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INEQUALITIES FOR RELATIVE ENTROPY IN TERMS OF
TSALLIS’ ENTROPY FOR OPERATORS SATISFYING A
BOUNDEDNESS CONDITION (I)

S. S. DRAGOMIR1!:2

ABSTRACT. In this paper we obtain some inequalities for relative operator
entropy S (A|B) in terms of Tsallis’ relative entropy T4: (A|B), ¢ > 0 in
the case of positive invertible operators A, B that satisfy the boundedness
condition mA < B < MA with 0 <m < M.

1. INTRODUCTION

Kamei and Fujii [10], [11] defined the relative operator entropy S (A|B), for
positive invertible operators A and B, by

(1.1) S(41B) = A} ( (a7BA~H)) 4l

which is a relative version of the operator entropy considered by Nakamura-Umegaki
[16].
In general, we can define for positive operators A, B

S(AB) = s lim S(A+<ln|B)

if it exists, here 1y is the identity operator.
For the entropy function 7 (t) = —tInt, the operator entropy has the following
expression:
n(A)=—-AlnA=S(A|lg) >0

for positive contraction A. This shows that the relative operator entropy (1.1) is a
relative version of the operator entropy.
For results on the relative operator entropy see [12, p. 149-p. 155], [1], [8], [13],
[14], [15] and [17].
n [19], A. Uhlmann has shown that the relative operator entropy S (A|B) can
be represented as the strong limit
(1.2) S(A|B) = s- limw,
t—0 t
where ,
At B = AV? (A*l/ZBA*W) A2y e [0,1]

is the weighted geometric mean of positive invertible operators A and B. For v = %

we denote AfB.
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2 S.S. DRAGOMIRY2

This definition of the weighted geometric mean can be extended for any real
number v with v # 0.

For t # 0 and the positive invertible operators A, B we define the Tsallis’ relative
entropy (see also [7]) by

Af:B— A
Consider the scalar function T3 : (0,00) — R defined for ¢ # 0 by
zt —1
(1.3) T (x) :== ;
We have
11—zt a1
(1.4) T (2) =2 = T Tt

—t t tat

For positive invertible operators A and B and ¢t > 0 we then have

(A-12BA-Y2)" 1y
t

AT, (A71/2BA71/2> AL/Z = g1/2
Also by (1.4) we have
AV2T, (A*l/Z‘BA*l/Q) AY2 =T, (A|B)

A2 =T, (A|B).

and

(1.5) A2, (A’l/zBA*1/2> AL/2
= AT, (Afl/QBAfl/Z) (A—1/2BA71/2) -t 4172

— AV, (Afl/QBAfl/Q) AL/2 4172 (Afl/zBAfl/z)ft A-1/24

-1
t
— T, (A|B) (AW (A‘l/QBA‘l/Q) A1/2> A

=T,(A|B) (A#,B)"" A

for any positive invertible operators A and B and ¢ > 0.

The following result providing upper and lower bounds for relative operator
entropy in terms of 7y (+|-) has been obtained in [10] for 0 < ¢ < 1. However, it hods
for any ¢t > 0.

Theorem 1 (Fujii-Kamei, 1989, [10]). Let A, B be two positive invertible operators,
then for any t > 0 we have

(1.6) T . (AB) < S(A|B) <T:;(A|B).
In particular, we have for ¢t = 1 that
(1.7) (g —AB ') A< S(A|B) < B — A, [10]
and for t = 2 that
(1.8) ! (i = (AB)*) A< S(4B) < L(BaB - a).
2 - -2

The case ¢t = L is of interest as well. Since in this case we have
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and

-1

T 1/ (A[B) = Tyjo (A1B) (At sB) " A =2 (14— A(A8B)™") A,

hence by (1.6) we get
(1.9) 2 (1H - A(AﬁB)_1> A< S(AIB)<2(AtB - A) < B — A.

