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LOGARITHMIC INEQUALITIES FOR TWO POSITIVE
NUMBERS VIA TAYLOR’S EXPANSION WITH INTEGRAL
REMAINDER

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain several new logarithmic inequalities for
two numbers a,b mainly in the case when b > a > 0 by the use of Taylor’s
expansion with integral remainder. An analysis of which bound is better is
also performed.

1. INTRODUCTION

There are a number of inequalities for logarithm that are well know and widely

used in literature, such as:

—1
(1.1) ° <lnz <z -1 forz >0,
T
(1.2) 2 (14w < for z > 0
. n x or ,
24x — T Vx+1 -
:zrg—ln(l—:c)glfx,forx<1,
lnmgn(xl/"—l) for n > 0 and = > 0,
In(1—|z]) <In(z+1) <—In(1—|z|) for |z| <1,
and

3 3
—ix <In(l—-2) < ix for 0 < z < 0.5838,

see for instance

http: //functions.wolfram.com/ElementaryFunctions/Log/29/
and [4].

A simple proof of the first inequality in (1.2) may be found, for instance, in [5],

see also [6] where the following rational bounds are provided as well:

1+2 1+2
M Sln(1+z)§ Lw formEO.
(1+z) (1+ 32) 1+ s
In the recent paper [1] we established the following inequalities for logarithm:
(b _ a)2n (b _ (:L)Qn

(1.3) ;< nz_: (—1)k! (bk_a;‘)k —Inb+Ina <

2n i 20
2n max?" {a, b po 2n min“" {a, b}
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and

n 2n—1 k 2n
(b—a)? (b—a) (b—a)
1.4 — 2 <Inb-Ina-— <
(14) 2n max?" {a,b} — nb—lna ; kb*  — 2nmin®" {a, b}

for any a, b > 0 and for n > 1. In particular, for n = 1 we get

(b—a)? b—a (b—a)®
1. < -1 Ing < ———————
(1.5) 2max?{a,b} ~— a nbina < 2min? {a, b}
and

(b—a)? b—a (b—a)’
1. ————— <Inb-—1Ina— .
(16) 2max? {a,b} — " ne b~ 2min®{a,b}

We have the following upper bounds [1]:

2n—1 k—1 k 2n—1 (19n—1 2n—1
(=) (b—a) (b—a) (b —a )
1. < R A | Ina <
(1.7 (0<) ;:1 Tak nb+lna < (2n — 1) b2n—1g2n—1
and
2n—1 k 2n—1 2n—1 2n—1
(b—a)® (b—a) (b=t — a7t
< ~lna- <
(0<)Inb—Ina ok = (2n — 1) p2n—1g2n—1

k=1
for any a, b > 0 and for n > 1. For any a, b > 0 we have the simpler inequalities

b— b—a)’
(1.8) 02 =% “lptma< P29
and
b—a _(b—a)’
1.9 0<)Inb—1Ina —
1.9) O mb—ma- 50 < O
We also have the Holder’s type upper bounds [2]:
2n—1 k—1 k
(=D (b—-a)
(1.10) (0<) Z T—lan—lna
k=1

|b . a|2n71+1/p |b2nq—1 _ CL27’Lq—1|1/q

T (2n = 1) p+ 1)V7 (2ng — )V (ba)* V1

and
2n—1 k
(b—a)
1.11 0<)lnb—Ina—
( ) (0<)In na kZ:l A
\b _ a|2n—1+1/p |b2nq71 - a2nq71|1/q

<

[(2n = 1) p+ 17 (2ng — )7 (ba)*" /7’
where p, ¢ > 1 with % + % =1land a, b > 0 and n > 1. In particular, we get for
n=1

b—a |b—a|1'~_1/p|b2q_1 —azq_l‘l/q

(1.12) (0<) —Inb+1Ina <

a [0+ 11" (2g = 1) (ba)*~ /"
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and
b— b— allTV/P 201 _ 201/
(1.13) (0<)Inb—1Ina— —2 < b= al - | 1/‘1 2|71/ .
b T+ 1Y (2g = 1) (ba)*
In [2] we obtained the following complementary results:

1 2 —a 1 9
1.14 ———(b—a)" <Inb—Ilna— < b—
(1.14) 2bmax {a, b} (b—a) <l e b — 2bmin{a,b} (b—a)
and

1 2 _b—a 1 9
1.15 —(b—a)’ < —Inb+lna < ——+—(b—
(1.15) 2a max {a, b} (b—a) < a notina = 2a min {a, b} (b—a)

for any a, b > 0. If n > 1, then for any a, b > 0 we have that [2]

