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INEQUALITIES FOR RELATIVE ENTROPY IN TERMS OF
TSALLIS’ ENTROPY FOR OPERATORS SATISFYING A
BOUNDEDNESS CONDITION (IT)

S. S. DRAGOMIR1!:2

ABSTRACT. In this paper, by building on the previous work with (I) in the title
above, we obtain some new inequalities for relative operator entropy S (A|B)
in terms of Tsallis’ relative entropy T+ (A|B), ¢ > 0 in the case of positive
invertible operators A, B that satisfy the boundedness condition mA < B <
MA with 0 <m < M.

1. INTRODUCTION

Kamei and Fujii [12], [13] defined the relative operator entropy S (A|B), for
positive invertible operators A and B, by

(1.1) S(A1B) = A% (i (a"BA~H)) Al

which is a relative version of the operator entropy considered by Nakamura-Umegaki
[18].
In general, we can define for positive operators A, B

S(AB) = s- lim S(A+<ly|B)

if it exists, here 1 is the identity operator.

For the entropy function 7 (t) = —tInt, the operator entropy has the following
expression:

n(A)=—-AlnA=S(A|lg) >0

for positive contraction A. This shows that the relative operator entropy (1.1) is a
relative version of the operator entropy.

For results on the relative operator entropy see [14, p. 149-p. 155], [1], [10], [15],
[16], [17] and [19].

In [21], A. Uhlmann has shown that the relative operator entropy S (A|B) can
be represented as the strong limit

(1.2) S (A|B) = s- limw,
t—0 t
where .
At B = A2 (A*1/2BA*1/2) AV2 e [0,1]

is the weighted geometric mean of positive invertible operators A and B. For v = %

2
we denote AfB.
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2 S.S. DRAGOMIRY2

This definition of the weighted geometric mean can be extended for any real
number v with v # 0.

For t # 0 and the positive invertible operators A, B we define the Tsallis’ relative
entropy (see also [9]) by

At B— A
Consider the scalar function T3 : (0,00) — R defined for ¢ # 0 by
bt —1
(1.3) T (x) :== .
‘We have
zt—1 .
(1.4) T ;(x) = P T (z)x™".

For positive invertible operators A and B and ¢ > 0 we then have
AV2T, (A*1/2BA*1/2) AY2 =T, (AB).
Also by (1.4) we have
AT, (A‘l/QBA‘l/Q) AY2 =T, (A|B)
and
(1.5) AT, (A*l/QBAfl/Q) AY2 = T, (A|B) (At,B) " A

for any positive invertible operators A and B and t > 0.

The following result providing upper and lower bounds for relative operator
entropy in terms of 7y (+|-) has been obtained in [12] for 0 < ¢ < 1. However, it hods
for any t > 0.

Theorem 1 (Fujii-Kamei, 1989, [12]). Let A, B be two positive invertible operators,
then for any t > 0 we have

(1.6) T . (A|B) < S(A|B) <T:;(A|B).
In particular, we have for ¢t = 1 that
(1.7) (ly —AB™ ') A< S(A|B) < B -4, [12].
In the previous paper [7], we obtained among others the following result:

Theorem 2 (Dragomir, 2016, [7]). Let A, B be two positive invertible operators
satisfying the boundedness condition

(1.8) mA<B<MA
for some constants m, M > 0 with m < M. Then for anyt > 0 and n > 1 we have
t2n—1 2n
1.9 T, (A|B)A )™ A
(1.9) 2nmax?" {1, Mt} ( +(AlB) )
2n—1( l)k-_1 A
< " (T, (AIB)A™Y)" A - S (A|B
< g - (T2 (A]B) A7) (A|B)
21 2n

T, (AIBY A1) A
~ 2nmin?" {1,mt}( +(4B) )
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and
1.1 e T, (A|B A
(1.10) anaxzn{l,Mt}( +(A[B) A )
2n—1
1 k
S (A|B) — —tF=1(T_, (A|IB)A™H)" A
(AIB) = 3 387 (T4 (415) A7)
t2n_1

< T; (A|B) A1) ™ A.
~ 2nmin?" {1,mt}( + (4IB) )

If we take in the inequalities (1.9) and (1.10) ¢ = 1 and since
Ty (A|B)A™ =1y — AB™' and Ty (A|B) A~ = BA™! — 1y,
then we get

1 2n

_1_
(1.11) o (1 3] (BA 1) A
2n—1 (_1)k—1 .
< ~———— (BA™' —1y)" A-S(AB
= ; L ( H) (A|B)
1 2n
——— (BAT' —1 A
= 2nmin®" {1,m} ( )
and
1 9 2n—11 X
-1 n . < - —1
(1.12) o s (100 (BA™' —1g) " A< S(AB) - > - (1g —AB™)" 4

1 _ 2n
= S (g (P4 ) A

where A, B are two positive invertible operators satisfying the condition (1.8).