Motivated by the Fujii-Kamei inequality (1.6) we establish in this paper some
new results providing Taylor’s like expansion bounds for the relative operator en-
tropy S (A|B) in the case of positive invertible operators A, B that satisfy the
boundedness condition mA < B < MA with 0 < m < M in terms of Tsallis’
relative entropy Tyt (A|B) with ¢ > 0.

2. SOME PRELIMINARY RESULTS
We need the following result [3]

Lemma 1. For any a, b > 0 we have for n > 1 that

@ —G=a" Zn ;a)k—lnb—i—lna<%
' 2nmax?" {a,b} ~ ak = 2nmin®" {a,b}
and
n 2n—1 k 2n
(b—a)? (b—a) (b—a)
2.2 — < Inb—Ina— < .
(2:2) 2nmax?" {a,b} ~ . e ’; kb*  — 2nmin®*" {a, b}

Proof. For the sake of completeness, we give here a simple proof.
The following identity holds, see for instance [6] where further applications in
Information Theory were provided

m

(2.3) Inb—1Ina+ Z —a)’ = (=" /b Lt)mdt.

tm+1

for any a, b > 0 we have for m > 1
For m = 2n — 1 with n > 1, then from (2.1) we have

2n— 1 b 2n—1
b — a) (b—1)

(2.4) Inb—Ina+ Z = —/a gt
for any a, b > 0, giving that

b 2n—1 2n—1 k—1 k

(b—1t) (1) " (b—a)
(25) L Tdt = Z T —lnb+lna.
k=1
If b > a >0, then

b (b _ t)2n71 1 b 9 1 (b _ a)2n
2. —dt > — b—t)" T dt = ——
( 6) /a £2n = p2n /a ( ) Inb2n

and

b _ 2n—1 b _ 2n
(2.7) / (btzi)ndt < a%/ (b—t)*" " dt = (b—a)™
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If a > b >0, then

b 2n—1 a 2n—1 a 2n—1
(b-1) (b-1) (t—10)
/a St = = | Tp—dt= | St

Therefore

a (t _ b)2’n—l 1 /a o1 (a _ b)Q’I’L
2. —dt> — —-b =
ey [ e o et =
and

a (t _ b)Qn—l 1 /a on_1 (CL _ b)?”
2. —dt < — — = —
(2.9) /b ot < g [ -y = S

By making use of (2.6)-(2.9), we deduce the desired result (2.1).
Now, if we replace a with b in (2.1) we get (2.2).

Remark 1. Since for y > 0 we have:

(y—1>" <1 ~ min{l,y} )2"7

max? {1,y} max {1,y}
(y—1)*" _ (max{l,y} an
min?" {1,y} <min{17y} 1) ’
-1 2 (y =1\
m = (min {1, y}) < y )
and
M = (max {1,y})*" (y_1)2n
min®" {1, y} ’ Y 7

hence, by taking in Lemma 1 b=y € (0,00) and a = 1, we get the inequalities

(2.10) By (y,n) < Y - 1" —Iny < B (y,n)
k=1
and
2n—1 1 Yy — 1 k

(.11) By Sty 3 (1) <t
forn > 1, where the bounds

. (y—l)% 1 . o (y—1\"
(212) Bl (y’n) T 2nmaX2” {1’y} - 2TL (mln{17y}) y

1 1 min {1, y} 2n

- 2n max {1, y}
and

(y B 1)271 1 2n (y — 1)27]’

2.13 B (y,n)i=————%"—— = — 1, e
( ) 2 (y n) 2nmin2n {17y} m (ma‘X{ y}) y

L (i) 1)

o min {1, y}
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Assume that v, V' > 0 with v < V. If y € [v,V] C (0,00), then by analyzing all
possible locations of the interval [v, V] and 1 we have

min{1,v} < min{1l,y} <min{1,V}
and
max {1,v} < max {l,y} < max{1,V}.