(1 16) (b . a)27l+2
’ 2n +1) (2n + 2) bmax?n+1 {q,
b 2n+1 b
b—a 1 (1) (b—a)
<Ilnb—1Ina-— -
shb=lna=—==+7 kzzz k(k—1) a1
- (b _ a)2n+2
= (2n 4 1) (2n +2) bmin®" {a, b}
and
(1 17) (b o a)2n+2
' (2n +1) (2n + 2) amax?"t! {a, b}
b—a 1 1 (b— a)k
< _- b+l
=4 azk(k—l) g1 mbtlna
k=2
(b _ a)2n+2

~ (2n+1)(2n+2)amin® ! {a, b}

For other similar bounds see [2].
Motivated by the above results, we establish in this paper several bounds for the
quantities

2n k—1 k
Inb—lna—y (=1)" (b—qa)

ka* ’
k=1
2n k
(b—a)
lnb—lna—z Tk
k=1
2n k k
b—a 1 (=1)" (b—a)
b +gzk(k_1) p) —Inb+1Ina
k=2
and
2n k
b—a 1 1 (b—a)
—Inb+1
a akZ:Qk(k—l) i1 notine

where b, a > 0 and n > 1. The simpler cases when n = 1 are outlined and in this
case some bounds are numerically compared to conclude that neither is always best.
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2. SOME INEQUALITIES FOR LOGARITHM

The following result holds, see for instance [3] where various applications in
Information Theory were provided:

Lemma 1. For any a, b > 0 we have for m > 1 that

B R

tm+1

For recent inequalities derived from this identity and a short proof, see [1].
We have the following result:

Theorem 1. For any a, b > 0 we have for n > 1 that

2n k—1 k
1 n+1 (-1) (b—a)
2.2 ——— (b — <Inb—Ina— —
(22) (2n + 1) b2ntl (b-a) <lnb-lna kzz:l kak
1 2n+1
< - _(p—
= (271, + 1) a2n+1 (b a)
and
2n k
1 2n+1 (b—a)
2. ——— (b — <Inb-1 —
23) @n et 07 shb-ina ; bk
1 ( . )2n+1 )

< -
~ (2n+1)a?t!
Proof. If we take m = 2n with n > 1 in (2.1), then we get for any a, b > 0 that

(2.4) lnb—lna+z b_a) —/b(b_t)%dt.

t2n+1

If b > a > 0, then we have

1 b n b b*th 1 b ”
W/ (b—1t)° dtS/ (t2n+)1 dt§a2n+1/ (b—t)*"dt

and since

2n+1

we get, by (2.4) the desired inequality (2.2).
If a > b >0, then

b 1
/ (b— )2 dt = (b— a)2n !

We have
(2.6) %H/ (b—t)zndtg/a (b;i)fndtg = 1/@ (b—t)*" dt.
a b y t b2ntl J

Observe that

a a _b)2n+1 (b_a)2n+l
bot?mat= [ (- vy ar = =—
/b ( ) /b ( ) 2n+1 2n+1
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and by (2.6) we then get
B (b _ a)2n+1 d - /a (b _ t)27l
b

(2n+1)a2n+l " — g2l

that is equivalent to

(b _ a)2n+1

dt< -9
=T (2n 1 1)

_ 2n+1 a _ 2n _ 2n+1
U0 Sy () o 0 i
b2+l (2n + 1) ,  t2ntl (2n + 1) a?nt1
By using (2.4) and (2.5) we get (2.2) again.
Now, if we replace a with b in (2.2) we get
2n k k
1 2n+1 (=1)" (a—b)
————(a—0» <lIlna—1Inbd —_—
(2n+ 1) q2n+1 (a ) S Ina no -+ ; kibk
1 1
<—————(a—b
S @y (a—b)
namely
2n k
1 2n+1 (b—a)
. S— - <Ina-—1
(2n + 1) a2n+1 (b—a)™" <Ina nb+k§ kbF
1
_ (b o a)2n+1 )

(2n + 1) p2nt1
If we multiply this inequality by —1 we get the desired inequality (2.3).
For any a, b > 0 we have by (2.2) and (2.3) for n = 1 that
1

(2.7) L P <mboma PO 0o 1
’ 3b3 o= “ a 2¢2 T 3d3
and
1 3 b—a (b—a)2 1 3
. — (b—a)’<Inb—1Ina— - <—(b-a)?.
(2.8) e (b—a)” <Inb—Ina 2 52 = 3.3 (b—a)

