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INEQUALITIES FOR RELATIVE OPERATOR ENTROPY IN
TERMS OF TSALLIS’ ENTROPY

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain new inequalities for relative operator en-
tropy S (A|B) in terms of Tsallis’ relative entropy T4+ (A|B), t > 0 in the
case of positive invertible operators A, B. Further bounds for B > A are also
provided.

1. INTRODUCTION

Kamei and Fujii [10], [11] defined the relative operator entropy S (A|B), for
positive invertible operators A and B, by

(1.1) S(A|B) := A% (m (A*%BA*%))A%,
which is a relative version of the operator entropy considered by Nakamura-Umegaki

[16].
In general, we can define for positive operators A, B

S (A|B) = s- lir(r)1+S(A +ely|B)

if it exists, here 1y is the identity operator.
For the entropy function 7 (t) = —tInt, the operator entropy has the following
expression:

n(A)=—-AlnA=S(A|lg) >0
for positive contraction A. This shows that the relative operator entropy (1.1) is a
relative version of the operator entropy.
Following [12, p. 149-p. 155], we recall some important properties of relative
operator entropy for A and B positive invertible operators:
i) We have the equalities

1.2) S(A|B) = —A? (ln A1/23*1A1/2> A2 = g2y (B*l/QAB*W) BY2,

(
(
(ii) We have the inequalities
(1.3) S(A|B) < A(In||B|| —InA) and S (A|B) < B — A;
(iii) For any C, D positive invertible operators we have that
S(A+ B|C+ D) > S8 (A|C)+ S(B|D);
(iv) If B < C, then
S(A|B) < S (A[C);
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(v) If B,, | B, then
S(A|Bn) | S(A|B);
(vi) For a > 0 we have
S (aAlaB) = aS (A|B);
(vii) For every operator T' we have
T*S(A|B)T < S(T*AT|T*BT).
The relative operator entropy is jointly concave, namely, for any positive invertible
operators A, B, C, D we have
SEA+(1—-t)B|tC+(1—-t)D)>tS(A|IC)+ (1 —1t)S(B|D)

for any t € [0,1].

For other results on the relative operator entropy see [1], [8], [13], [14], [15] and
[17].

Observe that, if we replace in (1.2) B with A, then we get

S (B|A) = A2 <A’1/2BA’1/2) AL/2
— A1/2 (_A—1/2BA—1/2 In (A—I/QBA—l/Q)) A2,
therefore we have
(1.4) AL/ <A*1/QBA*1/2 In (A*I/QBA*W» A2 = _5(B|A)

for positive invertible operators A and B.

It is well know that, in general S (A|B) is not equal to S (B|A).

In [19], A. Uhlmann has shown that the relative operator entropy S (A|B) can
be represented as the strong limit
(1.5) S (A|B) = s- limw,

t—0 t
where .
At B = A2 (A‘l/QBA‘l/Q) AY2 yeo,1]

is the weighted geometric mean of positive invertible operators A and B. For v = %

we denote AfB. ’
This definition of the weighted geometric mean can be extended for any real
number v with v # 0.
For t # 0 and the positive invertible operators A, B we define the Tsallis’ relative
entropy (see also [7]) by

Al B — A
Consider the scalar function T3 : (0,00) — R defined for ¢ # 0 by
zt —1
We have
o1 1t a1
(1.6) T, (z) =~ = T

—t t tat

For positive invertible operators A and B and ¢t > 0 we then have

(A12BA-12) 1y
t

Al2T, (A’l/zBA’1/2> AL/2Z = A1/2 AY2 =T, (A|B).
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Also by (1.6) we have
AT, (A—1/2BA—1/2) AYV2 — T, (A|B)
and
(1.7) AV2T <A71/2BA71/2> A1/2
= AY?T, (A*WBA*I/?) (A*1/23A71/2) e

_ A1/2Tt (Afl/QBAfl/Q) A1/2A71/2 (Afl/QBAfl/Q)_t A71/2A

t —1
— T, (A|B) (AW (A—WBA—W) A1/2> A
=T,(A|B) (A,B)"" A

for any positive invertible operators A and B and ¢t > 0.