By using the inequalities (2.10) and (2.11) and the first two equalities in (2.12) and
(2.13) we have the local bounds:

n 2n—1 k—1 2n
(y—1)° (-1) k (y—1)
2.14 —2 < 2 (y—=—1) =Ty <
(2.14) 2nmax?" {1,V} — ; k (y—1) nY = 2nmin®" {1,v}’
(y— 1™ Al (y— 1)’“ (y— 1™
2.15 — L <Ilny-— - < ,
(2.15) 2nmax?" {1,V} — ny kz:; k Yy = 2nmin®*" {1,v}
1 - o y—]. 2n 2n—1 (_1)k71 X
. = ) <y L w-1F-
210) 5 (L) (U0 < I Y
1 2n y_l 2
< A
<3, (max {1,V}) ( " ) ,
and
2n—1 k
1 . on (Y — 1 o 1 Yy— 1
(2.17) %(mln{l,v}) (y) <lIlny-— Z P\

k=1
2n
1 2n Yy — 1
< —
<5 (max {1,V}) ( " )

for any y € [v, V] and n > 1.
If y € [v,V] C (0,00), then by analyzing all possible locations of the interval
[v,V] and 1 we also have

min {1, V'} <1 min {1, y}

0<1— —
max {1,v} ~ max {1, y}

and
max {1,y} < max {1, V}
~ min{1,y} ~ min{1,v}
By using the inequalities (2.10) and (2.11) and the last equalities in (2.12) and
(2.13) we have the global bounds:

. 2n 2n—1 k—1
(2.18) 1(1-““““’”) <y %(y—l)k—lny

2n max {1,v} P
2n
<i maTx{l,V}_l ’
- min {1, v}

1.



6 S.S. DRAGOMIRY2

and
1 min {1, V}\*" oy -1)\"
2.1 e L I T/ ey A
(2.19) 2n< max{l,v}> =y ; E\ vy
2n
< 1 ma.ux{l,V} 1)
~ 2n \ min{l,v}

for any y € [v, V] and n > 1.

3. LocAL OPERATOR INEQUALITIES

The following operator inequality holds:

Theorem 2. Let A, B be two positive invertible operators satisfying the bounded-
ness condition

(3.1) mA<B<MA

for some constants m, M > 0 with m < M. Then for anyt >0 and n > 1 we have
t2n71

2n max?™ {1, Mt}
2n—1 (71)]@71 A
< Z Ttkfl (T: (A|B)A™')" A~ S (A|B)

k=1

(3.2) (T2 (A|B) A71)*" 4

t2n—1

2n min®" {1, m!}

2n

(T (AlB) A1) A

IN

t2n71
2n max?" {1, Mt}
2n—1
1 k
< S(A|B) — —th=1(T_, (A|IB)A 1" A
<S(AB)— Y (1, (415 A

k=1
t2n—1

2n

A

(T, (AlB) A7)

< T, (A|B) A=) ™" A.
~ 2nmin?" {1,mt}( +(4IB) )

Proof. Let x € [m,M] C (0,00) and for t > 0 put y = ' € [m', M*]. Then by
(2.14) and (2.15) for v = m' and V = M" we have

(l’t B 1)2n _ an_:l (71)k—1 (.Tt . I)Zn
k

t—1)f —mat <
2nmax** {1, M*} = (= ) = o min® {1,mt}’

and

t_1\2n 2n—1 t k t_ 1\2n
VIS iy Gt I ety
2nmax?" {1, Mt} —k x! 2n min“" {1, mt}

for any « € [m, M],t>0and n > 1.
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These inequalities are equivalent to

t2n,1 I’t 1 2n _ 2nz—1 (71)k—1tk71 l’t -1 k |
—Inx
2nmax3" {1, Mt} t - k t
t2n—1 l‘t -1 2n
2nmin?" {1, m!} ( t ) ’
¢2n=1 at—1\*" - 2”2‘:1 Ly (o' -1
nw— -
2nmax3" {1, Mt} t - = k tat

t2n71 l‘t—l 2n
2nmin2"{1,mt}< t ) ’

and

for any = € [m, M], ¢ >0 and n > 1.
These inequalities can the be written as

! w5 ED T e g
B S Ly @) = ; (T (@) Iz
£t n
2nmin®" {1, mt} (Tt @)™,
and
$2n—1 on 2n7ly - .
(3.5) S {1, 37} (Ty (x)) < lnz-— ’; Et (T (2))

t2n71

2nmin?" {1, m!}

(T (m))Zn )

for any = € [m, M], t >0 and n > 1.
Using the continuous functional calculus for the positive invertible operator X
with spectrum in [m, M] we have by (3.4) that