Corollary 1. For any a, b > 0 with b > a > 0 we have for n > 1 that

2n k—1 k
-1 —
(2.9) Z%glnb—lna
k=1 a
and
2n k
(2.10) Z% <Ilnb-—1Ina.
k=1

For any a, b > 0 with b > a > 0 we have

b—a (b—a)’ b—a
(2.11) T o <Ilnb—Ina <§ a>

and

2
(2.12) (b_a§> b—a+(b—a) <Inb-1Ina.

b b 2b2
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Remark 1. If we take b=z € (0,00) and a =1 in (2.2) and (2.3), then we get

1

O K 2041
2.13 <lhz-) —W—(z-1)"'< ——(z—1
(213) Gy e nz Z; PRV e y G
and
1 2 (z— 1)* 1
214) ——— (2 —1)"""' <lnz - < — 1)t
(2.14) (2n + 1) 2201 (x—1) <lnz ; Kb = 2n+) (x—1)
for any x € (0,00) and n > 1.
In particular, for n = 1 we have
3 1 2 _ 1 3
) (-1 <lnz— “(z—=17% <= (z—
(2.15) 3:173(96 1) <lnz a:+1+2(x 1) 73({1: 1)
and
1 5 -1 (z—-1)7° 1 5
(2.16) @(iﬂ—l) <lnz - o §§(x—1) .
Now, if x > 1, then we get from (2.13) that
2n (_l)k—l
(2.17) > — (- D <Inz
k=1
and from (2.14) that
2n k
(z—1)
(2.18) > <l
k=1
We have:
Theorem 2. For any a, b > 0 with b > a > 0 we have for n > 1 that
2n k—1 k 2n (12n 2n
(=) (b—a) 1 (b—a)™ (0> — a®)
2.19 0<)lnb—1Ina— < —
(2.19) (05)In e ’; kak ~ 2n a?np2n
Ifp,g>1 with%—l—%zl and a, b > 0 with b > a > 0 we have for n > 1 that

(=) (b= a)f
(2.20) (0<)Inb—1Ina— ’; %
1

<
T @np+ )VP 20+ 1) g - 1]

(b— a)2n+1/p (b(2n+1)q—1 - a(2n+1)q71)1/q

b2n+1/pa2n+1/p

In particular, for p = q = 2 we have

(1) (b —a)k
(2.21) (0<)Inb—1Ina— ];()ka(k)

1 a)2n+1/2 (b4n+1 _ a4n+1)1/2

< (b-
~ (dn+1)

b2n+1/242n+1/2
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Proof. By (2.4) we have for b > a > 0 that

2n k—1 k b 2n
(=" (b—a) (b—1)
(2.22) Inb—Ina— kz T = et
=1 a
an [0 1
§ (b — a) /a Wdt
b2n _ a2n

- _ 2n Y — @
- (b CL) 2na2nb2n

that proves the inequality (2.19).
Using Holder’s integral inequality we have for p, ¢ > 1 with % + % =1 that

b (b _ t)2n b 9 1/p b /4
/ et < / (b—1)*"" dt / AL
a t a a

Observe that

1/p n 1/p "
/b b t)m u _ (b— a)z p+1 _ (b— a)z +1/p
a 2np + 1 (an + 1)1/P

a —(2n —(2n 1/q
/b oy, _ <b (2n+1)g+1 _ ,—(2 +1)q+1>
a - (27’L + 1) q+ 1

p2n+1)a—1 _ ,(2n+1)g—1 1/q

= < [(271 T 1) q— 1] p(2n+1)g—14(2n+1)g—1 >
(b(2n+1)q—1 _ a(2n+1)q_1)1/q

[(2n + 1) g — 1]"/9 p2n+1-1/ag2n+1-1/q

(b(2n+l)q71 _ a(2n+1)q—1)1/q

and

[(2n + 1) g — 1]/ p2n+1/pg2n+1/p
By utilising the equality in (2.22) we deduce the desired result (2.20). O

For any a, b > 0 with b > a > 0 we have by (2.19), (2.20) and (2.21) for n =1
that

b—a (b—a)® _1(b—a)’(®—a?
(2.23) (0<)Inb—1Ina— " + 5.7 < 3 207 ,
(2.24) (0<)lnb—lna—b_a+(b_a)2
' - 2a?
B 1 (b— a)2+1/p (b3q—l . a3q—1)1/q
> (2p + 1)1/p (3(] . 1)1/q b2+1/pg2+1/p
Withp,q>1with%+%:1and
1/2
b—a (b—a)? _1(—a)’? 1 —dd)
(2.25) (0<)Inb—1na— + 52 < 3 e
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If x > 1, then we have for n > 1 that