The following result providing upper and lower bounds for relative operator
entropy in terms of T} (-|-) has been obtained in [10] for 0 < ¢ < 1. However, it hods
for any ¢ > 0.

Theorem 1 (Fujii-Kamei, 1989, [10]). Let A, B be two positive invertible operators,
then for any t > 0 we have

(18) T . (A|B) < S (AIB) < T; (A|B).
In particular, we have for ¢ = 1 that

(1.9) (g —AB ') A< S(A|B) < B — A, [10]

and for ¢ = 2 that

(1.10) % (1H - (AB*1)2) A< S(AB) < % (BA™'B - 4A).
The case t = % is of interest as well. Since in this case we have
Tyja (AIB) = 2 (ALB — A)
and
T_y/2 (A|B) =Ty (A|B) (A )2B) A =2 (1H A (AuB)_l) A,
hence by (1.8) we get
(1.11) 2 (1H _A(AuB)—l)A < S(A|B) <2(AtB — A) < B — A.

Motivated by the Fujii-Kamei inequality (1.8) we establish in this paper some
new results providing Taylor’s like expansion bounds for the relative operator en-
tropy S (A|B) of positive invertible operators in terms of Tsallis’ relative entropy
Ty (A|B) with t > 0. Further bounds in the case that B > A are also provided.
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2. SOME OPERATOR INEQUALITIES
We need the following result, see [5]:

Lemma 1. For any a, b > 0 we have for n > 1 that

2n k—1 k
1 n+1 (-1) (b—a)
2.1 ——— (b — <Inb-—1Ina— —
( ) (27’L + 1) b2"+1 ( a) s n na ]; ]{jak
1 2n+1
< - (-
S Gy D (b—a)
and
2n k
1 an+1 (b—a)
2.2 — (b — < — —
(22) @+t 0-@ shb-lna ; Kb
1 2n+1
< — " —(b— .
~ (2n+1)a2ntt ( )

Proof. For the sake of completeness, we give a short proof here. We use the following
result, see for instance [6], where various applications in Information Theory were
provided:

(2.3) lnb—lna+z b_a) = (-)™ /b Mdt,

tnz+1

for any a, b > 0 and for m > 1. For recent inequalities derived from this identity
and a short proof, see [3].
If we take m = 2n withn > 1in (2.3) then we get for any a, b > 0 that

(2.4) 1nb—1na+z b_a) z/b(b_t)%dt.

t2n+1

If b > a > 0, then we have

1 b 2n b (b - t)gn 1 b 2n
W/u (b—1) dté/@ £2n+1 dt < a2n+1/a (b—1)™" dt

and since

2n+1

we get, by (2.4) the desired inequality (2.1).
If a > b >0, then

b 1
/ (b _ t)2’n dt — (b _ a>2n+1

b 2n a 2n
(b—1) _ b-1)
We have
26 1 ab 2nd< a(bft)znd< 1 ab Qnd
(2.6) a2n+l J, ( t) t , 2l RS pntl J (b—1) t.

Observe that

a a _b)2n+1 (b_a)2n+l
bt at= [ (- v ar = =—
/b ( ) /b ( ) 2n+1 2n+1
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and by (2.6) we then get

B (b . a)2n+1 dt - /a (b . t)271 dt - (b . a)2n+1
(27’L + 1) a2n+1 — b t2n+1 — b2n+1 (2n + 1)
that is equivalent to
(b - a)27l+1 - /a (b o t)QTL dt - (b o a)Q’I’L-‘rl dt
P 2n+ 1) -y, 2 T @nt a2t
By using (2.4) and (2.5) we get (2.1) again.
Now, if we replace a with b in (2.1), then we get
2n k k
1 2n+1 (=1)" (a —b)
——————(a—b <Ina-—1Inb —
Gng ezt @07 sha—Inb+t ; kb
1 2n+1
<—————(a-b
= (2n + 1) 20t (@ =077,
namely
2n k
1 2n+1 (b—a)
- (b— <Ina-—Inb
(2n + 1) a2 +1 (b—a)™" <lna—In +; Kbk
1 2n+1
< (- ,
— (2n+1)p2ntl ( )
If we multiply this inequality by —1 we get the desired inequality (2.2). |