Motivated by the above results we establish in this paper some new results pro-
viding Taylor’s like expansion bounds for the relative operator entropy S (A4|B) in
the case of positive invertible operators A, B that satisfy the boundedness condition
mA < B < MA with 0 < m < M in terms of Tsallis’ relative entropy T4 (4|B)
with ¢ > 0.

2. SOME PRELIMINARY RESULTS

The following theorem is well known in the literature as Taylor’s theorem with
the integral remainder.

Theorem 3. Let I C R be a closed interval, a € I and let m be a positive integer.
If f : 1 — R is such that f(™) is absolutely continuous on I, then for each x € I

(2.1) f(@)=Tn(fia,2) + R (fi0,2),
where T, (f;a,x) is Taylor’s polynomial, i.e.,

m

m (f0,7) : Z f““))

k=0
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Note that f© := f and 0! := 1, and the remainder is given by

Ry, (f;a,x) == 'nlz! /73 (=)™ fOm Y (1) dt.

We need the following result that has been obtained in [5]:

Lemma 1. For any a, b > 0 we have that
1 b—a 1

2.2 — — _(b-a))<Inb—Ina— < —a)?
(22) 2bmax {a, b} (b—a)”slnb-Ina b ~ 2bmin{a,b} (b—a)
and
1 2 b— 1 2
. — (b — < —_— .
(23) 2a max {a, b} (b-a) s ~inbtine < 2amin {a, b} (b—a)
If n > 1, then for any a, b > 0 we have that
(2 4) (b 7 a)2n+2
’ (2n+1)(2n+ 2) bmax?t1 {qa, b}
2n+1 k—1 k
1) (b—a)
<Inb—In b}:k; P o
(b— a)2n+2
= (2n41)(2n +2) bmin®" {a, b}
and
(2 5) (b . a)2n+2
’ (2n +1) (2n + 2) amax?+1 {a b}
b _a 2n+1 )k
Z K= 1) b’f — —Inb+1Ina
(b _ a)2n+2

~ (2n+1)(2n 4+ 2)amin® ! {a, b}

Proof. For the sake of completeness we give here a simple proof.
For any a, b > 0 we claim that

b— 1 [Pb—t
(2.6) Inb—Ina— bazé/a ——dt, [3

and for any m > 2 and any a, b > 0

b—a 1= (D"'0-a) )™ -t
(27) mb-Ina—— +Eg;k%—1)a‘4 =— Z; ot

Consider the function f:(0,00) — R, f(z) = zInz, then

f(z)=Inzx+1and f’'(z) = 1

T
and, in general, for m > 2 we have

f(m) (:E) _ (71)771 (’ITL — 2)‘

pm—1 ’

where 0! := 1.
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If we use Taylor’s representation (2.1) for m = 1, then we have

x

foﬂszwwx—@f«w+/ (1) 1" (t) dt

a
for any z, a € I.
If we write this equality for f () = zlnz and = = b, we get

b —
blnb=alna+ (b—a)(lna+ 1)—|—/ %dt

namely
b

blnb:blna+b—a+/ ?dt

for any a, b > 0 that is equivalent to (2.6).
If we use Taylor’s representation (2.1) for m > 1, then we have

@)= f@)+@—a)f +Z L0 L [ g i

for any x, a € I.
If we write this equality for f(z) = xInz and = = b we get

) p-a)
(k—1) ak-1

blnb=alna+ (b—a)(lna+1)+
nb=alna+ (b—a)( ) kZ:Qk’

¢m%7ﬂwm%

m tm
namely
_ (DY p-a)f
blnb=blna+b a+’;k(k_1) =
_qym—1 b _o\m
NS iy L
m o tm

for any a, b > 0 that is equivalent to (2.7).
Now, let b > a > 0, then

b
l/ b—t) dt>/ —dt> /(b—t)dt
a a

(2.8) (b—a)? / —dtzib(b—a)z.

Let a > b > 0, then

a _ 1 a
1/ (t —b) dt>/—dt / udtzf/ (t —b)dt
bJy bt afy

giving that

(2.9) / Edt > 5 (b —a)’.

giving that
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Therefore, by (2.2) and (2.3) we get
1 ) bh—t 1 0
— (b— > dt > b—
2min {a, b} (b-a) _/a t ~ 2max{a, b} (b-a),
for any a, b > 0.

By utilising the equality (2.6) we get the desired result (2.2).
Let m = 2n + 1 with n > 1. Then by (2.7) we have

2n+1 k-1 k
b—a 1 (-1) (b—a)
2.1 Inb—Ina— -
(2.10) BT +ka:2k(k—1) aF—1
_ 1 /b (b _ t)2n+1 i
- (@2n+1)b ),  tntl '
Let b > a > 0, then
2n+-2 2n+1 2n+-2
(2.11) (b— )" >/b(b_t) g o™
' a?t1l(2n+2) — 2ntl Tt (2n42)

If a > b >0, then

b _ 2n+1 a _ 2n+1
JRCT iy
a b

2n+1 $2n+1
and
b _ 2n+2 a t— b 2n+1 b o 2n+2
(2.12) (b—a) > / t=b "y (b-a) .
b2ntl (2n + 2) b t2n+l1 a??tl (2n 4 2)
Using (2.11) and (2.12) we get
b_ g)2"2 bop_ g2t b q)2nt2
min®"*! {a, b} (2n + 2) {2l max?"t+1 {a, b} (2n + 2)

for any a, b > 0.