(D) @-)t 1 @ -7 (@ 1)
(2.26) (0<)Inz— ; - <5 = .

pr,q>1with%—i—%:landel,thenwehavefornthhat

2n k—1 k
-1 -1 1
(227) (0<)Inz — Z (=) @ ) < 1/p 1/q
2 k Cnp+ )P[0+ 1) g — 1
(= 1)> VP (g0t a-1 1)1/‘1
X $2n+1/p

In particular, for p = ¢ = 2 we have

SV ) WP W kil Gt N

(2'28) (O S) Inz— Z L — (4n + 1) p2nt+1/2
k=1

for any =z > 1.
3. FURTHER INEQUALITIES FOR LOGARITHM
We have the following representation result [2]:

Lemma 2. For any m > 2 and any a, b > 0 we have

b—a o L (O
(3.1) Inb— bzk Y (ak 1) _{ nib /a( tm) dt.

We have:
Theorem 3. For any a, b > 0 we have for n > 1 that

1 (b—a)®™ ™! b - —a)*
2 < —Inb+1
(3 ) m (2’[1 + 1) b2n+1 — b Z ]f — 1 ak 1 no—+Ina

1 (b _ a)2n+1
“2n(2n+1) a2

and

(3.3) Lo oy _a)k—lnb+lna
’ 2n(2n+1) b™a ~ a at=k(k-1) bk—1

) 1 (b— a)2n+1
“2n(2n+1) a2ntl
Proof. If we take m = 2n with n > 1 in (3.1), then we get

Inb—Ina —

o 2n o k—1 _ k b o 2n
b a+lz( 1) (b )a) _ 1 (b—1) gt
b bk (k—1) ak-1 2nb J, 2

that is equivalent to
2n

—a)* b—a 1 [P(b-1)
4 —Inb+1 = [
(3.4) bzk _1 a’“ I nb+lna+ 5 onb ). dt

for any a, b > 0.
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If b > a > 0, then we have

an/ (b—t)zndté/ %dtéaﬁ/ (b—t)*" dt

namely

1 2n+1 -t 1 2n+1
85 o 0TS [ g oy e

If a > b >0, then
b _ 2n a _ 2n
[t [,
a t2n b t2"

Observe that

2n+1 2n+1
‘We have
]- “ 2n @ (b - t)zn ]- a 2n
- (t=0b)"dt < i dt < pan (t—0b)""dt
a b b
namely

a2+l
which, by multiplying with —1 gives

1 (b o a)2n+1 - /b (b . t)Qn dt - 1 (b . a)Q’ILJrl

1 (b—a)”" @ (h—t)*" 1 (b-a)
7g/b (Gt 5 Chull) il

3.6
( ) b2n 2n+ 1 t2n — a2n 2n+ 1

fora>b>0.
Using the representation (3.4) and the inequalities (3.5) and (3.6) we get (3.2).
If we replace a with b in (3.2) then we get

1 (@a—b)>" 1 (=% (a—b)* a—b
<= —lna+Inb+—-o
2n(2n+1) a*tl g kzﬁ kE(k—1) bk-1 natinbt =,

- 1 (a _ b)2n+1
“2n(2n+1)  b"a

namely
1 b-—a)* 1 & 1 (b-a) a—>b
3.7 - <= —1 Inbd
(3:7) 2n(2n+1) a?ntl *akzﬂk(k—l) bE—1 nat gt
~ 1 (b—a)*"t
- 2m(2n+1)  b%a
If we multiply (3.7) by —1, then we get (3.3). O
For any a, b > 0 we have by (3.2) and (3.3) for n = 1 that
1b-a)® b—a 1(b-a)’ 1(b—a)
. - < = —1 Ina < =
(3:8) e R
and
1(b—a)?® b—a 1(0b-a) 1(b—a)
3.9 - < - “lb+la< Y
(39) 6 ba ~ a 2 ab n+na_6 a’
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We have:
Corollary 2. For any a, b > 0 with b > a > 0 we have for n > 1 that
2n k k
b—a b—a 1 (=1)" (b—a)
3.10 —— <] Inb—Ina < -
(3.10) <b —) no—ines g +ka:2k(k—1) 1
and
b—a 1< 1 (b—a)" b—a
3.11 Inb—1Ina < - = < .
(3:11) " =Ty agk(kfl) bE—1 (_ a)
For any a, b > 0 with b > a > 0 we have
b—a b—a 1(b—a)’
12 <) Inb—1Ina < -
(312) (b —> nb-lnas—==+5—0
and
b—a 1(b—a)’ b—a
3.13 Inb—1Ina < — = < .
( ) i ha = a 2 ab T a

