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SOME REFINEMENTS AND REVERSES OF CALLEBAUT’S
INEQUALITY FOR ISOTONIC FUNCTIONALS VIA A RESULT
DUE TO CARTWRIGHT AND FIELD

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some refinements and reverses of Calle-
baut’s inequality for isotonic functionals via a result on Young’s inequality due
to Cartwright and Field.

1. INTRODUCTION

Let L be a linear class of real-valued functions g : £ — R having the properties

(L1) f, g€ Limply (af + Bg) € L for all o, B € R;
(L2) 1€ L, ie.,if fo(t)=1,t € E then fy € L.
An isotonic linear functional A : L — R is a functional satisfying

(A1) A(af+Bg) = aA(f)+BA(g) forall f, g€ L and o, § € R.
(A2) If f € L and f >0, then A (f) > 0.
The mapping A is said to be normalised if

(A3) A(1) =1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analy-
sis which enjoy a number of convenient properties. Thus, they provide, for example,
Jessen’s inequality, which is a functional form of Jensen’s inequality (see [3], [16]
and [17]). For other inequalities for isotonic functionals see [2], [5]-[15] and [18]-[20].

We note that common examples of such isotonic linear functionals A are given
by

Alg) = / gdpor A(g) = prgr,
B keE
where 1 is a positive measure on F in the first case and FE is a subset of the natural
numbers N, in the second (py > 0, k € E).
We have the following inequality that provides a refinement and a reverse for the
celebrated Young’s inequality

2 2
(b—a) <(1—V)a+Vb—a1_”b”<%V(l—u) (b—a)

1
(1.1) 5”(1—V)m = = min {a, b}

for any a, b> 0 and v € [0,1].

This result was obtained in 1978 by Cartwright and Field [1] who established a
more general result for n variables and gave an application for a probability measure
supported on a finite interval.
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The functional version of Callebaut’s inequality states that
(1.2) A% (fg) SA(fPrg") A(F1g*") < A(f?) A(9?)

provided that f2, g2, f27Vg", fYg*7", fg € L for some v € [0,2]. For the discrete
and integral of one real variable versions see [4].

In this paper we obtain some inequalities for isotonic functionals via the reverse
and refinement of Young’s inequality (1.1) that are related to the second part of
Callebaut’s inequality (1.2). Applications for integrals and n-tuples of real numbers
are also provided.

2. ON CALLEBAUT’S INEQUALITY

We have the following result that provides a refinement and reverse of Callebaut’s
second inequality:

Theorem 1. Let A, B : L — R be two normalised isotonic functionals. If f,
4

g: E — R are such that, f?, g2, %, A= (v g20-v) ¢ [ for some v € [0, 1],

and

(2.1) 0<m<=<M<oo

Q |

for real numbers M >m > 0, then

(2.2) %ya —v)m? <A (;’:) B(f*)+A(f*) B (;’:) —~ 2)
< (=) A(f2) B(¢%) +vA(9) B (f2) - A (£207g%) B (f4°0)
< %v(l—y)MQ (A <j7;> B(f?)+A(f?) B <f;) —2> :

Proof. Since ab = min {a, b} max {a, b} for any a,b > 0, then from (1.1) we have

1 b—a)’
¥ (1 — v) min {a, b} ( aba)
1 b—a)’
§(1—u)a+ub—a1_”b”§fu(l—u)max{a,b}( @) )
2 ab
where v € [0, 1]. This can be written as
1 b
(2.3) SV (1 —v)min{a,b} <a + % - 2)

1 b
< (L= v)atvb—a' b < Ly (1 - v)max fa.0) (a+a—2>,

for any a, b > 0.
Let x, y € E such that g (z), g (y) # 0. If we use the inequalities (2.3) for

- & [m?, M?]
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then we get

o e (58 £
g8 (58)” (53]
<pro-ie (58 £E5)

where v € [0, 1].

