. PEARCE AND J. PECCARIC , Inequalities for di¤ erentiable mappings with ap-
plication to special means and quadrature formula, Appl. Math. Lett. 13 (2000) 51�55.

[7] B. G. PACHPATTE, Analytic inequalities: Recent Advances, Atlantic Press, Amsterdam-
Paris, 2012.

[8] U.S. KIRMACI, Inequalities for di¤ erentiable mappings and applications to special means of
real numbers to midpoint formula, Appl. Math. and Comp. 147 (2004) 137�146.

[9] M. Z. SARIKAYA, A. SAGLAM, H. YILDIRIM, New inequalities of Hermite-Hadamard type
for functions whose second derivatives absolutevalues are convex and quasi-convex, Math. CA
2010.

[10] W. SUDSUTAD, S. K. NTOUYAS , J. TARIBOON, Qunatum integral inequalities for convex
function, Jour. Math. Inequal. Volume 9, Number 3 (2015), 781�793.

Department of Mathematics, Faculty of Science and Arts, Düzce University, Düzce-
TURKEY

E-mail address : placenn@gmail.com

Department of Mathematics, Faculty of Science and Arts, Düzce University, Düzce-
TURKEY

E-mail address : sarikayamz@gmail.com