Remark 1. If we take b=y € (0,00) and a =1 in (2.1) and (2.2), then we get

1 (-t o (-1 ; —_—
2. <lny— -~ (-1 < —(y—-1
and
' (2n + 1) y2n+1 4 =y Pt kyk  — (2n+1) Y

for any y € (0,00) and n > 1.
The following operator inequality holds:

Theorem 2. Let A, B be two positive invertible operators, then for any t > 0 we

have

(2.9) Wlﬂ)t% (T_, (AB) A1) > 4
< 5(AlB) - ; CU 2 i ) a4
< (%%Ut% (T, (A|B) A~1)*"*1 A
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and
1 2n —1\2n+1
(2.10) mﬁ (T-¢ (A|IB) A7) A
2 yk—1 i
<S(AB) =) —— (T (AB)A™")" A
k=1
1 _1\2n+1
< 2n 1
< 7(% n 1)t (Tt (A|B) A ) A

for anyn > 1.

Proof. By (2.7) we have for y = ' with > 0 and ¢t > 0 that

2n k—1
1 _n2ntl (-1) k 2n+1
— _(1-a7! <lhz' -y (@ -1)"'<—— (2t -1
(27”L+].) ( r ) = nx ; k (Jf ) — (27’L+1) (Jj ) )
namely
1 1— x,t 2n+1 2n (_1)k—1 fI:t ~1 k
g < tlnz— tk
(2n + 1) ( t ) < the-) t

and by division with ¢ > 0,
L (L=amt\™ . 22" (1R g1 st 1\ E
(2n+1) t - k t

1 .’Et . 1 2n+1
< t27l
- (@2n+1) t
for any x,t > 0 and n > 1.

This inequality can be written in terms of T} as

N

1 2np2n+1 Zzn (=DMt
k=1
1
< t2nT2n+1
Snry B @

for any z, ¢t > 0 and n > 1.
Using the continuous functional calculus for the positive invertible operator X
we have

1
(2n+1)

(-

2n
T (X)) <X - Y (T, (X))
k=1

1

n 2n+1
< th (T, (X)) .
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Now, if we take in this inequality X = A='/2BA~1/2, then we get
;th (T,t (A—l/zBA—1/2)>2"H
(2n+1)

2n

<In(A7/2BA7Y2) =30 (_1):1’5’” (7 (A*l/QBA*1/2))k
k=1

< £2n (Tt (.4—1/23,4—1/2))2”+1 .

2n+1)
If we multiply this inequality in both sides by A'/2, then we get

ey ()

< A2 (ln (A*1/2BA*1/2>> AL/2

(2.12)

_ i (—1)k;1 tk_1A1/2 (Tt (A—1/2BA—1/2))k AL/2
k=1

1
S
~ (2n+1)
Observe that for £ = 1 we have
k
A1/2 (Tt <A71/23A71/2)) A1/2 _ A1/2jvt (A71/2BA71/2) A1/2 =T, (A|B) )
For k > 2 we have

AL/2 (Tt (A—l/zBA—1/2)>k AL/2

21 41/2 (Tt (A—l/QBA—1/2)>2n+1 A1/2.

— A1/ (A_1/2A1/2Tt (A—l/QBA—l/Z) A1/2A—1/2)kA1/2

— 412 (A_1/2Tt (A|B) A—l/z)kA1/2
= AY2ATV2T, (A|IB) A™Y2. ATYV2T, (A|B) A71/2 412
=T,(A|B)A™'..T, (A|B) A=1/2 41/2
=T, (A|B)A™'"..T; (AIB) A" A= (T, (A|B) A™")" A.
We observe that, this formula also holds for £ = 1, therefore for any k£ > 1 we have

A2 (T, (A*1/2BA*1/2))'€A1/2 — (T, (4]B) A" A.

