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NEW INEQUALITIES FOR LOGARITHM VIA TAYLOR’S
EXPANSION WITH INTEGRAL REMAINDER

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish several new inequalities for logarithm
by the use of Taylor’s expansion with integral remainder. The case of two
positive numbers and an analysis of which bound is better are also considered.

1. INTRODUCTION
In the recent paper [1] we established the following result:
(1.1) 0<)(1—-v)a+vb—a" "0 <v(l—v)(b—a)(nb—Ina)

for any a, b> 0 and v € (0,1).
If we take in (1.1) b=x+ 1, £ > 0 and a = 1, then we get

l-v4v(@+1) —(z+1)"
v(l—v)zx

(1.2) In(z+1) > (> 0)

for any v € (0,1) and, in particular

J2(Vari-1)’

x

(1.3) In(x+1)
for any x > 0 and v € (0,1).
If we take in (1.1) b = = and a = 1 we also have
Inz l—-v4ve—a¥
=z 5
=17 v(1-v)(x-1)

(1.4)

for any © > 0, z # 1 and v € (0,1).
Further, by choosing in (1.4) v = % and perform the calculations, we get

Inz 2
(1.5) 1 2 (VT + 17

for any = > 0, x # 1.
In the recent paper [5] we obtained the following inequalities for logarithm as

well
-1 2(zx—-1 -1
(1.6) 0 < i 2@l g 7
x z+1 VT
x—1+x2—1<$2—1<x_1
x+1 4r — 2z
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where x > 1 and

2 1(z—1)>%z+1)
. < — < ——"r - -
(1.7) 0< 5 lnx_8 o )
2(—1) _1(z-1)7°(@+1)
1.8 0<Ilnz-— <=
(1.8) = x+1 — 8 z? ’

where x > 1.
There are also a number of inequalities for logarithm that are well know and
widely used in literature, such as:

-1
(1.9) ‘ <lnz <z -1 forz >0,
x
(1.10) 27x<ln(1—&—x)< T forz >0
’ 24z~ “Vr+1 -
xg—ln(l—x)gﬁ, for z < 1,
lnxgn(xl/"—l) for n >0 and x > 0,
In(1-Jz])<ln(z+1) <—-In(1—|z|) for |z| <1,
and

—g:c <ln(l—=xz)< %x for 0 < = < 0.5838,

see for instance

http: //functions.wolfram.com/ElementaryFunctions/Log/29/
and [7].
A simple proof of the first inequality in (1.10) may be found, for instance, in [§],
see also [9] where the following rational bounds are provided as well:

1) 1
T (1 + 6x)1 <In(1+2)< T (1 —|—2633)
(1+x) (1+ 32) 1+ s

In the recent paper [3] we established the following inequalities as well:

for x > 0.

Theorem 1. For any a, b > 0 we have for n > 1 that

(1.11) _(b-a < HX_: (—1)*1 (b-a)" Cnbilng < (b—a)?

2nmax®" {a,b} ~ kak ~ 2nmin®" {a,b}
and
n 2n—1 k 2n
(b—a)® (b—a) (b—a)
1.12 ———————— <Ilnb—1Ina — < .
(1.12) 2nmax?" {a,b} ~ nem Z kb* = 2pmin®" {a,b}

k=1
Corollary 1. For any a, b > 0 we have

(b—a)? b—a (b—a)’
1.1 < —Inb+he < ———-——
(1.13) 2max? {a,b} — a notmaes 2min? {a,b}’

(b—a)? b—a (b—a)’
1.14 ———— <Inb—1Ina— < .
(1.14) 2max? {a,b} ~ nb—lna b~ 2min®{a,b}

We have the following upper bounds [3]:
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Theorem 2. For any a, b > 0 we have for n > 1 that

2n—1 k—1 k 2n—1|12n—1 2n—1
(—1)" (b—a) b— a2t g
1.1 < E = —Inb+Ina <
(1.15) (0= Pt kak notine s (2n — 1) p2n—1g2n—1
and
2n—1 (b . a)k: |b o a|2ﬂ*1 |b2n71 — g2n-1

(1.16) (0<)Inb—Ina— Y

Lo TR ST (2n— 1) bnmignd

Corollary 2. For any a, b > 0 we have the simpler inequalities

_ b—a)?