Finally, on utilising the representation (2.10) and the inequality (2.13) we get
the desired result (2.4).

The inequality (2.5) follows from (2.4) by replacing a with b. a

Remark 1. Since the lower bounds in (2.4) and (2.5) are positive, then we have

b—a 1 (1) (b-a)
(2.14) + Zk(k—n 1~ <lnb-lna

b—a_lmf:l 1 (b—a)
a a i~ k(k—1) b1

<

for any a, b >0 and n > 1.

For n > 0 and y > 0 we consider the bounds
(y—1)>*

, y—1)2"*?
B =W (min{l,y)) T (L2
L) = e — i g™ ()

B 1 (1 min{l,y}>2n+2

~min{ly} " max{Ly}
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(y — 1)2n+2 ont1 (Y — 1 2ot
By (y,n) = — 45— = (max {1,y}) —
ymin®"*! {1, y} (max {1y} y

B 1 max {1,y} 1 a2
B max {1,y} \ min{1,y} ’

(y— 1" . wr (¥ 1)
Crlym) = gy =¥ (i L) (=

=max {1,y} (1 _ min{1,y}>2n+2

max {1,y}
and
n 2n+2
(y — 1)2 +2 o1 (Y —1
C N) = ———F5—— = ma. ]., —
2 (y,n) min? {1, g} y (max{1,y}) y
1 2n+2
—min {1,y (R2xALY} .
min {1, y}
From Lemma 1 we have, by taking b =y € (0,00) and a = 1, that
1 -1 1
(2.15) “Bi(y,0) <lny— L= < =B, (,0)
2 Y 2
and
1
(2.16) 301(5:0) sy —1-Iny<Ca(y,0)

that have been obtained in [3] as well.
If n > 1, then for any y > 0 we have from (2.4) and (2.5) that

2n+1 k—1
(2.17) 1 By (y,n) <lny— L~ L + 1 Lt (y —1)*
2n+1)(2n+2) - Y y = (k—1)
1
< B
= n+1)(2n+2) 2 (1)
and
2n+1 k
1 1 (y-1)
) <y—1- -
218 G Damrn W syl ];2 Fh—1) g1 Y
1
< .
= @n+l) (2n+2)02 (v,m)
From (2.14) we also have
2n+1 k 2n+1 k
y—1 1 (-1) k 1 (y—1)
219) Z—— 4+ = A =) <hy<y—1-—
(2.19) " +ykz:;k(k_1)(y )" <lny<y kzzz’“(k_l) o

for any y > 0 and n > 1.
If y € [v,V] C (0,00) and since

min{1,v} <min{1,y} <min{1,V}

and
max {1,v} < max{l,y} < max{l,V},
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then we have the following further local bounds for By (y,n), B2 (y,n), Ci (y,n)
and Cs (y,n)

_ 1)2n+2 _ 1)2n+2

(y (y
2.2 <B
(220 Vmax2 1 {1, V} = max? 1 {1,V}y = ' (¥:m).

(y _ 1)27l+2 (y _ 1)2”"{‘2
2.21 Bs (y,n) < - < )
( ) 2 (y,m) < min??*! {l,v}y ~ v min?"t! {1,v}

(2.22) v (min {1,v})*" <yy1)2"+2

and

2n+2
(2.23) Ca (y,m) < y (max {1, V)" (yyl>

_1\ 22
<V (max {1, V})*"*! (y . )
for y € [v,V] and n > 0.
‘We also have the local bounds

. on+1 (Y —1 e
(2.24) (min {1, }) (y) < By (y.n).
ont1 (Y —1 e
(2.25) By (y,n) < (max {1, V}) ( - ) ,
(2.26) m (y—1)*"" < Ci(y,n)
and
(2.27) Co (y,n) < ! (y — 1)20+2

~ min®"*! {1,0}

for y € [v,V] and n > 0.
Observe also that, for y € [v, V] we have

min {1, V'} <1 min {1, y}

0si- max{1,0} =  max{l,y}
and
< max {1,y} 1 < max {1, V} 1
~ min{1,y} ~ min{1,v}
We also have the global bounds:
1 min {1, V}) "+
(2.28) min {1, V'} (1 B max{{l, vi) < Bi(y,n),

(2.29) By (y,n) < —— (m”‘“"/} - 1)%27

max {1,v} \ min{1,v}
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min {1, V'} a2
(2.30) max {1,v} (1 - max{l,v}) < Cy (y,m)
and
2n+2
(2.31) Cs (y,n) < min{1,V} <m - 1)

for y € [v,V] and n > 0.
By the use of these results we provide in the following various local and global
inequalities for the relative operator entropy S (A|B).