k

Similarly,
A1/2 (T—t (A—l/QBA—1/2>)2n+1 A1/2 — (T—t (AlB) A—l)2n+1 A

and by (2.12) we get the desired result (2.9).
From (2.8) we have for y = z* with z > 0 and ¢ > 0 that

2n
1 2 2n+1 1 k—1mk 1 2 2n+1
——__ynpn <1 —§ Zghmlp L )
(2n +1) — (2) <hnw —k ~i(2) < (2n +1) ¢ (z)

On making use of a similar argument to the one outlined above we get the desired
result (2.10) and the details are omitted. O
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Corollary 1. Let A, B be two positive invertible operators such that B > A then
for any t > 0 we have the lower bounds for the relative operator entropy

2n (71)]9—1 tkil

(2.13) > (LB AT) A< S (A]B)
k=1
and
2n k=1 i
(2.14) Y. (T (AB)AT) A< S(AB)
k=1

for anyn > 1.
Proof. If B > A, then by multiplying both sides by A=1/2 we get

ATV2BATY2 > 1y,
If x > 1 then for ¢ > 0 we have

xt—1
T = >0
¢ (2) ot =

which implies for the operator X > 1y that T_; (X) > 0 and for X = A-1/2BA-1/2
that T_, (A~1/2BA~1/2) > 0. By multiplying both sides with A'/2 we get

AT (ATV2BATY) A2 2 0,

Therefore
2n+1
(T (AIB) A1) A= A2 (T, (A712BATY2)) 7 a2 20
for n > 1 and by (2.9) and (2.10) we get the desired results. 0

If we take n =1 in (2.9) and (2.10), then we get

(2.15) %ﬁ (T_¢ (A|B)A™")’ A < S(A|B) — T (A|B) + %t (T, (A|B) A1)* 4

1 3

< o (T (AB) A7) A

and

(2.16) %tQ (T (AIB)A™Y)> A< S (A|B) — T_, (A|B) — %t (T_. (A|B) A"1)* A

< %tQ (T, (A|B) A1) 4,

for any A, B two positive invertible operators and any ¢ > 0.
If A, B are two positive invertible operators with B > A and ¢ > 0, then

(2.17) T, (A|B) - %t (Tt (A|B) A*I)2 A< S(A|B) (£T:(A|B) from (1.8))
and
(2.18) T :(A|B) <T_:(A|B)+ %t (T,t (A|B) A_1)2 A< S(A|B).

The inequality between the first and last term in (2.18) holds for any positive
invertible operators A, B, as shown in the first part of (1.8). Therefore, (2.18) can
be seen as a refinement of that inequality.
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Remark 2. If we take in the inequalities (2.9) and (2.10) t =1 and since
T, (A|B) AV =1y —AB ' and Ty (A|B) AV =BA' — 1y,

then we get

2n k—1
n -1 _ k
(2.19) TS (ln —AB Y a<sAB) - ( 12 (BA™' —15)" A
k=1
1 _ 2n+1
< BA™' -1 A
= (2n+1) ( )
and
2n
]. 1 2n+1 1 1 k
. — (1p - < - -
(2.20) D) (1g — AB™")™ A< S(AB) kZ:lk@H AB™1)" A
1 _ 2n+1
< 11 A
= (2n+1) (BA ")
for any positive invertible operators A, B andn > 1.
If B> A, then
2n (_1)k71 i
> - (BA™' —15)" A< S(A|B)
k=1
and
2n 1 A
> - (1w — AB™')" A < S(A|B)
k=1

for anyn > 1.
If we take in the inequalities (2.9) and (2.10) t = 2 and since

T2 (AB)A™! = % (1H - (AB—1)2)

and

Ty (A|B) At = % ((BA*)2 - 1H) :
then we get
(2.21) m (1H - (AB—1)2)2”+1
2n k—1
< S(A|B) - %Z (’1; ((BA*)2 - 1H)k A
k=1
1 2 2n+1
= 202n+1) ((BA ) - H)
and
(2.22) 2(2nl+ 1) (1H B (ABil)2> "
<S(AB) - i (11— (aB71)%) 4
1 - 2n+1
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for any positive invertible operators A, B and n > 1.
If B> A, then