(1.17) 0<)° © lbtlna< P79
and

2

(1.18) (0<)mb—Ing— =% < =9

We also have [3]:

Theorem 3. Let p, ¢ > 1 with %—l—% = 1. For any a, b > 0 we have for n > 1 that

2n—1 (_1)k—1 (b _ a)k

(1.19) (0 <) kzzjl S bt na

_ |b _ a|2n*1+1/P |b2nq71 _ a2nq71|1/q

T 2n-1)p+ 17 (2ng - 1) (ba)*" "1
and

2n—1 k
(b—a)

1.2 0<)lnb—1Ina—

_ ‘b . a|2n*1+1/l7 |b2nq71 o a2nq71|1/q

[(2n —1)p +1]"/7 (2ng — 1)V (ba)*" /¢
Corollary 3. Let p, ¢ > 1 with % + % = 1. For any a, b > 0 we have

_ —1|1/q
b—a |b_a|1+1/17 b2q 1_a2q 1
(1.21) (0<)—— —Inb+1Ina < 7 | 72 2‘_1/(1
a (p+1D]"*(2¢—1)"" (ba)
and
_ _111/q
b—a |b—a|1+1/p p2a—1 — g2¢-1
(1.22) (0<)Inb—1na— 5 < 77 | 72 2|71/q.
[(p+ D] (2g — 1) (ba)

In this paper we establish some bounds for the quantities

b—a
b

2n+1 k-1 k
1 (-1 (b—a)
Inb—Ina— -
nb—lna > k(k—1) ab 1
k=2
and
2n+1

b—a 1 1 (b—a)"
= —Inb+1
a akzzzk(kq) g1 metna
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when a, b > 0 and n > 1. The quantities above without sum-terms are of interest
as well. The case a = 1 and b = z is explored and various local and global bounds
in the case that z is located in a bounded interval are also provided. By performing
some numerical experiments it is also shown that the obtained upper bounds can
not be compared in general, meaning that some time one is better than the other.

2. SOME NEW INEQUALITIES FOR TwO NUMBERS

The following theorem is well known in the literature as Taylor’s theorem with
the integral remainder.

Theorem 4. Let I C R be a closed interval, a € I and let m be a positive integer.
If f: 1 — R s such that f(™ is absolutely continuous on I, then for each x € I

(2.1) f(@) =Tn (f;a,2) + R (f;0,2)
where Tpy, (f;a,x) is Taylor’s polynomial, i.e.,
m k
xT—a
Tm (f;a,a?) = Z %f(k) (a‘) .
k=0

(Note that f©) := f and 0! := 1), and the remainder is given by
1 x

R (fia,z) = o [ @@= 1 (2 ar.
m! J,

We have the following representation result:

Lemma 1. For any a, b > 0 we have

_ 1 rbp—
(2.2) lnb—lna—bba:g/ udt, [4]

and for any m > 2 and any a, b > 0

b—a 1 m (_1)k—1 (b_a)k B (_1)m—1 b (b—t)m
(2.3) Inb—1Ina— +5k2=2k(k71) = /a ot

b ak-1 mb m

Proof. Consider the function f:(0,00) — R, f(z) = zlnz, then

f'(x)=Inz+1and [’ (z) = %

and, in general, for m > 2 we have
m (=)™ (m - 2)!
f( ) (z) = — gm-1
where 0! := 1.
If we use Taylor’s representation (2.1) for m = 1 we have

x

f(w)=f(a)+(w—a)f’(a)+/ (x— 1) " (t) dt

for any x, a € I.
If we write this equality for f (z) = xlnz and = = b we get

b
b—t
blnb=alna+ (b—a) (lna+1)+/ Tdt
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namely
blnb—blna+b—a+/ —dt

for any a, b > 0 that is equivalent to (2.2).
If we use Taylor’s representation (2.1) for m > 1 we have