Remark 2. If we take b=z € (0,00) and a =1 in (3.2) and (3.3), then we get

1 (-1 z-1 1 (=) k
14 < — —— (x—1)" =1
(3:14) 2n(2n+1) 22t T 2 + xkzﬂ k(k-1) (z—1) ne
; 1 (@ — )27+
“2n(2n+1) x
and
1 (z — 1)1 1 (-1
3.15 <zx—-1- —1
(3:.15) 2n (2n +1) x2n =7 ];k(k— 1) zk-1 ne
o1y
S s @Y

In particular, for n =1 we have

1z—-1° 2-1 1(x—-1)° 1(z—1)°
.1 - < - —Inz <=
(3.16) 6 3 T =z Jr2 T NS5
and
1(z—1)° 1(z—1)° 3
(3.17) ngx—l—i - —lnx<6(:c—1)
for any x > 0.
For x > 1 we also have
2n k
z—1 -1 1 (1) k
3.18 <] 1 < — ——(x—1
(3.18) ( x _> =Ty +x¥2k(l§fl)($ )
and
2n k
1 (x—1)
3.19 he<z-—-1- <zx-—1
( ) nrs=Tr kzﬁk(k‘—l) .’L'k_l (—1: )

for anyn > 1.
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In particular, we have

2
(3.20) (x 1<> lnxgx 1—1—}(% D)
T T 2 T
and
2
(3.21) lnznglféﬂ (<z—1)
x

for any x > 1.
We have:

Theorem 4. For any a, b > 0 with b > a > 0 we have for n > 1 that

2n k k
b—a 1 (=) (b—a)
. < — -
(3.22) (0 <) 2 + bkgzzk(k_l) gy Inb+1Ina
_ 1 (b _ a)2n (b2n71 o a2n71) '
~2n(2n—1) b2na2n—1

pr,q>1with%—l—%:l(mda,b>0withb2a>0wehaveforn21that

2n k k
b—a 15~ (=1 (b—a)
(3.23) (0=<) b +Ezk‘(k‘—l) ak—1 —Inb+Ina
k=2
< 1 (b— a)2n+1/P (b2nq—1 _ a2nq_1)1/q
T 20 (2np+ 1)MP (2ng — 1)V9 p2nti-1/qg2n—174
In particular, for p = q = 2 we have
2n k k

b—a 15~ (=1 (b—a)

(3:24) 0=) b +Ezk(k_1) s —Inb+1Ina
k=2
< 1 (b— a)2n+1/2 (b4n—1 _ a4n—1)1/2
T 2n(4n + 1)1/2 (4n — 1)1/2 p2nt1/2g2n—1/2
Proof. For any a, b > 0 with b > a > 0 we have for n > 1 that
2n k k

13 ()" () b—a
3.25 - —Inb+lna+—2
R

1 b _ \2n
_ 1 =97
2nb J, $2n

< i(b )2 /bt_Q"dt
— 2nb “ o

1 b—2n+1 —2n+1
- (b _ a)Qn _ a
2nb —2n+1 —-2n+1

1 (b _ a)Qn (an—l _ a2n—1)
2n (2n — 1) h2ng2n—1 ’

which proves (3.22).
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Using Holder’s integral inequality we have for p, ¢ > 1 with % + % =1 that

b 2n b 1/p b Ya
b—t
/ b-9" ﬁQn) dt < (/ (b—t)*"P dt) (/ tQ"th>
(b _ a)2np+1 1/p b—2nq+1 b—2nq+1 1/q
- 2np +1 (—2nq—|—1_—2nq—|—1>
(b _ a)2n+1/17 p2na—1 _ ;2nq—1 1/q
(2np + 1)1/10 ((an -1) 62”‘11@2”41)

(b - a)2n+1/p (anq—l _ a2nq—1) 1/q

(2np +1)'/7 (2ng — 1)/ 9 p2n—1/a2n—1/q

for any a, b >0 with b >a > 0and n > 1.
Using the first identity in (3.25) we get (3.23).