2n—1 2n—1, 4\k-1
(3.6) on maiQn {1, Mt} (Ty (X))*" < ]; %tkil (T (X)) =X
t2n—1 on
(T (X)™,

= 2nmin®" {1,m?}
for any t > 0 and n > 1.

If in the inequality (3.1) we multiply both sides by A~
A712BAY2 < M1y and by (3.6) we obtain

12 we get mly <

(3.7) 2nmag;{11’ T (Tt ( A-1/2 BA*1/2)>2"
< an_:l (_1)k_1tk—1 (Tt (A—l/QBA—l/Z))k o (A—l/zBA—1/2)
B k=1 k
2n—1 2n
< znmifﬂnﬂ,mt} (Tt (Aq/zBAﬂ/z)) ’

for any t > 0 and n > 1.
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If we multiply this inequality in both sides by A'/2, then we get
£t 1/2 1/2 172\ )" 4172
A T, (A~ /“BA™ A
2nmax2" {1, Mt} ( t( ))

2n—1

< Z (_1)1@71#371141/2 (Tt (A’1/2BA’1/2)>1€A1/2
O k

(3.8)

_ AL/ (111 (A71/2BA71/2>) AL/2

t2n—1
= 2nmin®" {1,mt}

for any t > 0 and n > 1.
Observe that for £ = 1 we have

k
AL/2 (Tt <A’1/QBA’1/2)) A2 = p1/2T (A’l/zBA’1/2> AY2 =T, (A|B).
For k > 2 we have

AL/2 (Tt (A’l/zBA’l/Q))kAl/z

— A1/2 (A71/2A1/2Tt (Afl/QBAfl/Q) A1/2A71/2)k AL/2

A1/2 (Tt (A_1/2BA—1/2)>2" A2

— AL/ (A—l/th (A|B) A‘1/2)kA1/2
= AV2ATYRT, (A|B) ATV2LATYPT, (A|B) ATV A2
=T, (A|B) A~L...T; (A|B) A~Y/2A1/?
=Ty (A|B) A'..Ty (A|B) A" A = (T, (A|B) A" A,
We observe that, this formula also holds for k = 1, therefore for any k > 1 we have
A2 (T, (A‘l/QBA_l/Q))kAl/Q = (T, (AIB) A" A,

By using the inequality (3.8) we deduce the desired result (3.2).
Similarly, for any k& > 1 we have

A2 (T_t (A*1/2BA*1/2))'CA1/2 = (T_, (A|B) A~))" A.

Making use of the inequality (3.5) and a similar argument we deduce the second
result (3.3). O

If we take n =1 in (3.2) and (3.3), then we get for any ¢ > 0
t

(3.9) Tmax? {1, M} (T, (A|B) A1 A < T, (A|B) — 5 (A|B)

< it (L} (AP A7) A
and
(3.10) L (T,(AIB) A1) A < S(A[B) — T_, (A|B)

2max? {1, Mt}
t

< _(T,/(AIB)A )’ A4
_2min2{1,mt}(t( [B)AT)" 4,
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where A, B are two positive invertible operators satisfying the condition (3.1).
From Fujii-Kamei’s inequalities we know that the operators

R: (A|B) :=T; (A|B) — S (A|B)
and
Li (AB) = 5 (A|B) — T_ (A|B)

are positive for A, B two positive invertible operators and ¢ > 0. Moreover, if A,
B satisfy the condition (3.1), then we have by (3.9) and (3.10) some positive lower
bounds and upper bounds for R; (A|B) and L; (A|B).