F@ =@+ f@+3 T ) b [Camom e g a

k=2

for any z,a € I.
If we write this equality for f () = zlnx and x = b we get

m k k
blnb:alna+(b—a)(1na+1)+zk(—l) (b—a)

— k(k—1) a*!
1 m—1 b _\m
Ny JoT
m a tm
namely
()" (b-a)
blnb=bl b—
no=binas “+,§k(k—1) a1
71 m—1 b - m
NSy L
m o tm
for any a, b > 0 that is equivalent to (2.3).
We have the following bounds:
Theorem 5. For any a, b > 0 we have that
1 2 b—a 1
2.4 ——(b— <Inb—1Ina— <
(24) 2bmax{a,b}( @) <ln e b~ Qbmin{a,b}(
and
1 s b— 1
2.5 ———(b— < —Inb+Ilna< —— (b
(2:5) 2amax{a,b}( o) < a notina = 2amin{a,b}(
If n > 1, then for any a, b > 0 we have that
b _ 2n+2
(2.6) (b—a)
(2n+1)(2n + 2) bmax2ntl {q, b}
2n+1
(b —a)*
<Inb—1In +5 Z g s
(b _ a)2n+2

= (2n+1)(2n+2) bmin** ! {a, b}

b—a)’

—a)®.
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and
(2 7) (b o a)2n+2
’ (2n +1) (2n + 2) a max?n+1 {a b}
2n+1 )k‘
< F=1) bk T —Inb+1Ina
(b . a)2n+2

~ (2n41)(2n+2)amin® " {a, b}
Proof. Let b > a > 0, then

1 b
7/ bt dt>/—dt> /(b—t)dt
a a

giving that

1 ) b—t
2.8 — (b— > —dt >
(28) T
Let a > b > 0, then

1 [ bh—t “t—b 1 [
— — > _— = _— > — —
b/b ( b)dt_/a t a /b t = a/b (¢ =)t

giving that
b—t 1
(2.9) / —dt> o (b= a)’.
Therefore, by (2.4) and (2.5) we get

;(b— )2>/bb_tdt> L (b—a)’
2min {a, b} @ = o b ~ 2max {a, b} @

for any a, b > 0.
By utilising the equality (2.2) we get the desired result (2.4).
Let m = 2n + 1 with n > 1. Then by (2.3) we have

_a 1 20t e 1(b_a)k
(2.10) Inb—1Ina— E Z o

(2n+1) b/ t2"+1
Let b > a > 0, then
b_ )22 b (p )20t b_ )22
(2.11) (b—a) >/ b=t " s (ba) .
a2n+1 (27’L + 2) t2n+1 b2n+1 (2n + 2)
Ifa>b>0, then

b _ 2n+1 a _ 2n+1
PRy U
a b

t2n+1 t2n+1
and
2n+2 2n+1 2n+2
(2.12) (b— )" >/a<t_b) MR Gl it
‘ b2 (20 + 2) nit = 2T (2n 4 2)”
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Using (2.11) and (2.12) we get

(2.13) (b —a)™” > /b (b—n™" dt
) min®"* {a,b} 2n+2) ~ J, 2!

(b _ a)27l+2
~ max?"t1 {a,b} (2n +2)

for any a, b > 0.

Finally, on utilising the representation (2.10) and the inequality (2.13) we get
the desired result (2.6).

The inequality (2.7) follows from (2.6) by replacing a with b. d

Corollary 4. For any a, b > 0 we have that
(b—a)*

2.14 _
(2.14) 12b max3 {a, b}
b—a 1(b—a)® 1(b-a)®
<Inb—Ina— -~z -
shb=he = s T
(b—a)’
~ 12bmin® {a, b}
and
4
(2.15) (b—a)

12a max3 {a, b}
b—a (b—a)® 1(b—a)’
< - _Z —nb+1
-~ a 2ab 6 ab? nbtIna
e el a)” :
~ 12amin® {a, b}

Remark 1. Since the lower bounds in (2.6) and (2.7) are positive, then we have

2n+1 k k
b—a 1 (-1)" (b—a)

2.16 -

(2.16) b erék(k—l) T
<Inb-—1Ina

2n+1 k
<b—ailz 1 (b—a)
~ a a — k(k—1) o1

for any a, b >0 and n > 1.
In particular, we have

b—a 1(b—a)® 1(b-a)’
2.1 — — =
(2.17) b +2 ab 6 a?b
<Inb-Ina
b—a (b-a)® 1(0b-a)
< _ R
- a 2ab 6 ab?

for any a, b > 0.