2

If we multiply (2.4) by g% (z) g% (y) , then we get

9' (@) o, 9 )
e 2)

(@) +vf*(y) &* (v)
= W) ) () 27 () g (
<=0 (Pw L

f? (z)
which holds for any z, y € E.
Fix y € E. Then by (2.5) we have in the order of L that

() g
(25) ri—mm? (2)
<(1-v)g*(y) £

x)

g'(y)
@ 2 () 2)’

26 trd-v)m (fQ( 09+ fgiiﬂ 2)
<(=-v)g W) v W) - )" () g
Y TN M () N
<o (P i -2).

If we take the functional A in (2.6), then we get
1,/ —oym2|( 2 f 9* (v) 2\ _
- (P a(%) + LA -2)
<A1 WA) v @A)~ 1 @ W) A (P20

e (s (5) a0 ).

for any y € E.
If we write this inequality in the order of L, then we have

v(1-v)m’ (A(fg)fMA(f >;2)
(1—v)A(f*) g*+vA(s®) 2 - (f2(1ﬂ/)g2u> £ g20-v)

1 2 2 !
< v v(l—v)M (A<f2>f +A(f? )f2—2)
and by taking the functional B we deduce the desired result (2.2). O

N l\')\H

Corollary 1. Let A: L — R be a normalised isotonic functional. If f, g: E — R
are such that f2, g, %, fRa=wgv g2 20-v) ¢ I for some v € [0,1] and the
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condition (2.1) holds, then

(2.7) v(1—v)m’ (A (f;) A(f?) - 1)
<A(f)A(g?) - A (f2(171/)g21/) A (fzugz(ku))

<v(l-v)M? (A(?i)A(fQ)—1>.

In particular, if f2, g2, ?—z, fg € L and the condition (2.1) holds, then
L g' 2 2 2
(2.8) o Al A7) -1 A(f)A(g) A (fg)
4

)

Theorem 2. Let A, B : L — R be two normalzsed isotonic functionals. If f,
g:E — R are such that f >0, g > 0, f2, g%, L, f2A=g? f2vq20=v) ¢ L for
some v € [0,1] and the condition (2.1) holds, then

(2.9) ﬁu(l ( (¢>) B (f)—%(f) (f2)+A<£>B(92)>
U= A(P) B(R)+rA () B ()
A () B ()
gmu( @B (L) -2a () +a(L) @),

9?

IA
»M

The following result also holds:

Proof. For any x, y € E we have

then we get

for any z, y € F.
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This can be written as

R et
ol e (L) ()
.

Now, if we multiply (2.10) by g () g% (y) > 0 then we get

IOk

< (1=0)g* ) 12 @) + v ) 6 (@)

— 1 (1) 80 (1) 120 (@) 6% (@)
4 4 T

< g -0 (L8222 w2 @+ T8¢ w)

7 (@)’

for any z, y € E.
Fix y € E. Then by (2.11) we have in the order of L that

) - 2 2 f
e 1-0) (L8 -2 ) 74 ) )

<SA=-v)@ WP +vf W - g ”) (y) 2 g™
1 () f*
< g -0 (LB 2w P l).
If we take the functional A in (2.12), then we get
4 4
213 g0 (@) 2w 2 wa( L))
<(A=v)g WA +vf*(y) Alg)
— 1 () g0 () A (20 )

1 () 2 9 9 ) f4
S27712”(11/)(572(31)A(g)2f W) A(f) +g (y)A<>)

g2
for any y € E.
This inequality can be written in the order of L as

1

(2.14) v =) (A (92)£ A(f) 2+ 4 (f4> g2>
S(I—V)A(f2)g2+VA( 2)f2_A(f21 v) 21/) f2ug2(17u)
< -0 (4 L -2a) rea(L) ).