If we take n =2 in (3.2) and (3.3), then we get for any ¢ > 0

t3 14
(3.11) W(Tt(/HB)A ) A
< T4 (A|B) — 5t (T (A|B) A™')* A= S (4|B)
t3 1\ 4
SW(Tt(AW)A ) A
and
3 4
(3.12) (T, (A|B)A™")" A

4max* {1, Mt}
1

< S(AIB) = T (A|B) - 5t (T (A|B) A2 4

<t (T, (A|By A1) 4

= Amin® {1, M1} V' '

where A, B are two positive invertible operators satisfying the condition (3.1).
Similar comments apply by utilising the inequalities (3.11) and (3.12).

Remark 2. If we take in the inequalities (3.2) and (3.3) t =1 and since

T 1 (AIBYA™' =15 —AB™ ! and Ty (A|B) A™' = BA™! — 1,

then we get

1 -1 2n
(3.13) 2 max? {1, M} (BA™' —14)™" A
2n—1 (_l)k—l k
<) — (BA™' — 1)  A— S (A|B)
k=1
1 2n
—— (BA'-1 A
= 2nmin®" {1,m} ( H)
and
1 2 gl k
) -1 _ nA < _ < _ -1
(3.14) o (100 (BA™ — 1) A< S(A|B) 1;1 - (lg —AB™1)" 4

1

<~ (BA'—1,)"A4,
= 2nmin®" {1,m} ( )

where A, B are two positive invertible operators satisfying the condition (3.1).
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If we take in the inequalities (3.2) and (3.8) t = 2 and since

raamac = o )

and .
Ty (AIB) A = 5 ((BA*I)Q - 1H) ,
then we get
1 12 2n
(3:15) 4dnmax?" {1, M2} ((BA ) - 1H> A
1= ()M L1y2 k
<3 ];1 — ((BA™) —14) A-S(4B)
< 1 ((BAil)Q—]_H)QnA
= 4nmin®" {1, M2}
and
(3.16) ! ((Ba=)* -1 )QHA
’ 4nmax3" {1, M?} "
1371 2\ k
-1
<S(AIB) -3 ; E(le(AB ) ) A
1

—1\2 . 2n
= 4nmin®" {1,m?2} ((BA ) 1H) A

where A, B are two positive invertible operators satisfying the condition (3.1).
Since fort =1/2 we have

T_12(A|B)A™! =2 (1H _ A(AﬁB)*l)

and
Thjs (AIB)A™! =2((A2B) A7 — 1p),
then by the inequalities (3.2) and (3.3) we get

1 2n
3.17 ABYA™ 1) A
( ) nmax2n {1,\/M} (( 1B) )
< 2251 (0™ ((AtB) A" —14)" A~ S (A|B)
>~ £ A H
< nmm%l{l’ v (AfB) A" —14)*" A
and
(3.18) ! (AtB) A" —1)™" A

n max>2" {1, \/M}
2n—1

<SAB) -2 % (1 - A(A]iB)_l)kA
k=1

1

S W ((AfB) A~ —14) ™" A,
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where A, B are two positive invertible operators satisfying the condition (3.1).

Theorem 3. Let A, B be two positive invertible operators satisfying the bounded-
ness condition (3.1) for some constants m, M > 0 with m < M. Then for anyt > 0
and n > 1 we have

1 . 2N [ om— _1\2n
(3.19) %(mln{l,mt}) t? 1(T_t(A|B)A 1) A
— (‘Uk_l k-1 —1\k
<) T (Ti (A|B)A™")" A~ S (A|B)
k=1
< o (max {1, M) 20 (1, (4]B) A7) 4
and
1 . 2n 9n_— _1\2n
(3.20) %(mln{l,mt}) (T, (A|IB)A™) ™ A
2n—1
<sB) - Y %tk_l (T_, (AB) A1) A
k=1

< o (max {1, )7 2 (T, (41B) A7) 4.