3. LocAL OPERATOR INEQUALITIES

The following operator inequality holds:

Theorem 4. Let A, B be two positive invertible operators satisfying the bounded-
ness condition (1.8) for some constants m, M > 0 with m < M. Then for anyt > 0
and n > 1 we have
t
2M*tmax {1, Mt}
c_t
~ 2max {1, Mt}
< sy (B (B A1) A(458) " 4
t
~ 2mtmin {1, m*}

(3.1) (T, (A|B) A~1)* A

(T, (A1B) A™Y)* A(A4,B) "' A < S (A|B) — T_, (A|B)

(T, (A|B) A~1)? 4,

-

(3.2) (T_, (A|B) A1) A

3
£
=]
3

b

IA N =

min {1,m’} ¢ (T_; (A|B) A™")” A4, B < T, (A|B) — S (A|B)

IN

max {1, M*} ¢ (T_; (A|B) A")? A4, B

[N
N = N =N =

M max {1, M} £ (T, (A|B) A~1)* 4,

£2n+1
(2n + 1) (2n + 2) Mt max?n+1 {1, M}
t2n+1
(2n+ 1) (2n + 2) max?"+1 {1, Mt}
< §(A|B) - T_ (AlB)

241 o Gkl
+ ];2 ]i(;-)_ l)tkil (Tt (A‘B) Ail)kA(AutB)flA

2n+2
A

(T (A[B)A™Y)

2n+2

IN

(T, (AIB) A7) ™" A(Ag,B) " A

t2n+1

S 2n+1
(2n 4+ 1) (2n + 2) min*" " {1, m?}
£2n+1

<
~ (2n+1) (2n + 2) mf min®* T {1, m?}

(T, (A|B) A" 4(A1,B) " A

2n+2

(T: (A1B) A1) 4
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and

1
@n+1)(2n+2)
1
S @t @nt2)
2n+1

<T(AB) - Y. mtk* (T (AIB) A~1)" A, — S (A1)
k=2

(3.4) mt (min {1,m’})*" 2t (T_ (AB) A7) A

(min {1,m?})*" " 20 (T, (41B) A7) A B

1
m+1)(2n +2)
1
2n+1)(2n+2)

(max {1, M?})*" 2+l (T (A|B) A" A, B

=1

M (max {1, M*})*" T2t (T, (A|B) A7) AL

=1

Proof. Let € [m,M] C (0,00) and for ¢ > 0 put y = z* € [m', M?]. Then by
(2.15), (2.16) and (2.20)-(2.23) for v = m! and V = M we have

(zt — 1) _ @t Dzt 1

. < -B (2
(3:5) 2Mtmax {1, Mt} — 2max {1, Mt} — 2 ! (x ’0)
t_1 1
<z — L= < 2B, (21,0
= 1nx x =9 2('7:7 )
t_ 1\2,.—t t_ 1)\2
< (zt—1)"=z < (zt —1)
~ 2min {1, mt} ~ 2m?min {1, m*}
and

(3.6) ;mtmin{l,mt}<xt_1>2

xt

IN

1. a2t —1\?
me{l,mt}( = )xt

1
< 501 (y,0) <2' —1—Ina?

< Cy(y,0) < %max{l,Mt}

ot —1\2
)«

. o [t =1 2
Mmax{l,M}

xt

7 N\
8
N

<

| —

for z € [m, M] C (0,00) and for ¢t > 0.
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From (2.17), (2.18) and (2.20)-(2.23) we also have

1 2n+2
3.7 -1
(37) (2n + 1) (2n + 2) Mt max2n+1 {1, Mt} (z" =)

1 2n4+2
< t_1 t
= (2n+1) (2n + 2) max2n+1 {1, M*} (=17 e

1
< By (2
=@nt+1)@nt2) (#"n)

t 1 2n-+1 (71)19_1 A
Slnmt—z + -~ (zt-1)"z"

at kZZQ (k—1) ( )
< 1 By (mt n)
“(2n+1)(2n+2) ’

1 2n4+2
< zt -1 xt
~ (2n+1) (2n 4 2) min?*t {1, m?} ( )

1 2n+42
< t_1
~ (2n 4 1) (2n 4 2) mt min®" ! {1, mt} (= )
and
1 t pa2ntl (@t — 1\
. 1
1 . szntt (at =1\,
S @t @n+2) (min {1,m"}) ( zt ) o
1

< ( ;1 (:ct,n)

2n+1)(2n+2)

2n+1 t k

1 zt—1
t t t
<z —1—2 k(k—l)( = > ' —Inx
k=2

1

2n+1)(2n+2)

1 i 2ntt1 (@t —1 k2 ¢
S Gar ey b M) v

< ! M (max {1, a2t (222)
= 2n+1)(2n+2) ’

Cy (mt, n)