We have the following upper bounds:
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Theorem 6. For any a, b > 0 we have that

b-a_(b-a)° (-0’
2.18 0<)lnb—1Ina— < <
219 0= bbb~ b
and
b—a (b—a)® _ (b—a)?
2.19 0<)—— —Inb+Ina < <
(2.19) (0=) a aL (a,b) avab
where L (a,b) is the logarithmic mean
lnb lna Zf #b
L{(a,b) :=
bifa="bo.
If n > 1, then for any a, b > 0 we have that
2n+1 b - a)
(2.20) (0<)Inb — +5 Z P _1 =
s———l——lb—|2”+1|—b—;ff|
2n (2n 4+ 1) a?np?ntl
and
2n+1 )k
(2.21) (0< Z A _1 bk — —Inb+Ina
< ;| _ |2"+1 M
~2n(2n+1) a2ntip2n

Proof. Let b > a > 0, then

/ —dt< )(lnb—lna):(z(ag)

and the same inequality for ¢ > b > 0. This proves the first inequality in (2.18).
The second part is well known as

L(a,b) > G(a,b),

where G (a,b) := Vab is the geometric mean of a, b > 0.
Let n>1and a, b>0. If b > a > 0, then

b 20+l b
/7@ t) dtg(b—a)Q”H/ £t

2n+1
2t a

_ i (b B a)2n+1 b2n _ a2n
n a2np2n
If a > b > 0, then, similarly

b 2n+1 2n
b—t 1 b

Lﬁl—fﬁggfm m%ﬂﬂ———<
u t n+1 mn a2nb2n

Therefore for any n > 1 and a, b > 0 we have

b _ \2n+1 p2n _ g2n
OO 4 < L |p— g2t [ — o] ’.
" t2n+1 n a2nb2n

Using (2.10) we have (2.20). O
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Corollary 5. For any a, b > 0 we have that

b—a 1(b-a)® 1(b-a)
(2.22) (0<)Inb—1Ina— baii( ba) Jrg( 25)
a a

1 1 b? +ba+a?

< —(b- - 7

<gl-a) pTE
and

b—a (b—a)?® 1(b-a)’

2.2 < - = —1 1
(2.23) (0<) a 2ab 6 e nb+1Ina
1 4 b? + ba + a?

<Z(b-
<glb—a) ——is

‘We also have:

Theorem 7. Let p, ¢ > 1 with zl? + % = 1. For any a, b > 0 we have

(2.24) (0<)Inb—Ina— 22
< 1 |b—a|1+1/p|b‘1_1 —qam1|Me
T+ 1)1/1) (¢ — 1)1/4 b2-1/agl-1/q
and
b—a
(2.25) (0<) - Inb+1Ina
< 1 |b— a|1+1/p |p9=1 — qe7! /e
- (erl)l/P (q—l)l/q bl—1/9g2-1/q

If n>1 and a, b > 0, then we have

D"t p-a*
k(k—1) ab1

(2.26) (0<)Inb—Ina— b=

<

@Cn+1)(2n+)p+1D)"?(2n+1)qg— 1)1
|b— a|2"+1+1/” ’b(2"+1)f1—1 _ g(2nt1)g—1 ’1/‘1

p2n+2-1/qq2n+1-1/q
and

b—a 17 1 (b—a)"
2.2 < — —Inb+1
(2.27) (0 <) ak; R o nb+Ina

a
1

<
@n+1)(Cn+D)p+ D) (@n+1)g—1)"1
|b _ a|2n+1+1/17 |b(2n+1)q71 _ a(2n+1)q71|1/q

b2n+171/qa2n+271/q
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Proof. Using Holder’s integral inequality for p, ¢ > 1 with %} +
b>a > 0 that

bb—t b 1/p b 1/q
/Tdtg (/ (b—t)pdt> (/ tth>

((b—a)p+1>1/p p—atl _ g—atl 1/q
- p+1 ( —q+1 )