Proof. Let x € [m,M] C (0,00) and for t > 0 put y = ' € [m', M*]. Then by
(2.16) and (2.17) for v =m' and V = M" we have

t 2n 2n—1 _1\k-1
%(min{l,mt})zn (ac n 1) Z %(mt—l)k—lnm75

<
t k=1
1 on (2t =1\
< o (max Lo (224
and
1 - on ilj‘t—]_ 2n 2n711 mt—l k
%(mm{l,mt}) ( = > <Inz' - ; z (aﬂf)
1 on (2t =1\
< o (max {1,0'}) ( - ) .
These inequalities can be written as
(3.21) % (min {1,m })*" "1 (T_, ()™
2n—1 (_1)]@71
<> Ttk’l (Ty (2))* —Inz

1

(maX {1, Mt})Qn (T, (m))2n ,

[\ =
B"_‘H

<
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and

(3.22) % (min {1,m })*" "1 (T_, (2))*"

2n—1

<lhz-— Y %tk’l (T_; (2))"
k=1

< o (e {1, M) (T ()

for any = € [m, M] C (0,00), n > 1 and for ¢ > 0.

On making use of a similar argument to the one in the proof of Theorem (2) we
obtain from (3.21) and (3.22) the desired results (3.19) and (3.20). O

For n =1 we get from (3.19) and (3.20) for ¢t > 0 that

(3.23) % (min {1,m*})* ¢ (T_, (A|B) A1)* A

< T, (A1B) - S (AlB)

< & (max {1, M'})*¢ (T (A|B) A™')" 4
and
(3.24)

5 (min {1,m})* ¢ (T (A|B) A™)” 4
< S(A[B) - T-, (A|B)
1

< 5 (max {1,M"})" ¢ (T, (AIB) A71)" 4,

where A, B are two positive invertible operators satisfying the condition (3.1).
We notice that the inequalities (3.23) and (3.24) provide other lower and upper
bounds for the positive operators R, (A|B) and L; (A|B) defined above.
If we take in (3.19) and (3.20) for ¢t = 1, then we get

(3.25) 2i (min {1,m})*" (17 — AB"1)*" 4
n
2n—1 (_1)k71 k
< ~——~— (BA™' —1y)"A-S(A|B
= kz::l L ( H) (A|B)
1 2n _1\2n
< %(max{l,M}) (lg—AB )™ A
and
1 . o2n _1\2n
(3.26) %(mln{l,m}) (lg—AB )™ A
2n—1 1
<SAB) - Y - (ln—4B7)" A
k=1

1 n
<o (max {1, M})*" (1 — AB"1)*" A
n
for any n >

1, where A, B are two positive invertible operators satisfying the
condition (3.1).
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4. GLOBAL OPERATOR INEQUALITIES
We have:
Theorem 4. Let A, B be two positive invertible operators satisfying the bounded-

ness condition (3.1) for some constants m, M > 0 with m < M. Then for any t > 0
and n > 1 we have

1 on—1ron (min{l, M}
. — T ————— | A
(41) 2nt t (max{l,m}
3 EDT g
< "1 (T, (AIB)A™')" A— S(A|B
< g - (T, (A|B) A7Y) (A|B)
< ithfljvan maX{]‘7M} A
2n ' min {1, m}
and
(4.2) 1 an-1on min {1, M} A<S(A|B)72§llt’“*1 (T (A|B)A*1)kA
T 2n t \max {1,m} - —k -
< it2n71ﬂ2n max{l,M} A,
2n min {1, m}

where T is defined by (1.8).

Proof. Let € [m,M] C (0,00) and for t > 0 put y = ' € [m', M*]. Then by
(2.18) and (2.19) for v =m' and V = M we have

1 min {1, M*\*" & (-0F .
271(1) < Z T(m —1) —Inx

max {1, m?}

2n \ min{1,m*}
and
1 min {1, M*} 2n<1 : an_ll zt—1\"
(1= nzt —
2n max {1, m?} - —k at
-1 max {1, M} . n
~ 2n \ min{1,mt} ’
for any n > 1.