=1

for x € [m, M] C (0,00), n > 1 and for ¢ > 0.
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If we use the functions T4, then we have by (3.7) and (3.8) that

t2’n+1
(2n+1) (2n + 2) Mt max?™+1 {1, Mt}
t2n+1

2n 4+ 1) (2n + 2) max?+t {1, Mt}
2n+1 (—1)*?
<lnz—-T_4(x)+ Z (14;7—tk_1 (T, (2))F &t
k=2

(3.9) (T ()™

<7 (T} (@) P2~
1)

t2n+1

S Il
(2n+1) (2n + 2) min“"" {1, m!t}
£2n+1

= Int1
(2n +1) (2n + 2) mt min®"** {1, mt}

(T (@) 2~

(T ()™

and

1
2n+1)(2n+2)
1

<
= @2n+1)@n+2)
2n+1

<T)(2) - kZ_Q mtk—l (T (@) 2t —Inz

1
N ES L)
1
on+1)(2n+2)

(310 o e {1 ) (7 ()

(min {1,m?})*" " 204 (T, ()" 2 2t

(max {1, Mt})2n+1 2 (T, ()" T2 2t

< M (max {1, M*})*" T 200 (7, ()22

for x € [m, M] C (0,00), n > 1 and for ¢ > 0.
Using the continuous functional calculus for the positive invertible operator X
with spectrum in [m, M] we have by (3.9) that

t2n+1
(2n+ 1) (2n + 2) Mt max?"+1 {1, Mt}
£2n+1
<
~ (2n+1)(2n + 2) max?» L {1, Mt}

(3.11) (T3 (X))*" "

(T ()" ()™

<1 - T (X)—|—2§:1 itk—l (T (X))k (X)—t

<lnz—-T_; 2 ST .

< t2n+1 T (x onio ¥ .,

= (2n4 1) (2n + 2) min®" T {1, mt} (T2 (X)) (X)
t2n+l

(T3 ()™

S —Intl
(2n +1) (2n + 2) m! min“""" {1, m?}

for any t > 0 and n > 1.
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If in the inequality (1.8) we multiply both sides by A~Y2 we get mly <
A"Y2BA~Y2 < M1y and by (3.11) we obtain

t2n+1

2n+2
—1/2 —1/2
(2n + 1) (2n + 2) Mt max22+1 {1, Mt} (Tt (A bA ))
t2’n+l

T g e (0 (A A )) T (4 A

<ln(A7V2BAT) — T, (A7V2BA1?)

=1

+2§1 ]i_(;)j—ll)tk_l (Tt (A—1/2BA_1/2)>k (A_l/QBA—1/2>*t
t2n+1

<
= (2n+1) (2n + 2) min?* {1, m?}
t2'n+1

= It
(2n 4+ 1) (2n + 2) m? min*" ! {1, m?}

(7 (A*1/2BA*1/2))27L+2 (a1 2pair2)”

(Tt (A‘1/2BA‘1/2>)2H2

for any t > 0 and n > 1.
If we multiply this inequality in both sides by A'/2, then we get

t2’n+1
(2n+1) (2n + 2) Mt max?"+1 {1, Mt}
% AL/2 (Tt (1471/2]3/171/2»2"+2 A1/2

t2n+1
2n 4+ 1) (2n + 2) max?"+1 {1, Mt}

% AL/2 (Tt (A71/2BA71/2)>2”+2 (Afl/ZBAfl/Z) -t A1/2
(

< A2 (ln A—1/2BA—1/2)) A2 pql2 (A—1/2BA—1/2) A1/2

(3.12)

=1

2n+1 ( 1)](?71 k —t
- k=1 41/2 —1/23 A —1/2 —1/23 4—1/2 1/2
+ ;::2 ot A (Tt(A BA )) (A BA ) A
t2n+1
<
= (2n 4 1) (2n 4 2) min®" 1 {1, mt}
% AL/2 (Tt A71/2BA71/2)>2”+2 (Afl/QBAfl/Z) -t A1/2
t2n+1
<
~ (2n+1) (2n + 2) m! min® T {1, m?}
% AL/2 (Tt (A—l/zBA—1/2)>2”+2 A1/2

for any t > 0 and n > 1.
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For k£ > 1 we have

AL/2 (Tt (A_l/QBA_l/Q))k A1/2
= AV (AT AVRT, (A2 BATYR) A1/2A—1/2)’“ AL/

k
— AL/ (Afl/th (A|B) A’1/2) AL/2
= AY2AY2T (AIB) A™Y2. ATYV2T, (A|B) A7Y/2 AY/2
=T, (A|B)A™'..T, (A|B) A=1/2 A1/?
— T, (A|B) A 1T, (A|B) A" A = (T, (A|B) A )" A,
Then we have

A2 (Tt (14—1/23,4—1/2))2’”2Al/2 = (T, (A|B) A=) 4,

A1/2 (Tt (A—l/QBA—1/2))2"+2 (A—1/QBA—1/2)_tA1/2
— A1/2 (Tt (A—l/zBA—1/2>>2”+2 AL/2 4172 (A—1/2BA—1/2>7t A-1/24
= A2 (T, (A*1/2BA*1/2))2”+2 AV2(A,B)" A
= (T, (AIB) A )" A(A4,B) ' A
and
AL/2 (Tt (A—1/2BA—1/2))k (A—1/QBA—1/2)_t AL/2