Now, if we take the functional B in (2.14), then we get the desired result (2.9)

(2.12)

. O
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Corollary 2. Let A: L — R be a normalised isotonic functional. If f, g: E — R
4

are such that f >0, g >0, f2, ¢°, g—z, A= g2 f2vg20-v) ¢ I for some v € [0, 1]

and the condition (2.1) is valid, then

i _ 2 ﬁ A2 (g2
(2.15) M2y(1 v)[A(g%) A 7 A% (f?)
<A (f2) A (92) —_A (f2(171/)g21/) A (f2ug2(171/))
4
< %u (1-v) (A (92) A (;) — A? (f2)> )
In particular, if f2, g2, g—:, fg € L and the condition (2.1) is valid, then we have

(2.16) 47]1\42 (A (¢%) A (;) — A (f2)) <A(f?)A(g%) — A% (f9)

< (14 (5)- 1)

3. OTHER RELATED RESULTS

If we write the inequality (1.1) for a = 1 and b = x we get

(z — 1)

6y Laown @D oLy v< il -y
. —v(l—-v)——— —v+vr— —v(l—v)————
2 T = min {z,1}

max {z,1} —

for any = > 0 and for any v € [0,1].

If x € [t,T] C (0,00), then max {z,1} < max {7, 1} and min {¢,1} < min {z,1}
and by (3.1) we get

. 2 2
1 it e (2~ 17 _ 1 @-1)
3.2 —-v(l— : < -v(l
(32) 2V( ) max {T,1} - 2V( )maX{T,l}
<l-v+4+ve-—2a2"
1 (z—1)
<v(l-—p) 22
ssvU=v) D
2
1 maxgep, 1) (¢ — 1)
<Zu(l- *
e R ey e

for any x € [t,T] and for any v € [0,1].

Observe that
{ (T-1% T <1,
2 J—

min (z —1) 0ift <1<T,

reteT] (t—1)% if 1<t
and
t—1> T <1,
m[a%(x—l)Qz max{(t—l)Q,(T—l)Q} ift<1<T,
zE|t,
(T —1)” if 1 <t
Then
min, e (& — 1) (T-1)7?ifT<1,
(3.3) c(t,T) = —=ElbT] —{ 0ift<1<T,
max {T,1} (t-1)% .
- if 1<t
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max;e(t, 1] (T — 1)2
min {¢,1}
(G
=02 pp <,
%maxi(t— 1)%,(T - 1)2} ift<1<T,
(T —1)% if1 <t

(3.4) C(t,T) =

Using the inequality (3.2) we have

(3.5) %u(l—y)c(t,T) < ;y(l_y)nm
<l—-v+4+vz—2a"
1 (z— 1)
< §V(1_V)m < iy(l—u)C(t,T)

for any z € [¢,T] and for any v € [0,1].
Now, if @, b > 0 and assume that g € [t,T], then by (3.5) we get

39 gri-vetTas -y o
<(A-v)a+vb—ba'""
1 (b—a)® 1

IN

27 (1-v) min {t,1} a

2
for any v € [0, 1], where ¢ (¢,T) and C (¢,T) are defined by (3.3) and (3.4), respec-
tively.

<-v(1-v)C(t,T)a

Theorem 3. Let A, B : L — R be two normalised isotonic functionals. If f,
4 4

g : E — R are such that, f2, ¢%, ?—2, ;—2, =g v 20-) ¢ [ for some

v € [0,1] and the condition (2.1) holds, then

(3.7) 0< %1/(1 —v) EZ (A (;ﬁ) B (Jg[;l) —24(*)B(f?) +A(f*) B (92)>
<A-»A(f)B(9°) +vA(g) B(f?)

_A (f2<1fu>92u> B (f2ugz<1fu>)
La-n (4 (?2) B (;) ~24(2) B (P) + A () B ()
%,,(1 —v) (Anfj -~ 1)2,4 (*)B(g°).

Proof. For any x, y € F we have

IN

IN

f2(z) ()

m2§

Consider
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then 3 € [1"\}[— Mj} and by (3.6) we get

m

o
A
|
X
—~
—_
~—
/
Q
W)
—~
<
=
—~| <

IA
—~
[—
|
X
~
[ V)

IN
|
AN
—
—
|
X
S~—

AN
|
S
—
—
I
S
S~—
=
o
"
/—’Hi
N
‘S
|
—_
N———
(V]
N
Sw‘iw
|
—_
N———
(V]
—
Q |~
(V) [\v}
—~|—
SHRS)
S—

|
|
R
S
=
[
<
~—
/N
=
[

for any z, y € E and v € [0, 1].
This inequality is equivalent to

£ 2@ 2
m? <92(y) 92(9:)) g° (z)