(2.23) % - (_llzk_l ((BA‘1)2 - 1H)k A< S(A|B)
k=1
and
2n 1 ) k
(2.24) = (1H — (AB7Y) ) A< S(A|B)
k=1

for anyn > 1.
Since fort =1/2 we have

Ty5 (A|B) A~ =2 (1H —A (AjjB)_1>

and
Tijs (AIB)A™! =2 ((A4B) A™! — 1p),
then by the inequalities (2.9) and (2.10) we get

2 1 2n+1
(2.25) s (1H — A(A4B) ) A
2n (_1)1%1 » .
< S(AB)-2) p ((AtB)A™' —14)" A
k=1
2 1 2n+1
< @t D (A$B) A~ —1p) A
and
2 _ 2n+1

< S(A|B) - 2§n: % (1H —A (AﬁB)*l)k A
k=1

2 2n+1

< BT ((AtB) A  —15)""" 4
for anyn > 1.
If B> A, then
2n (_l)k—l
(2.27) 2y — ((AgB) AT - 17)" A < S(AB)
k=1
and
2n
1 NG
(2.28) 2; - (1H — A(AtB) ) A< S(A|B)

for anyn > 1.
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3. FURTHER OPERATOR INEQUALITIES
We have the following inequalities for the logarithm [5]:

Lemma 2. For any a, b > 0 we have for n > 1 that

1 b-—a)* b—a 1< (1) (b-a)
1 < - —Inb+1
T o) B T ay A k; FE—1) a1 motme
1 (b _ a)27b+1
“2n(2n+1) a2

and

1 (b _ a)QTLJrl a)k?
3.2 <b —Inb+1
B2 T D e S Zk ) bk T mbtina

1 (b . a)2n+1
n(2n+1) a?rtl

Proof. For the sake of completeness, we give a short proof here. We have the
following representation result [4]:

15N B (b—@)k G A
gkz a*=1 mb /a tm dt

for any m > 2 and any a, b > 0.
If we take m = 2n with n > 1 in (3.3), then we get

(3.3) Inb-—

2n k—1 k b 2n
—a 1 -1) (b a) 1 (b—1)
lnb—lna— 5; ) :——an/a T dt
that is equivalent to
2n k k b 2n
1 (=) (b—a) b—a 1 b—1)
3.4 - —Inb+1 = — ————dt
(34) b k(k—1) a1 " thetmm=on ) e
for any a, b > 0.
If b > a > 0, then we have
1 b 2n (b — t) 1 b 2n
bT"/a(b_t) dtg/aTdt<aﬁ a(b—t) dt
namely
1 2n+1 /b (b—t)™" 1 2n+1
3.5 — (b— < ~—tdt< —n- (b — .
B9 G T = | Tm S gy ()

If a > b >0, then

b _ 2n a _ 2n
/ G-t / G-
u t2n b t2n
Observe that

a a _b)2n+1 (b_a)2n+1
bt dt = [ (b= 2 - .
/b ( ) /b ( ) 2n+1 2n+1
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‘We have

1 [ @ (h—t)*" 1 /e
— (t—b)2”dt§/ (tTl)dtSan/ (t—b)"" dt
a b b b

namely

2n+1 a 2n 2n+1
SN e ST N
a> 2n+1 — J;

9

t2n = 2n+l
which, by multiplying with —1 gives

1 b _ 2n+1 b b ¢ 2n 1 b . 2n+1
(3.6) N Gl g/ 00" o Lo
?r 2n+1 . a>  2n+1

fora>b>0.
Using the representation (3.4) and the inequalities (3.5) and (3.6) we get (3.1).
If we replace a with b in (3.1), then we get