These inequalities may be written as

. t\ 2n 2n—1 , k-1
% (1 — (mm{l,M}) ) < Z 7( 1]1 (xt — l)k —Inz!

max {1, m}
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L (| (min{L, M} 2"<1 , 2”2‘:11 ot —1\F
Bl (6 T el St il nazt — (==
2n max {1, m} = k at

and

k=1
+ 2n
< 1 max {1, M} 1
~ 2n min {1, m}
or, in terms of T4; as
1, min {1, M}\ = (—nFt "
4. —nirgn (1) < (T —1
(43) 2n ¢ (max{l,m}> - ; k (Tt (@)) e
< Lpon-rgon (max{l, M}
2n min {1, m}
and
ay g (ML NS
. — — nw— - L
2n ' \max{1,m} /) — v =k L
< ithflen M
2n min {1, m}

for x € [m, M] C (0,00), n > 1 and for ¢ > 0.
On making use of a similar argument to the one in the proof of Theorem (2) we
obtain from (4.3) and (4.4) the desired results (4.1) and (4.2). O

For n =1, we get from (4.1) and (4.2) that

45)  pur? (B A< T am) - s (alp) < gorp (2T 4

max {1, m} min {1, m}
and
(4.6) %tTE (IM) A< S(AB)-T_, (A|B) < %tTf (M) A,

for any t > 0, where A, B are two positive invertible operators satisfying the
condition (3.1).
If we take in (4.1) and (4.2) t = 1, then we get

1 min {1, M}\*" S (-t K
4. —(1-—"— A< ~——(BA™" -1 A—-S(AB
(4.7) 2n< max{l,m}) - ; k ( H) 5(A|B)
2n
gi ma'xx{l,M}_l 4
2n \ min {1, m}
and
1 min {1, M}\>" R N
4 — - A< S(A|B) - —(1y — AB A
(4.8) 2n< max{l,m}) 5 (4]B) ; (H )
< 1 max {1, M'} 1 %A’
2n \ min {1, m}

for any n > 1, where A, B are two positive invertible operators satisfying the
condition (3.1).
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Finally, we can prove some inequalities that do not require the assumption (3.1)
in order to get upper and lower bounds for the relative operator entropy:

Theorem 5. For any A, B two positive invertible operators and for any t > 0 and
n > 1 we have

2n—1
(19 Y %t’“_l (T (A|B) A" A < S (A|B)
k=1

< %Z—:l (*Uk_ltkq —1\F
< — (T: (A|B)A™1)" A.

=1

o

Proof. If we use the first inequalities in (2.1) and (2.2) we have

0< (b_—a/)% < 2”2_1 (_1)k—1 (b_ a/)k _ lnb+ln
~ 2nmax?" {a,b} ~ Pt ka* “

and

b-a)™ - Z (b-a)"

<Ilnb-—1Ina

< 7
~ 2nmax?" {a, b} kb
for any a, b > 0.
These inequalities imply for b = z and a = 1 that
2n—1 k 2n—1 k—1
(z—1) (1) k
4.10 —— <1 < — (-1

for any x > 0 and n > 1.

Now, by using the functional calculus for invertible positive operators, we obtain
the desired result (4.9).

The details are omitted. O

For n = 1, we recapture from (4.9) the Fujii-Kamei’s result (1.6).
For n = 2, we get from (4.9) that

(4.11) (T4 (AIB) )T (AIB) + 3t (T, (A|B) A™)* A

< S (AlB)
1 _
< Ty (A[B) — 5t (T (AIB) AY)* A (S T4 (A]B)),
for any A, B two positive invertible operators and for any ¢ > 0, which provides a

refinement for each of the inequalities in (1.6).
For t =1 in (4.9) we get

2n—1 2n—1 ( )k—l

412) Y %(1H ~aBWa<s@B <Y %

k=1 k=1

for any A, B two positive invertible operators.
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