1
(3.8) 0<Jv—v) s 0
L P@ L PO (PO (£
SO G T e (92<y>) (gZ(x))
12 (58 - 563) 4@
ST R 216
Lo (M \ e
=yv )<m2 1) (@)

for any xz,y € E and v € [0, 1].
Now, if we multiply (3.8) by g2 (z) g (y) > 0 then we get

2 20 2
w2 (B~ ) o' @)9° )

1
(3.9) 0< SV v(l—v)— e )
<(1-0)g () £2 () + 012 () ¢ (&)
— £ () g0 (9) £207) (2) g7 ()
1 a2 (5B - f§E§§) g* (2) 4* (y)
<3v0mn P @)
<gra-n(E 1) Pdw

for any z, y € E and v € [0, 1].
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Observe that

(£~ 26 gt (2) 62 (9)
72 (@)
_ (5t 25 5 + 63) 0" (@)0° W)
72 (@)
D 212 (9) 2 (@) 6 (@) + /(1) g (0)
B 72 (@)
T 2 W) g (@) + (@) g% (v)

and by (3.9) we get

0< - A”;( LULE 2p g @+ £ @5 )
<(1-v)g* () +Vf2 (1) g% () = 1 () ") (v) 707 (2) g™ ()
1 % '(y) g (z) 2 2 (p 2 (1) g2
< vl — ( =) 2 (@) —2f°(y)g” (@) + [ (2)g (y))
< %V(l —v) (2 — 1> f*(x) g% (y)

for any z, y € E and v € [0,1].
Now, if we use a similar argument to the one from the proof of Theorem 1 we
deduce the desired result (3.7). O

Corollary 3. Let A: L — R be a normalised isotonic functional. If f, g: E — R
4 4

are such that, f?, g2, %, 5—2, fRa=mg2v f2v20=v) ¢ I for some v € [0,1] and

the condition (2.1) holds, then

o) )
AP - A (P 4 ()
o2 ()4 () -ai0000)
iv(l—w(ﬁfi—lffl(ﬂ)A(g?).
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In particular, if f2, g2, ;{—z, g—:, fg € L, then we have

5 (4 (£)4(5)-a0000)

1
si(fz)A(f) - A4%(fg)

D (2)a (D) - ae)
<1 ) apae),

We observe that the inequality (3.11) can be written as

e (ABAE)

(3.11) 0<

|
oo
S{o

G U= e\ A ary ) S A A
e (A(g)A(R) Ly
5wz | A@Agy ! §8<m21)'

4. APPLICATIONS FOR INTEGRALS

Let (2,4, 1) be a measurable space consisting of a set {2, a o -algebra A of
subsets of 2 and a countably additive and positive measure p on A with values
in RU {oco}. For a p-measurable function w : Q@ — R, with w () > 0 for u -a.e.
(almost every) = € Q and p > 1 consider the Lebesgue space

L () :={f:Q— R, fis p-measurable and /Q If (2)]” w (z)dp (z) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdy instead of
Jow (x)dp(z). The same for other integrals involved below. We assume that

Jowdp = 1.
Let f, g be y-measurable functions with the property that there exists the con-
stants M, m > 0 such that

f

(4.1) 0<m< =< M < oo p-almost everywhere (a.e.) on .
g

If £2, g2, ?—z, fRa-vg2v 20 20-0) ¢ 1 (Q, ) for some v € [0, 1] and the condition
(4.1) holds, then by (2.7) we have

4
(4.2) v(l—v) m2( wg—Qdu/ wfdp — 1)
Q f Q
S/wf2dlu/wg2dlu_/wa(lfu)QQleJJ/wf21/92(171/)d'u}
Q Q Q Q

gu(l—u)M2< Qw‘;];du/gwadu—l).
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In particular, if f2, g2, ;{—z, fg € Ly (£, 1) and the condition (4.1) holds, then

N
e ([ )

If f2, g2, Ly, f20-0) g2 20 g20-v) ¢ [ (Q, 1) for some v € [0,1] and the condition
(4.1) holds then by (2.15) we have

4 2
(4.4) #V(l —v) (/Q ngd,u/ng—Qdu— (/Q ’wad/J,) >
2 2 _ 2(1-v) 2v 2v 2(1—v)
S/wadu/ﬂwgdu /wa gdu/ﬂwfg dp
1 I :
< wu(l—u) (/ngQd,u/ngQdu— (/gzwfgdu) ) .