1 (@a—b)>" 1 (=1)* (a—b)* a—b
< - -1 Inb
on(2n+1) a2n+! = akgzk(k_l) pE—1 na—+Ino+ a
_ 1 (a _ b)2n+1
“2(2n+1)  bMa
namely
1 b-—a)* 1 & 1 (b-a) a—>b
3. - <= -1 Inb
(3.7) on(2n+1) a2t —akzﬂk(k_l) pE—1 na+lInb+ a
- 1 (b o a)2n+1
-~ 2n(2n+1)  b*ra
If we multiply (3.7) by —1, then we get (3.2). O

Remark 3. If we take b=y € (0,00) and a =1 in (3.1) and (3.2), then we get

1 (-1 g1 1 (—)F .
3.8 < Sl N S A PP L |
(38) 2n(2n+1) gyt Ty i Yy ];2 k(k—-1) -1 nY

and
1 - o1 (-t
3.9 <y—1- —1
G @D e SV kz:;k(k—l) gt Y
< _12n+1'
S ¥ Y

The following inequalities for the relative operator entropy may be stated as well:
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Theorem 3. Let A, B be two positive invertible operators, then for any t > 0 we
have

(3.10) mﬁ” (T_, (A|B) A1) A
2n k
<T_ (AB)+ Y k((gl)l)tk‘lA (A#,B)™" (T, (A|B) A=)* 4
k=2
— S(A|B)
< mtzm (At,B)" (T, (A|B) A" 1)*"*' A
and
(3.11) mt% (A8, B) A~ (T_, (A|B) A=) 4
< T, (A|B) — Z e t’H (Af;B) A~ (T_, (A|B)A™1)" A
S(A|B)

for anyn > 1.
Proof. By (3.8) we have for y = z with x > 0 and ¢t > 0 that

1 gt — 1\ gt —1 1 & K
< — —1)" —Ina*
2n(2n—|—1)( zt ) = xthQk (' =1)" ~Inz
1 ($t71)2n+1

n(2n+ 1) at

that is equivalent to

1 ;Et 1 2n+1
t2n
2n (2n + 1) < tat )
r-1 1 2 2t —1\"
< — —1
- tat a: kg k(k < t ) e

2n+1
€T
<
~ 2n 2n+ ( >

which can be written as
1

2n (2n + 1)

£ (T (@)

<T Lys (DY (T () —1
ST () + =y 7 (T; ()" —Inz
1 t2n
< -
“2n(2n+1) at

forany z >0, n>1and t > 0.
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Using the continuous functional calculus we have, as in the proof of Theorem 2
that
1 2n+1
42n (T, (A—l/QBA—l/Q))
2n (2n + 1) ¢
<T, (A—1/2BA—1/2)

S (*1)]C =1 (412 4-1/2 -t T (A-12BA—1/2 F
+Z;kw—1) ( ) (t( ))
~In (A/2BA72)

<y () ()

and by multiplying both sides with A'/? we get

(3.12) t%64“2(7Lt(AflﬂzaAflﬂ))2"+1AJﬁ

2n (2n + 1)
< AV?T (A—1/2BA—1/2> AL/2

+ Z k((kl k=1 41/2 (A—1/QBA—1/2)_t (Tt (A—l/QBA—l/Q))kAl/Q
A1/2 (ln< -1/2p A 1/2)) AL/2
1 2 4172 (A’1/2BA’1/2) -t (Tt (1471/231471/2»2’%1 A1/2

PO
“2n(2n+1)

for any A, B positive invertible operators for any ¢ > 0 and n > 1.
As above

14U2(Tlt(AflmliA_1ﬂ>>2n+1A?ﬂ::(TLt@4uﬂl4_w2n+lA,

A?ﬂzpt(A*UQBA*UQ)A?N:ZJLtpﬂB)
and for k > 2

AL/2 (A—l/QBA—1/2) -t (Tt (14—1/2314—1/2))]C AL/2
— AA-Y/2 (A—1/2BA—1/2)4A—1/2A1/2 (Tt (A—1/QBA—1/2))k AL/2
-4 (A1/2 (A’1/2BA’1/2>t A1/2> - AL/2 (Tt (A’l/zBA’1/2>>k AL/2