= (T, (AIB)A™")" A(A3,B) " A

and by (3.12) we get the desired result (3.3).
Using the functional calculus and the inequality (3.10) we have

(2n + 1)1(2n +2) m' (min {1, mt})%ﬂ £ (T*t (A_1/2BA_1/2) ) o

1
2n+1)(2n—|—2)(

x (T,t (A‘WBA‘”Q))Z“H (A‘l/ZBA‘W)t

<T (A’l/gBA’l/Q) I A-Y2RA-1/2

< ( min{l,mt})zn+1 g2t

_ 2§1 1 th=1 (T (A71/2BA71/2))]€ (A71/2BA71/2)’5
 k(k—1) -t

2n + 1)1(2n +2) (
x (1, (14—1/23,4—1/2))2”+2 (a-2Ba )
1

2n+1)(2n+2)
for any t > 0 and n > 1.

< ( max{l,Mt})2n+l 2l

2n+2

<7 M (max {1, M1})*" 120t (T, (A2 A1)
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If we multiply this inequality in both sides by A'/2, then we get
1 tf s t1\2n+1 2nt1
(3.13) Gn T 1) (2n+2)m (mln{l,m }) t
x A2 (T, (A*1/2BA*1/2))2"+2 A2
1 : t1\2n+1 2n41
S @D ey Cn{lm) T
% AL/2 (T—t (A’1/2BA’1/2)>271+2 (A’I/ZBA’l/z)tAlﬂ
< AV2T, (A—1/2BA—1/2) AL/2 _ q1/2 (ln (A—l/zBA—1/2)> AL/2
_ 2&? 1 (k=1 41/2 (T (A—1/2BA—1/2>)k (A—1/2BA—1/2)t AL/2
— k(k—1) -
1 )27+ 2ng1
S G D ey e {LAh) T

% AL/2 (T—t (A’l/QBA’l/QDQHH (A’I/QBA’l/z)tAl/Q
2n + 1)1(2n +2)

% AL/2 (T—t (A71/2BA71/2>>2"+2 AL/2

M? (max {1, Mt})2"+1 g2t

=1

for any t > 0 and n > 1.
We have

AR (1, (A—1/2BA—1/2))2”+2 AV2 = (T, (A]B) A™1)*" 4,

AL/2 (T—t (A’I/QBA’”Q))Q”H (Aq/zBAfl/z)t A1/2

= A2 (1o, (a1 2pan ) ) a2 A (4 2pan ) A

2n+2 2n+2

= (T, (A|B) A7) AAT'AYB = (T-, (A|B)A™Y) At B

and for k£ > 1
A1/2 (T—t (A—l/QBA—1/2)>k (A—l/QBA—1/2>tA1/2 — (T—t (A|B) A_l)kAﬁtB,

where ¢ > 0 and n > 1. By using (3.13) we deduce the desired result (3.4).

15

The inequalities (3.1) and (3.2) follow in a similar way by using (3.5) and (3.6)
(]

and we omit the details.

Remark 2. If we take in the inequalities (3.1)-(3.4) t =1 and since

T 1 (AIBYA ™' =15 — AB™! and Ty (A|B) A™' = BA™! — 1y,
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then we get

1 _1 2
1 2
< - - -1 —1 < . . —1
< T (131 (BA™' —14)" ABT'A< S(A|B) — (1y — AB™') A
1 2
<—————(BA ' —1y5)  AB'A
~ 2min{l,m} ( ")
1 1 2
S S Ly AT ) A
1
(3.15) gmmin{Lm} (L —AB N’ A
< %min{l,m} (1 —ABY)?B<B—A—S(A|B)
< %max{l,M} (1H — AB_l)zB
< %Mmax{l,M} (1g — AB™1)? 4,
1 1 2n+2
(316) (2n + 1) (2n + 2) M max2"+1 {1, M} (BA™ — 1) A

1 _ 2n+2 _
< BA™' -1 AB™'A
~ (2n+1) (2n 4 2) max?»+1 {1, M} ( ")
< S(AB)-(lg—AB ") A

2n+1 (_1)]671 &
——~— (BA™' —1g)" AB'A
* 1;2 (k—1) ( 1)

1 _ 2n+2 _
< BA™' -1 AB™'A
= (2n+1) (2n + 2) min2" T {1, m} ( )

1 _ 2n+2
< BA™' -1 A
= @2n+1) (20 +2) mmin® T {1, m} ( )
and
1 . Im+1 1y 202
(3.17) Gnt 1) (2n+2)m(m1n{1,m}) (1g — AB7Y) A
1 . 2n+1 —1\2n+2
< _
S @nr e+ (min {1, m}) (1g — AB™Y) B
2n+1 1 A
<B-A- ——— (lg —AB™Y)" B - S (A|B
- kzﬁk(k_l)(H ) S (A|B)
1 2n+1 1\ 2n42
< —
S Tt (max {1, M}) (1g — AB™Y) B
1