In particular, if f2, g2, f—Q, fg € Ly, (92, ) and the condition (4.1) is valid, then we
have

(4.5) 4Tl42 (/wadu/gw;du— (/waQduf)
/Q wf?dp / wgldp — ( / wfgdu)2
<7 (/ de,/w—d,u (/wa%zuf).

If 2, ¢2, fi, 2, R g2y f2v20=v) ¢ 1, (Q, u) for some v € [0,1], and the
condition (4. ) holds, then

1 m2 ( g4 f4
4.6 0<=v(1-v)— w==du dp — /ngd,u/wad,uJ
(46) 2 ( )M2 o [f? e Q Q
S/wf2du/w92dﬂ_/wf2(171/)g2l/du/,wf21/g2(1711)du
Q Q Q
1 M? g*
2V(11/)m2( fzdu w—du /wgzd,u/ wf2du)

1 M2 )2/ )
1l—v)|{—5 -1 wfdu/wgzdu.
2 ( )(m2 Q Q

IN

IN
|
]
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In particular, if f2, g2, q—g f—z fg € Ly (2, u), then we have

(47) < 5o ([ whan [ whan— [ wgtan [ wsian)
// (o)
T ([ [t o)
(5 forn o

5. APPLICATIONS FOR REAL NUMBERS

IN

We consider the n-tuples of positive numbers a = (a1, ...,a,), b = (b1, ..., b,) and
the probability distribution p = (p1,...,ps), i.e. p; > 0 for any i € {1,...,n} with
¢, pi = 1. If there exist the constants m, M > 0 such that

(5.1) 0<m§%§M<ooforanyi€{1,...,n},
i

then by (4.2) and (4.3) for the counting discrete measure, we have

(52) v(1-v) (sz 5 sza — 1)

zil

< S S S S
= i=1 i=1 i1
v(l—v)M? (Zpl 5 Zpla — 1)

12’1

for any v € [0,1] and

n n n n 2
(5.3) im ( s " sza - 1) < Z iai Y pibi — (Zpiaibi>
e ; i=1 =
(sz 2 sza - 1)

11’1

S

IN
»&M—‘

If a = (a1,...,an), b = (b1,...,b,) satisfy (5.1), then by (4.4) and (4.5) for the
counting discrete measure, we have

1 n n CL4 n 2
(5.4) Vel (1-v) Zpibfzpib% _ (Zpia?>
. n 2 n pzb2 pia; 2(1 D)bQV _a?ybg(l—l/)
2 pai ) Z > b

i=1

a0 S Yot - (o)
=1 i=1 z i=1
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for any v € [0, 1] and

(55) e > it} Zpibi? (> pias
=1 =1 * i=1

n n n 2
2 2
<Y ey pibi — | D piaib;
=1 =1 =1
2
n n n

1 al
< | Dopbi Y _pigg — | Do
=1 =1 ? i=1

If a = (a1,...,an), b = (b1,...,by) satisfy (5.1), then by (4.6) and (4.7) for the

counting discrete measure, we have

m2
(5.6) 0< %V(l ~V) sz sz szbQsz

<Yt Zb S n Y
i=1 i—1 Py —
S; (1_V sz Zpli_zpszsz 2

IN

%V(l—V) (—1> sz QszbQ

for any v € [0, 1] and

2

(5.7) 0< %% sz sz Zplesz

n n n 2

<Y piady pib = | D piaib;
i=1 i=1 i=1
1M? (&

< gm sz sz szbQsz ?

< é ( - 1) Zpt QZprQ
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