For any a, b > 0 with b > a > 0 we have by (3.22)-(3.24) for n = 1 that

b—a 1(b—a)’ 1(b—a)
. < = -1 Ina < =
(3.26) (0 <) 2 +2 " nb+ na < 5 —m
b—a 1(b—a)’
. < - -
(3.27) (0<) 2 + 5 b Inb+1Ina
§ 1 (b— a)2+1/p (b2q—1 . a2q—1)1/q
9 (2p + 1)1/10 (2(] _ 1)1/q b3—-1/ag2-1/q

and

b—a 1(b—a)’ 1 (b—a)® [02+ba+a?
. < — — < .
(3.28) (0<) AR S Inb+1Ina < Nl \/ -

Remark 3. For x > 1 we also have

T —

1 12n _lkr
. +$k§_:2k((k_)1)(x—1)k—lnx

1 (z — 1) (221 — 1)

(3.29) (0 <)

- 27’L (27’[, — 1) Jj2n )
2n k
z—1 1 (_1) k
. < - =D R
(3.30) (0<)— +xk:2k(k:—1) (z—1)*—Inz
< 1 ( — 1)2H/P (g2na-1 _ 1)1/
T 20 (2np+ 1)MP (2ng — 1)V z2n+1-1/q
and
2n k
z—1 1 (1) .
31 < - =D R
(331 0<) x +f”;;2k(k—1)(x ) nx
< 1 (a: _ 1)2n+1/2 (x4"*1 _ 1)1/2.

=~ 2/},11(471_’_1)1/2 (4n_1)1/2 x2n+1/2
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In particular, for n =1, we have

-1 1(z—1)° 1(z—1)>°
. < — _ < =
(3.32) (0 <) . + 5 o Inz < 5
z—1 1(z—1)°
. < = -
(3.33) (0<) - + 5 2 Inz
B 1 (z — 1)2+1/P (qufl _ 1)1/‘1
T 202p+ 1)V (2 - 1)V0 ad=1/a
and
-1 1(xz—1)>
. < — _
(3.34) (0<) - + 5 2 Inz

_ 1 (z—1)° [B2+z+1
~ 215 22 x

4. COMPARISON

for any x > 1.

Using the inequalities (2.7), (2.23) and (2.25) we have for any b > a > 0 the
following upper bounds for the positive quantity

2
(41)  Inb—Ina— b;a + % < By (a,b), B (a,b) and Bs (a,b)
where

=L 3 1(b—a)’ (b+a)
(42) Bl (aab) :@(b_a) 5 Bg(a7b):§T
and

1 (ba)g\/b4+b3a+62a2+ba3+a4

(4.3) Bs (a,b) := R - '

Consider the simpler quantities

1 1lb+a
Ci(a,b) :== 3?702 (a,b) = >

and

11 [v*+b3a+b*a? + bad + a*
03 (a,b) = 5 b2 ba .

If we plot the difference D; (a,b) := C4 (a,b) — C3 (a,b) on the domain 1 < a <
b < 10 we have the Figure 1, the plot of the difference D5 (a,b) := Cs (a,b)—Cj5 (a,b)
on the domain 0 < a < b < 2 is depicted in Figure 2 while the plot of the difference
D3 (a,b) := C; (a,b) — C5(a,b) on the triangle 1 < a < b < 10 is incorporated in
Figure 3

The plots in Figure 1-3 show that neither of the upper bounds By (a,b), Bs (a,b)
and Bs (a,b) for the positive quantity

_ b—a)?
lnb—lna——a—l—( 2@5)

,0<a<b

is always best.
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FIcUrE 1. Plot of Dy (a,b) for 1 <a <b <10

ST~ I

0
0.5
05 0

1.5 1.5 1
h

FIGURE 2. Plot of Dy (a,b) for 0 <a <b<2

From the inequalities (3.8), (3.26) and (3.28) we have for any b > a > 0 the
following upper bounds for the positive quantity

b— 1(b—a)?
a+_( a)

(4.4) 5 5 ap —Inb+1na < Ky (a,b), Ks(a,b) and K3 (a,b)
where

1(b-a)’ 1(b—a)’
(45) Kl (a,b) = 8 a2b , KQ (CL, b) = §W
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F1GURrE 3. Plot of D3 (a,b) for 1 <a <b<10

and

1 (b—a)® [0%+ba+a?
(4.6) K3 (a,b) := N \/ ” :

The interested reader may perform a similar analysis for these bounds. However
the details are not provided here.
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