< 2n+1 i —1\2n+2 '
S @D (2n+2)M(max{1,M}) (1g — AB™Y) A

‘We have:
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Theorem 5. Let A, B be two positive invertible operators satisfying the bounded-
ness condition (1.8) for some constants m, M > 0 with m < M. Then for anyt > 0
and n > 1 we have

(3.18) %min{l,mt}t(T_t (AIB)A™)* 4
< S(A[B) T . (AlB)
< gmax {1, M} (T, (A]B) A™)° A,

(3.19) m (T, (AIB) A1) A < T, (AIB) — S (AB)
t 1\ 2
< Zmin {1, m} (T; (A|B) A71)" A,
t2n+1 . +1)2n+1 1\ 2n+2
(3.20) Gt D)@t (min {1,m'}) (T-. (A|B) A7) A
< S(A|B) ~ T, (A|B)
2n+1 k—1
+Zk gt (@B AT A (anB)
ntl 2n+1 1\ 2042
= (2n+t1) (2n+2) (mae {1, MP)™ (0 (A1) A7) ™A
and
(3.21) ! ! (T, (A|B) A 1)*""2 4
' (2n + 1) (2n 4 2) max?7+1 {1, Mt} 7
2n+1
-1 _1\k
< T; (A|B) — Z o tk (T_; (A|B)A™")" A4, B — S (A|B)
1 1

< —1\2n+2 )

Proof. Using the inequalities (2.15)-(2.18) and (2.24)-(2.27) we can state that

1 ~1\? 1 ~1 1
1 —1\?
imax{l,V} (yy)

1
(y—1)2 S 501 (y,o) Sy_l_lnySCQ(yaO)

1
< -
~ 2min{l,v}

IA

1

(3.23) 2max {1,V}

(y—1)°
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1 . on+l (Y — 1 e
(3.24) Gt @nt 2 (min {1,v})*"" <y>

1
n+1)(2n +2)

y—1 1% (!

< ( Bl (yan)

Shy -5 =+ ,;2 m(y—mk
=G 1>1<2n 5B )
=@t 1)1(2n gy (max {1, et <yy1>2n+2
and
o (2n + 1)1(2n +2) maX2n+11 A )22
=G 1)1(271 50 @)
S 2:2—:1 k (kl— 1) (yy;_ll)k —Iny
o 1)1(271 502 W)
1 : (y — 1)>"F2,

<
~ (2n+1)(2n+2) min®"*! {1, 0}

where y € [v,V] and n > 1.
Now, by using a similar argument to the one presented in the proof of Theorem
4 we deduce the desired results. (]

Remark 3. If we take in the inequalities (3.18)-(3.21) t = 1 then we get
(3.26) %min{l,m} (g — AB*1)2 A<S(AB)—(ly—AB ") A

< %max{l, M} (1g — AB_l)2 A,

1 1 2
. O Ta—— - <B-A-
(3.27) 5 max {1, M} (BA 1H) A< B-A-S(A|B)
1 2
P -1
~ 2min {1, m} (BA L) 4,
1 . 2n+1 o —1\2n+2
(3.28) CEECTEE) (min {1,m}) (1g — AB7) A
<S(AB)-(lg—AB™ ')A
2n+1 (_1)k—1 » . »
1 2n+1 —1\2n+2
< —
S @nr et (max {1, M}) (g — AB™Y) A
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and
1 _ 2n+2
2 BA™' -1 A
(3:29) (2n + 1) (2n + 2) max?7+1 {1, M} ( 1)
2n-+1 1 X
<B-A- ——— (g —AB )" B-S(AlB
- kzzz k(k — 1) ( H ) ( | )
1 _ 2n+2
< BA™' -1 A
= @2n+1) (2n+2)min2"+1{1,m}( )
form > 1.
4. GLOBAL OPERATOR INEQUALITIES
‘We have:

Theorem 6. Let A, B be two positive invertible operators satisfying the bounded-
ness condition (1.8) for some constants m, M > 0 with m < M. Then for anyt > 0
and n > 1 we have

t 5 (min {1, M}
(4.1) 2 i {1, 07} ! (maX{Lm}>A
< S(A|B) - T_; (A|B)
t 5 max{LM})
T, ( A,

<
=~ 2max {1,m!} " \ min{1,m}

(4.2) %max{l,mt}tTt2 <m> A

<T:(A[B) - 5(A|B)

1 in{l, M
min{l,Mt}tTtQ (mln{ ’ }) A7

< — St A
-2 max {1, m}

2ntl onto (min {1, M}
(43) (2n 4+ 1) (2n + 2) min {1, Mt} " ' (max{l,m}) A
< S(A|B) ~ T, (A]B)
2n+1 )kfl