(b _ a)1+1/p bq—l _ aq—l 1/q
()P ((q -1 b‘“a‘”)

1 (b _ a)1+1/P (bq—l _ aq—l)l/q
(p+ 1)1/P (¢ — 1)1/4 pl-1/agl-1/q ’

% =1, we have for

If a > b > 0, then in a similar way, we also have

/b b— tdt _ 1 (a o b)1+1/p (aq,1 - blZ*l)l/q
a bt T )P (g1 bI-1/ag1-1/4 :

Therefore, for any a, b > 0 we have

bp— tdt < 1 b — a|1+1/p |bq—1 o aq—1|1/q
o bt T )P (-1 bl L/agi-1/a :

Using the representation (2.2) we deduce the desired result (2.24).
Using Holder’s integral inequality for p, ¢ > 1 with % + % = 1, we also have for
b>a > 0 that

b _ 2n+1
/ - .

t2n+1

b l/p b 1/q
< ( / (b—t)(2"+1)pdt> ( / t—<2"+1>th>

((b — )@t lp+ ) e (b(2n+1)11+1 _ q—(2ntDg+1 ) /4

C2n+1)p+1 —-(2n+1)g+1

(b _ a)2n+1+1/17 b(2n+1)q71 _ a(2n+1)q,1 1/q
(2n+1)p+ 1) \((2n+1) ¢ —1)pCr+Da-1g@ntDa-1

- a)2n+1+1/p (b(2n+1)q—1 _ a(2n+1)q—1)1/q

(@n+ 1)p+ DY ((2n+1) g — 1)/ p2rt1—tagenti=t/a
If @ > b > 0, then in a similar way we also have
b 2n+1
(b—1)
/a t2"+1 dt

(a— b)2n+1+1/p (a(2n+1)q71 _ b(2n+l)q71)1/‘1
<

(2n+1)p+1)YP ((2n+1)g— 1)1/ 5211 ag2n+1-1/a"
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Therefore, we have

b _ 2n+1
/ udt

$2n+1

b — q[2nH1+1/p |p2n+Da-1 _ g(2n+1)g-1 a

T (@n+ D) p+ D)V ((2n+ 1) g — 1)V pnt-Vag2nti=1/a]
Using the representation (2.10) we deduce the desired inequality O

Corollary 6. For any a, b > 0 we have that
b—a 1(b-a)’ 1(b-a)’
« 16— 10-a)

2.28 0<)Ilnb—1Ina—
(2.28) O=)Imb=tna === =5 =0 5 am
- 1 b — a|3+1/p ‘bSq—l - a3q—1‘1/‘l
- 3(3p_|_1)1/13 (3¢ — 1)1/11 bd-1/9g3-1/q
and
b—a (b—a)?® 1(b-a)®
(2.29) (0<) T s 6 aE Inb+Ina
_ 1 b — a|3+1/p {b3q71 _ gla-1 1/q
3 (3p + 1)1/17 (3(] _ 1)1/‘1 p3—1/agd—1/q
Remark 2. The Euclidean case, namely when p = q = 2 produces in Theorem 7
b—a 1 (b— a)2
2.30 0<)lnb—1Ina— < —
(230 0= b T V3 bab
and
b—a 1 (b—a)
2.31 0<)—— —Inb+Ina < — .
( ) 8= a ~ V3 avab
Ifn>1 and a, b > 0, then we have
2n+1 k—1 k
b—a 1 (-1) (b—a)
2.32 0<)Inb—1Ina— -
(232)  (0<)inb=lna—-— +b];2k(k—1) p
- 1 |b . CL|2n+3/2 |b4n+1 - a4n+1 1/2
C (2n+1)(4n+ 3)1/2 (4n + 1)1/2 b2 t3/2g2n+1/2
and
2n+1 k
b—a 1 1 (b—a)
2.33 0< - = —Inb+1
(233)  (0=)— akZ:Qk(k—l) g1 mbhna
< 1 |b _ a|2’n+3/2 ‘b4n+1 _ a4n+1 1/2
T @2n+1)(n+3)"? (4n+1)"? bIn+1/2q2n+3/2
We observe that, by the inequalities (2.4), (2.20) and (2.32) the quantity
b—a