= A(A4B) " (T, (AIB) A" 4,

then by (2.10) we get the desired result (3.10).
By (3.9) we have

2n+1 2n k
1 y—1 1 y—1
<y-1-> —1
2n<2n+1>y< y ) =7 Hk(kl)‘y( y ) Y
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that by taking y = ! with z > 0 and ¢ > 0 gives

1 ajt o 1 2n+1
2t
2n(2n+ 1) ( xt )

2n 1 .’L't—l k
t t t
<x—1—zk(k_1)x< o ) —Inz
k=2
< b
T 2n(2n+1)

(J[,‘t o 1)2n+1

)

which is equivalent to

1 thxt .'I]t—l 2n+1
2n (2n 4+ 1) tat

2t-1 1, (21"
< ——— N ¢kt —1
=T ;k(kq) v ( tat > ne

1 2n zt =1 e
< t ,
“2n(2n+1) t

forany z > 0,¢t >0 and n > 1.
This inequality can be written as

2n

1 2 t2n+1 1 k—1_tmk
B L <Ty(2) -y -t 'T ~1
meng D’ Pl @sTi(@) k-1 " ~t (@) —Inz

1
< t2nT2n+1
Son@2n+ 1) (@),

forany z > 0,¢t >0 and n > 1.
Using the continuous functional calculus we have,

1 2n+1

2n(2n + 1)
<T (A—1/2BA—1/2)
$ e () (o)
—n(471/2BA"12)

< (80"

42n (A—l/QBA—l/Q)t (T—t (A—1/2BA—1/2))

for any A, B positive invertible operators for any ¢ > 0 and n > 1.

15
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If we multiply both sides of this inequality by A'/2 then we get
o e (A—1/QBA—1/2>t (T,t (14—1/2314—1/2))271+1 A1/2
(2n +1)

< Al/2T, ( 1/2BA—1/2) AL/2

(3.13)

_ i - (kl (k=1 41/2 (A71/23A71/2)t (T—t <A71/2BA71/2))’€A1/2
A1/2 In ( -1/2gA- 1/2)) AL/2
s )
Observe that for & > 2

AL/2 (T—t (A*1/2BA*1/2>)’€A1/2 = (T_, (A|B) A71)k A,

AY/? (A‘WBA—W)t (Tft (A—1/2BA—1/2))"’ 4L/
= A/? (A*1/2BA*1/2>tAl/zAflAl/z (T_t (A71/2BA71/2>)’€A1/2
— (A#,B) A~ (T_, (A|B) A" 4
and
A (1 (4 1

and by (3.13) we get the desired result (3.11). O

Corollary 2. Let A, B be two positive invertible operators such that B > A, then
for any t > 0 we have the upper bounds for the relative operator entropy

(3.14) S(A|B) <T_;(A|B) +ikk1—)k1)tk YA (Af;B)” (Tt(A\B)Afl)’“A
and
(3.15) S (A|B) <T,(A|B) - Zk tk_l (A, B) A~ (T_, (A|B)A~1)" 4

for anyn > 1.

If we take n =1 in (3.10) and (3.11), then we get
(3.16) . (A|B) A )3,4
. (A|B) + tA (At,B)™" (T, (A|B) A"")* A — S (A|B)

A(A2B) " (T, (AIB) AT A
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and

(3.17) étQ (A, B) A~ (T_, (A|B)A~")* A

< T4 (AIB) — 51 (A%B) A™ (I, (A|B) A™)° A~ 5 (4]B)

< étQ (T, (A1B) A1) A,

for any A, B positive invertible operators and ¢ > 0.
If A, B are two positive invertible operators with B > A and ¢ > 0, then

(318) (T_(AIB) <) S(AB) < T o (AIB) + ;1A (A4B) ™" (T, (AIB) A™)’ A
and

(3.19) S(A|B) <T:(A|B) - %t (Ag,B) A~ (T, (A|B) A‘1)2

A (ST (A|B)).

The inequality (3.18) provides a reverse for the first inequality in (1.8) while the
inequality (3.19) provides a refinement for the second inequality in (1.8).