+ kzﬁ ]E;zkl;_l)tkl (T, (A|B) A1) A (A8, B) ™" 4

t2ntl T2 max {1, M } 4
2n 4+ 1) (2n + 2) max {1,mt} " * min {1, m}

=1

2 max {1,m'}, 5,.o (min {1, M}
(44) (2n+1)(2n +2) T (max{l,m}) A
2n+1
STAIB) = 3 et (T (AIB) AT 45 - S (415)
k=2

27 min {1, Mt} ,,, (max {1, M} A
“@2n+1)@2n+2) " \min{l,m} )"

where T is defined by (1.8).
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Proof. Let © € [m,M] C (0,00) and for t > 0 put y = z* € [m’, M']. Then by
(2.15)-(2.18) and (2.28)-(2.31) for v = m! and V = M" we have

2
1 1 | _ (min{l, M} !
2min {1, Mt} ¢ max {1, m}

bt —1

tat

(e

%maX{l,mt} (1 B (m>t>2

xt—1

<lnz -

< —Inx

1 . . max {1, M}\" ’
= ftmln{l’M } ((min{l,m}) a 1) ’
1 1 - (min{LM})t e
(2n+1) (2n + 2) min {1, Mt} ¢ max {1, m}
2n-+1

xt —1 (-1t et =1 ¥ o1
<lnz— ) gk
= e T +kZ:2k:(k:—1) < ¢ ) (=)

2n+2
1 1 max {1, M}\"
= (2n+1) (2n + 2) max {1, m?} ¢ (( min {1, m} ) a 1>

and

2n+2
1 . min {1, M } !
(2n+1) (2n+2)tmax{1’m } (1 a (max{l,m}) )

2n+1

at—1 1, (et —1\",
< - th= —1
=T I;k(k—l) < tat > v

2n—+42
1 ) . max {1, M}\"
= (2n+1)(2n—|—2)tmm{l’M}<(min{1,m}) _1> 7

for any « € [m, M] C (0,00), n > 1 and for ¢ > 0.
These inequalities may be written in terms of T as

t 72 min {1, M}
2min {1, Mt} " \max {1, m}
<lnz—T_;(x)

t 72 (max{l,M}) |

<
= 2max {1,m?!} " \ min {1, m}
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1 min {1, M
5 max {1,mt} tT? <})

max {1, m}
<Ti(z)—Inz

1 . min {1, M}
< = LMer? ( ————2
- 2m1n{ MU, (max{l,m})’

¢t T2n+2 min {17 M}
(2n+1) (2n + 2) min {1, Mt} " max {1, m}

and

t2n+l max{l,mt}TQn+2 min {1, M}
2n+1)(2n+2) " max {1, m}

2n+1 1 - o
<Ti(x)— Z mt (T—¢(x)" 2" —Inz
k=2

27 min {1, M*} . (max {1, M}
~ @2n+1)2n+2) " \min{l,m} )’

for any = € [m, M] C (0,00), n > 1 and for ¢ > 0.

Now, by using a similar argument to the one presented in the proof of Theorem
4 we deduce the desired results. ([

Remark 4. If we take in the inequalities (4.1)-(4.4) t = 1, then we get

1 min {1, M}
(4.5) 2min {1, M} (1 B max{l,m}> 4

<S(AB)-(lg—AB™ ") A
1 <max{1,M} 1>2A

< _
~ 2max {1l,m} \ min{1,m}

(4.6) %max{l,m} (1 - m) A

<B-A-S(AB)

1 2
< Lonin g1, gy (AL MY )Ty
2 min {1, m}
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1 min {1, M}\*"*?
(47) (2n+1)(2n +2)min {1, M} <1_ max{l,m}) A

<S(AB)-(lgy—AB ')A

SO (BA™' —1)" AB'4A
* k};; k(k—1) "

1 <max{1,M} B 1>2n+2A

= (2n+1) (2n + 2)max{1,m} \ min{1l,m}

and

1 min {1, M} >"+?
(48) (2n+1) (2n +2) max {1,m} (1 B max{l,m}> A

2n+1
—A- i T 1H—AB‘1)kB—S(A\B)
1 ) max {1, M} e
@2n+1) (2n + 2) mm{l’M}(mm{Lm} - 1)

formn > 1.

Finally, we can prove some inequalities that do not require the assumption (1.8)
in order to get upper and lower bounds for the relative operator entropy:

Theorem 7. For any A, B two positive invertible operators and for any t > 0 and
n > 1 we have

2n+1 k;
(4.9) L (A|B) + Z G t’H (T, (A|IB) A1) A (A, B) ™" A
S (A|B)
2n-+1
< T,(A|B) — Z T t’H (T, (A|B) A" 4,B

Proof. For t > 0 put y = z' and use inequality (2.19) to get

-1 ! ) 2t —1\"
4.1 k=1 -t
(110) w2 w5
<Inz
_at-1 R | g (21 b
-t k(k—1) tat
k=2

for any x > 0 and n > 1.
Now, by using the functional calculus for invertible positive operators, we obtain
the desired result (4.9). O
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