—Inb+1na
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FIGURE 1. Plot of Dy (a,b) on [0.1,1] x [0.1,2]

has as upper bounds

. 2 _(b-a)’
Av(a,b) = 2bmin {a, b} (b—a)”, Az (a,b) =7 (a,b)
and
1 (b—a)
As (a,b) = — ,
3(a,0) = T2 o=
for a, b > 0.

It is therefore natural the to ask how these bounds do compare?
In order to answer this question we consider the simpler functions

1 1

2min {a,b}’ B (a,b) =

B1 ((I, b) = 7 (a b)

and
1

Bg (a,b) = m

for a, b > 0 and define the differences D (a,b) := By (a,b) — Bz (a,b), D2 (a,b) :=

Bs (a,b) — Bs (a,b) and D3 (a,b) := By (a,b) — Bs (a,b).

The plot of Dj (a,b) on the box [0.1,1] x [0.1,2] is depicted in Figure 1 and
the plot of Ds(a,b) on the box [0.1,0.2]2 is depicted in Figure 2 showing that
the bounds A; (a,b) and A (a,b) and A; (a,b) and Aj(a,b) do not compare in
general, meaning that one is better than the other for different pairs of (a,b).
Several numerical experiments show that Ds (a,b) > 0 suggesting that the bound
As (a,b) is better than A; (a,b) . However we do not have an analytic proof of this

fact and is left as an open question.
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-0.67]

1
L I B B S e e ],—rr]"'T'T'-'
020 018 016 014 012 ggo 014010
a h

FIGURE 2. Plot of D5 (a,b) on [0.1,0.2)?

3. SOME NEwW INEQUALITIES FOR ONE NUMBER

From Theorem 5 we have, by taking b = x € (0,00) and a = 1, that

1 (z—1)> -1 1 (z—1)°
3.1 —————— <Inz — < -
(3:-1) 2zmax{1l,z} — ne x T 2zmin{l,z}
and
1 (z-1)7 1 (z—1)°
3.2 ———<z—-1l-he< -——FF"—
(32) 2max {1, z} =7 ne= 2min {1, z}

that have been obtained in [4] as well.
If n > 1, then for any x > 0 we have from (2.6) and (2.7) that

(3 3) (l’ o 1)2n+2
’ (2n+1) (2n + 2) zmax®*+1 {1, z}
2n+1 k—1
z—1 1% (-1 .
<lhg - —+— -~  _(z-1
= x _|_JJICZ:2/€(/c—1)(gU )
- (.’13 _ 1)2n+2
~ (2n+1)(2n 4 2) zmin®"T {1, 2}
and
(l‘ _ 1)2n+2 2n+1 1 (x _ 1>k
. <zr-—1-— —
(3:4) (2n+1) (2n + 2) max?+1 {1,z} ~ v-1 kzﬁ k(k—1) b1 Inz
(ZE o 1)2n+2

< .
= (2n+1) (2n 4 2) min®" {1, 2}
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For n =1 we get from (3.3) and (3.4) that

—1)! 1 1(@=z-1)% 1(x-1)° —1)*

(35) — &=V gzl LD l@-)T o @ 3)
12z max® {1, z} x 2 = 6 = 12z min” {1, z}

and

(z—1)* 1(z—17% 1(z-1)° (z—1)*
3.6) —— L —<zx—-1--= - —lnz < ——2
B0 e {127 = ¢ 2 @ 6 a2 S Dmid® {12}
for any = > 0.