Remark 4. If we take in the inequalities (3.10) and (3.11) t = 1 and since A1 B =
B

T 1 (AIBYA™ =15 —AB™ ' and Ty (A|B) A™' = BA™! — 1y,

then we get

1 —_1\2n+1
) — (1 - 1
(8.20) 2n(2n+1)(H ABT)T A
2n ( l)k k
<1y — AB™! — ) _AB ' (BA™'—1y4)"A— S(A|B
<1y +kZ:2k(k_1) ( H) S (A|B)
1 _ _ 2n+1
<——  _AB ' (BA'-1 A
= 2n(2n+1) ( ")
and
1 _ _1\2n+1
21 — — BA'(1y - AB7! A
(3:21) 2n (2n + 1) (Ln )
2n
1 k
<BA'—1y—-Y ———BA ' (1g—AB 1) " A—-S(A|B
< no ) oA (e )" A= 5(AlB)
<— ~  _(BA'—1)"""4
_2n(2n+1)( ")
for any positive invertible operators A, B and n > 1.
If B> A, then
2n ( 1)k A
22 AB) <1y — AB~! —~ 7 _AB ' (BA'-15)"A
and
2n 1 i
2 ABBy<BA™' -1y -y ———BA '(1g—AB™ )" 4
(3.23) S(A|B) < i ;k(k—l) (La )

for anyn > 1.
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If we take in the inequalities (3.10) and (3.11) t = 2 and since AfsB = BA™'B,

Ta () A7 = g (1 - (487)°)

and
Ty (A|B) At = % ((BA_1)2 - 1H) :
then
(3.24) 74n(2711+ ) (1H — (AB—1)2)2n+1
2n k
< % (1H - (AB‘1)2) + % k((;l_) 5 (AB~1)? ((BA-l)2 - 1H)k A
k=2
— S(A|B)
< ™ (271L+ 1) (AB_1)2 ((BA_1)2 _ 1H>2n+1A
and
(3.25) m (BA—1)2 <1H - (AB—1)2)2n+1
1 2 138 1 2 ok
Si((BA ) _1H)_§Zk(kfl) (BA7) (1H_(AB ) ) 4
k=2
— S(A|B)
1 2n+1

gy (347 1n)

for any positive invertible operators A and B and n > 1.

If B> A, then
(3.26) S(A|B) < % (1n - (4B7)?)
2n _ k 3
+3 2 k((kl_) 5 (4B7)* (A7) - 1) 4
and
(3.27) S(A|B) < % ( BA™Y)? - 1H)
1 2n 1 2 e
24 k(k—1) (BA™) (1H* (4577) ) A

for anyn > 1.
If we take in the inequalities (3.10) and (3.11) t =1/2 and since

T_y)5 (AIB)A™" =2 (1H _ A(AﬁB)*l)

and

Tyj2 (AIB)A™' =2 ((AtB) A™! —1p),
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then we get

(3.28) (1H - A(AﬁB)*l)Qn+1 A

n(2n+1)
2n k

<2 (1H A (AuB)*l) +23° k((;_)l)A (A2B) " ((A4B) A~ —14)" 4
k=2

- S(A|B)
1
= n(2n+1)

A(AB) ™" (1 - A (AﬁB)_l)an

and

2n+1

L agpya (1H—A(AﬁB)_1) A

n(2n+1)
<2((AgB) A7 —1p)

(3.29)

2n 1 B - .
_zém(AﬁB)A (IH—A(AﬁB) )A—S(A|B)

1

_ 2n+1
S o (WB)AT 1) A

for anyn > 1.
If B> A, then

(3.30) S(A|B) <2 (1H —A (AtiB)_l)
2n k
+2)° k((;l)l)A (AtB) "' (AtB) A  — 1)~ 4
k=2

and

(3.31) S(A|B) <2 ((AfB) A™' —1p)
2n
- 2;:2 ﬁ (AtB) A1 (1H | (AﬁB)*l)k A
for anyn > 1.
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