From (2.16) and (2.17) we have
2n+1 k 2n+1 k
x—1 1 (-1) k 1 (x—1)
3.7 — — (z—-1)" <1 <z-—-1-
B — +ka:2k(k—1)(x Jshesae ];Qk(k—l) Zh—1

for any z > 0 and n > 1.
In particular, we have

z—1 1@@-1> 1(@-1>° (z—1)7° 1(x-1)>°
. - - <lhz<z-1- — =
(3.8) T Jr2 T 6 = SHE=T 2z 6 22

for any = > 0.
From (2.18) and (2.19) we have

z—1 _ (z— 1) - (z— 1)

3.9 0<)lnx —
(3:9) (0=)Inz x T aL(l,z) — xyx
and
(-1 _ (x—1)°
.1 Jrx—1—Inz < <
(3.10) 0<)x ne < [0 > V&
for any > 0, while from (2.20) and (2.21) we have that
2n+1 k—1
z—1 1 (—1) .
3.11 0<)Ine — — + — ——(r—1
(3.11) D P (e L
< 1 |x—1\2n+1|x2"—1|
“2n(2n+1) x2ntl
and
2n+1 k
1 (x—1)
3.12 0<)x—1— —1
(3.12) 0<)z kzzz k(k—1) o1 7
1 |z — 1 |2 — 1|
< .
“2n(2n+1) x?n

From Theorem 7 we have for p, ¢ > 1 with % + % =1 that

(3.13) (0<)ma— =1

1 |x—1|1+1/p|xq’1—1 /e

S /p (. 1\1/a x2-1/q
(p+1)""(g—-1)
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and
(3.14) 0<)z—1—Inx
1 o — 1P gt g
TR zt
for any = > 0.

If n > 1, then we have

-1 13& (!
(3.15) (0<)Inx — — + = 2 e
< 1
T 2n+ 1) (2n+ D) p+ DY (2n+1)g— 1)1

lz — 1|2n+1+1/:0 ’x(2n+1)q—1 . 1’1/q

(- 1)*

z2nt2-1/q
and
2n+1 k
1 (x—1)
3.16 0<)z—1— 1
(3.16) 0z kzﬁk(k—l) S
< 1
T @n+ 1) (@n+ Dp+ )Y ((2n+1)g— 1)
|$ _ 1|2n+1+1/p |I(2n+1)q_1 _ 1|1/q
x?n-}-l—l/q
for any = > 0.
We consider the functions v, I' : (0,00) — (0, 00) defined by
1 (13*1)2 1 (z71)2
= ST 1 dr = —_——
1) 2 wmax{lz} @) 2 zmin {1, z}
We observe that
1 =% 5 e (0,1 L @0 i e (0.1
’7(:5):7 (1_931)2?336(’ )7 andI‘(x):— (szl)Q?fl?E(, )7
2 Tlf%E[l,OO) 2 ‘Tlfxe[l’oo).

It is easy to see that both functions are continuous on (0,00), strictly decreasing
on (0,1) and strictly increasing on (1, 00) with v (0) =I"(0). We have

lim v(z)= lim I'(z) =00, lim v(z)= 1, lim T (z) = co.

x—0+ x—0+ xr—00 2 T— 00
Therefore for [m, M] C (0,00) we have
v (M) if M <1 QL5 0 < 1

(317) = min y(z)=9q 0ifm<1<M =_¢ 0ifm<1<M
* v(m) if 1 <m =1 i1 <m
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and
'(m) if M <1
(3.18) Iy = max I'(z) =< max{l'(m),I' (M)} fm<1<M
@€ lm. M] T(M)ifl<m

(m=1)%¢ pg
pre <1
2 2
= 5 ¢ max {8 DM e <1< M

QL i1 < .

By the inequality (3.1) we can state then the following result:

Proposition 1. For any x € [m, M] C (0,00) we have the global bounds

-1
'Vm,M S Inz — mT S FnL,M
where 7, v is defined by (3.17) and T'y, ar is defined by (3.18).

Similar results may be stated by utilising other inequalities provided above,
however the details are omitted.
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